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Abstract. In recent years several researches have been done on different ways of analyzing
and designing arch dams but most of them were involved with cumbersome cal culations and
heavy loads of computations. In this paper a novel approach for dynamic analysis of arch
dams is presented. The most commonly accepted method for analyzing arch dams assumes
that the horizontal water load is divided between arches and cantilevers so that the arch and
cantilever deflections are equal at conjugate points in all parts of structure. In this the arch
dam is modeled as non-prismatic curved beam resting on continues elastic foundation. Based
on structural and mechanical principals, a flexibility based method is used to evaluate exact
structural matrices and by introducing the concept of basic displacement functions (BDFs), it
is shown that dynamic shape functions are derived in terms of BDFs. The flexibility basis en-
sures the true satisfaction of equilibrium equations at any interior point of the curved el ement.
Dynamic stiffness matrix is evaluated by solving the governing equation of motion. Differen-
tial Transform method, a powerful numerical tool in solving of ordinary differential equations,
is used for this purpose. The method is capable of modeling any curved element whose cross-
sectional area and moment of inertia vary along beam with any two arbitrary functions and
any type of cross-section with just few numbers of elements so that it can be used in most of
engineering applications concerning non-prismatic curved beams and arch dams in particu-
lar. In order to verify the competency of the method, a numerical example are presented and
the results and convergence of them are compared with other methods in the literature.
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1 INTRODUCTION

An arch dam is a curved dam which carries a major part of its water load horizontally to
the abutments by the arch action, the part so carried being primarily dependent on the amount
of curvature. The most commonly accepted method of analyzing arch dams assumes that the
horizontal water load is divided between arches and cantilevers so that the arch and cantilever
deflections are equal at conjugate points in all parts of the structure. In this study this theory is
used and the arches are modeled as a non-homogeneous elastic foundation which prevents
mentioned cantilevers from free displacements so the structure is modeled as a Non-prismatic
curved beam resting on a non-homogeneous continuous elastic foundation. Moreover, in this
study a new formulation for non-prismatic curved beams is derived which is based on flexibil-
ity method and respectively a new series of dynamic shape functions are obtained which also
are based on applied load’s frequency and finally new elements for analyzing curved beams
are generated. Correspondingly, the stiffness and consistent mass matrices have been derived.
The results show the efficiency and accuracy of the presented formulation in comparison with
the methods in the technical literature. By using the method for modeling and analyzing of
arch dams with simply employing just one element, same results are almost achieved compar-
ing to using numerous normal elements. Flexibility basis ensures the true satisfaction of equi-
librium equations at any interior point of the element in analyzing these types of structures.
The accuracy and competency of this method is proven through a numerical example.

2 SHAPE FUNCTIONSFOR STATIC ANALYSIS

In this paper a novel method for analyzing and modeling of arch dams (Such as single cur-
vature arch dams, double curvature arch dams or multiple arch dams) is proposed which is
based on flexibility concept. Assume that a non-prismatic curved beam has two fix ends and
subjected to arbitrary distributed load. This curved beam can be modeled with two cantilever
beams which one is subjected to the arbitrary distributed load and the second beam is subject-
ed to reactions (Figure 1 and 2).

)

Figure 2: Non-Prismatic Curved Beam Modeling
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With Regard to Figure 1, support reactions are obtained as equation (1).

N, b, (s) N, cu(s)

Vv, b, (s) V, Cu (S)
RS W ST e IS P AL N
v, h,(s) Vv, C,o(8)

M, b,,(s) M. %a(€)

Where {b} and {c} are the matrixes of axial and vertical deformations due to subjected unit
load and also {K} is the nodal stiffness matrix. The definitions of {b} and {c} are shown in
Figure 3. In order to obtain them, these structures have to be analyzed by applying unit load
method.

Figure 3: Definitions of {b} and {c}

In accord with Figure 1 and 3, the necessary equations for obtaining {b} and {c} are pre-
sented in Table 1. Moreover, nodal stiffness matrixes are presented in Table 3.
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Ny (s,t) = —cosb (s)cosf(t) — sinf(s)sin O(t)

My(s, 1) = sind (s)(x(s) — x(t)) — cos8(s)(¥(s) — y(1))

Ny, (s, t) = cos (s)cosB(t) + sinf(s)sin 6(t)

My (s, ) = cos8 (s)(x(t) — x(s)) + sinB(s)(¥(t) — ¥(s))

N1 (s,t) = sinb (s)cosO(t) — cosH(s)sin O(t)

M, (s,t) = cos8 (5)(x(s) — x(£)) + sinB(s)(¥(s) — y(©)

N, (s,t) = —sinb (s)cosf(t) + cosf(s)sin O(t)

my(t) = sinb; (x(t) — x,) — cosb; (¥(t) — y1)

4y (t) = —cosb; (s)cosO(t) — sinb(s)sin 6(t)

my(t) = cosb; (x(t) — x1) + sinby (¥(t) — y1)

n,(t) = sinb; cosO(t) — cosh;sin 6(¢t)

ms(t) = -1

nz(t) =0

my(t) = sinf; (x,-x(t)) — cosb,(y, — y())

n,(t) = cosB, cosf(t) + sinb,sin (t)

mg(t) = cosB; (x,-x(t)) — sinb,(y, — y(£))

ns(t) = —sinb, cosO(t) + cosh,sin 6(t)

me(t) =1

ne(t) =0

Table 1: Equations regarding {b} and {c}

Nodal Stiffness Matrix in Section 1

Nodal Stiffness Matrix in Section 2
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m and n are defined in Table 1

Table 2: Nodal Stiffness Matrixes

With respect to definition of external loads vector in finite element method, the new shape
functions in non-prismatic curved beams are defined as Equation (2).

NG, b, (s)
Ny, b, (s)
N;I _ Kll 0 _ b(pl(s)
R D
o b, (s)
N;Z b{pz(s)
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Where u and v are displacement vectors.

3 SHAPE FUNCTIONSFOR DYNAMIC ANALYSIS

In a non-prismatic curved beam which is subjected to dynamic loads the equation of mo-
tion is assumed to be governed by

Ros| |98 os 0s s R ot

1oy azv_@ —E(EA{%+XD+,0AB—ZU+keKu=p(X,t) @)

“4)

kev=q(xt
=R +kev=q(xt)

u
9’ d’v a[ﬁj 1 au v v
=] [ + EA{ J ALY

a¢| | o  9s R ot

Where s= longitude of curvilinear, U= tangential displacement, v= vertical displacement, El
= flexural stiffness, EA = axial stiffness, ke = stiffness of elastic foundation, pA = mass per
unit length and R= radius of curvature. If the subjected dynamic load defines as a harmonic
load, the deflection of structure can also be assumed as harmonic.

1digdv. d(%) d (EA{W+VJJ+(k@—w2pA)J= p(s) ©)

Rds d$  ds ds ds R
/&)
d’ dv. (R 1 _,(du v § (6)
—| El| —- +—EA —+— |+lke, —o" pAN=q(s
ds’ ds’  9s REA{ds R)Jr( &P )\/ a(s)

Where w is the angular frequency of harmonic load.

Definitions of dynamic shape functions are similar to definition of static shape function as
presented in the last section; the only difference is that in order to obtain the dynamic shape
functions the equations of motion have to be solved. For this purpose in this study a numerical
method called "Differential Transform Method" is employed. Differential transform of a func-
tion and differential inverse transform are as follow

Y(k)=|i!{d;)£§)1_o And  y(g)= 3V (k)" 7

Where y(&) the original is function and Y (k) is the transformed function. In accord with

Equation (7), it is readily proven that transformed functions complied with following basic
mathematic operations

y&)=u@)Ev¢) = Y(k)=U(K)xV(k) (8)
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ye=cuE) = YK=CcUkK) ©)
yE)=uEwE) = V(k):i@(rﬁ(k—r) (10)
v(&) j; o V()= (ke 1)k 2) kot )T (k+ ) (11)

By applying the variable change € = % , Equation (5) and (6) are rewritten as follow

. d[ﬂj 12
ili El %Lz_li —ld[Eﬁ{ldu+vD+(ke§—a)2pA)J=0 ( )
RLAE| |2 dE L dé Ldé(  \Ldé R
i) 13
Lo el LR e L2 Y e -wpa=o ()
L d& Ld& L d& R \Ldf R

Applying differential transform to Equations (12) and (13) besides the theorems presented
at Equations (8) to (11), the following recursive expressions are obtained

k

plic=r(r) = (ks Dk )+ S ell-r ) rzk(;pA(k—r)J(r) "

k

(k+1)k+2)m(k+2 +Zk: (k=r)(r) Zk: ke(k—r NV (r)=a’> pAk—r\V(r)
=0 =0 =0 (15)

M-

|-

WhereE]l , EA , pA, U and V are the transformed functions of EI , EA, pA, U and V and p
is the reverse of radius of curvature (R). m , nn and v are the transformed functions of bending
moment, axial force and shear force which are defined as follow

(k)= 3 EAk—rJe(r)2(r) =L+ )Tk 1) 1 = 3l )7 () (16)

m(")=Zk‘,E'7(k—r)'/7(r)1/7(r)=l(k+1) (k+1) (17)
o(k)= E(KH)\/ (K+1)— lzk: (k=r)J(r) (13)
9= (K + (K +1) ) (19)

Regarding the definitions of basic displacement functions and Figure 3, all boundary con-
ditions are tabulated in Table 3.
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Cu1 sbyr Cuz by Co1 5byy
Uk)=0 7(0)=-1 a(k)=1 U0)=0 Uk)=0 7n(0)=-1
Vik)=0 ©(0)=0 v(k)=0 V(@0)=0 Vik)=0 ©(0)=1

et =0 m© =0 Yaw=1 g©=0 Y e =0 m©=0
k=0 k=0 k=0

Cvz by Co1 }bm Co2 }b<p2

Table 3: Boundary conditions in order to obtain {b} and {c}

Once the first two terms of series U and first four terms of V derived, concerning men-
tioned boundary conditions, all terms of transformed functions of U and V are obtained by
using the recursive Equations (14) and (15). Having {b} and {c} matrixes, nodal stiffness ma-
trixes are calculated. With respect to section 2 of this paper, dynamic shape functions and
stiffness matrixes are similarly obtained.

I 1 dc, bul(o)_il I 1 dc,, bul(L)ul
b, (0) ¢, (0) IT&@ ~RO) b, (L) c,(L) ETQ:H "R
— 1 dCVl b\/l (O) — 1 dCVZ tJIZ(L)
Kll - bvl (O) Cvl (O) E d§ o - R(O) s Kzz - h/Z(L) Cvz(L) E dé: - - R(L)
1 dC(pl b@l (O) 1 dC‘p2 b(pz(L)
_b¢l (0) ¢1( ) I d§ - - R(O) | _b(,z(l-) CWZ(L) I df - - R(L) |

(20)
4 CANTILEVER AND ARCH ACTION

The most commonly accepted method of analyzing arch dams assumes the horizontal wa-
ter load is divided between the arches and the cantilevers so that the calculated cantilever and
arch deflections are equal at all conjugate points in all parts of structure. The cantilever ele-
ments are assumed to be fixed at foundation and the arch elements fixed at abutments. In this
paper we used this theory and presented a new method for modeling the arch dams with dam-
reservoir interaction. We model the arches as a non-homogeneous elastic foundation that pre-
vents arch dam’s cantilevers from free displacements. So we model the structure as a Non-
prismatic cantilever curved beam resting on a continuous elastic foundation (Figure 4).
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Figure 4: (a) Arch Element (b) Cantilever Element (c) Cantilever Beam Resting On an Elastic Foundation

5 NUMERICAL EXAMPLE

In order to verify the accuracy and competency of the presented method the double arch
dam “Komarnica” in Yugoslavia with 195 m of height is chosen as a numerical example.
Some of geometric properties of this dam are tabultaed in Table 4.

Radius (m) Central Angle Cord (m) Height (m)
(degree)

121 130 220 0

105 126 188 19.5

82 118 141 58.5

69 110 112 97.5

50 102 77 136.5

38 94 56 175.5

32 90 45 195

Table 4: Geometric Properties of Komarnica Dam

Considering the central cantilever of the structure, the thickness of this dam is assumed to
be governed by

t(E)=—2.4E2-17.76+29.3 (21)
With regard the geometry of arches, a continuous elastic foundation is defined as

ke(é)=—4.71e10&° +9.45e10&7 —6.07€el0& +1.26€10 (22)

Now, with respect to section 4, the central arch of this structure can be modeled as non-
prismatic cantilever curved beam which rests on a continuous elastic foundation (Figure 5).
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[ =195m 0<¢<l
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Figure 5: Modeling The Central Cantilever Of Komarnica Dam As a Curved Cantilever Resting On An
Continuous Elastic Foundation

If the harmonic load q(x,t) and material properties define as below, by obtaining El ({f) ,
pA(f) and kddf) functions, the dynamic shape functions are obtained.

a(xt)=q, sin(et)

p= 2400"—%
kg
Estatlc = 269W
kg
Eymamic = 3.5e9W (23)

By using mentioned dynamic shape functions the mass matrix, the stiffness matrix and the
load vector are obtained. Finally, we analyzed the cantilever curved beam by using the New-
mark method with coefficients f=0.25 and y=0.5 and the time step At=0.01s with zero
initial conditions. Maximum displacement of top of the structure wich calculated by applying
this method and the comparison of it with normal beam elements are presented in Table 5 and
Figure 6.
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Case Number Number of Ordinary Maximum Displacement of
Elements Top of the Structure (m)

1 5 0.0026952

2 10 0.0014896

3 20 0.0012011

4 50 0.0010523

5 100 0.0009597

6 Present Method (One 0.0008982

Element)
Table 5: Maximum Displacement of Top of the Structure

. 00030000
E 0.0025000 b\
§ 0.0020000
E- T 00015000 —&—Ordinary Elements
3 E \
E  0.0010000 —
g Presented Method (One
£ 0.0005000 Element)
S  0.0000000 : ; : ;

0 1 3 4 5 6

Case Number

Figure 6: Convergence of the Maximum Displacement of Top of the Structure

6 CONCLUSIONS

e According to the numerical example the presented method has high accuracy and high
performance for analyzing non-prismatic beams.

e The form of the defined static shape functions and the method that used for obtaining dy-
namic shape functions for non-prismatic curved beams, make this method capable of
modeling any continues variation in geometric properties of the dams.

e Because the functions of thickness of the dam and stiffness of the elastic foundation are
continues, this method is very practical for analyzing of arch dams.

e Concerning to the results of the numerical example highly acceptable results can be
achieved by employing just one element.

3058




Ashkan Hashemi, Reza Attarnejad and Shermineh Zarinkamar

REFERENCES

[1]

Attarnejad ,Reza,” On the Derivation of Geometric Stiffness and Consistent Mass Ma-
trices for Non-prismatic Euler-Bernoulli Beam Elements”, ECCOMAS 2000 , Barcelo-
na , Spain, 2000.

Attarnejad ,Reza,”’Free Vibration Of Non-Prismatic Beams”, EM2002 ,Columbia Uni-
versity, New York , NY,USA, 2002.

Anil K. Chopra, 2012. Earthquake Analysis of Arch Dams: Factors to Be Considered.
Journal of Structural Engineering, Vol. 137, No. 2, Pages 205-214.

Xiangli, He and Tongchun, Li, 2010. Analysis of Seismic Response for Arch Dam
Based on Gradual Enlargement Mesh Method. Earth and Space Conference 2010, Page
2625.

Mei, C., 2008. Application of differential transformation technique to free vibration
analysis of a centrifugally stiffened beam. Computers and Structures, 86, Pages 1280-
1284.

Mou, Y., Han, R.S.P and Shah, A.H, 1997. Exact Dynamic Matrix for Beams of Arbi-
trary Varying Cross Sections. International Journal of Numerical Methods in Engineer-
ing, Vol 40, Pages 233-50.

Banerjee, J.R., 2000. Free vibration of centrifugally stiffened uniform and tapered
beams using the dynamic stiffness method. Journal of Sound and Vibration, 233, Pages
857-875.

Gunda, J.B. and R. Ganguli, 2008. New rational interpolation functions for finite ele-
ment analysis of rotating beams. International Journal of Mechanical Sciences, 50, Pag-
es 578-588.

Paz, Mario, 1991. Structural dynamics: Theory and Computation. Van Nostrand Rein-
hold, New York.

3059



