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Abstract. One of very interesting problem in civil engineering applications is reinforced con-
crete beam-column joints subjected to monotonic and cyclic load. Predicting of the behaviour 
of reinforced concrete beam-column joints under monotonic and cyclic loading imposes the 
need to develop numerical model which will be able to include effects of the behaviour of re-
inforced concrete structures due to dynamic action in linear elastic stage, crack initiation and 
propagation, energy dissipation mechanisms due to non linear effects, inertial effects due to 
motion, contact impact and finally to attain state of the rest that is a consequence of energy 
dissipation mechanisms in the system. It is possible to include all previously mentioned effects 
with the finite-discrete element method (FEM/DEM). In this paper, a robust numerical model 
of concrete reinforcement, which is based on approximation of the experimental curves for 
behaviour of the concrete and steel in crack, is aimed to predict the behaviour of reinforced 
concrete beam-column joints subjected to monotonic and cyclic load. Cracking of the struc-
ture is enabled by discrete model of cracks where the cyclic behaviour of concrete and steel 
was implemented. The development of the cracks is analyzed for mid and end RC beam-
column joints. 
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1 INTRODUCTION 

For predicting the behaviour and collapse of reinforced concrete structures, the numerical 
model should be able to include effects of the behaviour of concrete structures due to dynamic 
action in linear elastic stage, crack initiation and propagation, energy dissipation mechanisms 
due to non linear effects, inertial effects due to motion, contact impact and finally to attain 
state of the rest that is a consequence of energy dissipation mechanisms in the system. It is 
possible to include all previously mentioned effects with the finite-discrete element method [1, 
2]. 

There has been a number of fracture models proposed in the context of both discrete ele-
ment methods and combined finite discrete element method. Some of the models are based on 
a global approach applied to each individual body, while others used a local smeared crack 
approach or local single-crack approach. In this work a model for plane crack initiation and 
crack propagation in concrete is used [3]. The model combines standard finite element formu-
lation for the hardening part of the constitutive law with the single-crack model for the soften-
ing part of stress-strain curve. Finite elements are used to model behaviour of the material up 
to the ultimate tensile strength while a discrete crack model is used for modelling of the crack 
opening and separation along edges of finite elements. 

In the model presented in this paper an embedded model of reinforcing bars [4, 5] is im-
plemented in Y2D combined finite-discrete element code [6]. Cracking of the concrete is en-
abled by a combined single and smeared crack model. The concrete and reinforcing bars are 
analyzed separately, but they are connected by the relation between the size of the concrete 
crack and strain of the reinforcing bar [7]. Cyclic behaviour of the steel during the cyclic load 
is modelled with improved Kato’s model [8]. 

 In this paper the application of combined finite-discrete element method (FEM/DEM) in 
numerical analysis of reinforced beam-column joints is shown. 

2 MODELLING OF THE REINFORCED CONCRETE STRUCTURE 

In this work an embedded model of reinforcing bars is implemented in a combined finite-
discrete element model based on Y2D-code. The concrete structure is discretized on triangular 
finite elements, while the reinforcing bars are modelled with linear one-dimensional elements 
which can be placed in arbitrary position inside the concrete finite elements. The model of the 
reinforced concrete structure with the embedded reinforcing bar is shown in Figure 1.  

 
Figure 1: Discretization of reinforced concrete structure. 

In the first step the reinforcement is modelled as bar (Figure 1). Intersection between the 
sides of concrete finite elements and reinforcing bars gives the reinforcement finite elements. 
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The structure behaves as continuum until opening of the crack. The deformation of the trian-
gular element influence to the deformation of the reinforcing bars. When the crack in concrete 
appears, joint element in concrete as well as joint element in reinforcing bars is occurred. The 
concrete and reinforcing bars are analysed separately, but they are connected by the relation-
ship between the size of the concrete crack and strain of the reinforcing bar. 

2.1 Concrete model in joint element  

In this work the concrete model is based on crack initiation and crack propagation of mode 
I and mode II loaded cracks [3]. The model is developed on the basis of experimental stress-
strain curves for concrete in tension. The area under the stress-strain curve consists of two 
parts, first is the part used for modelling of the concrete behaviour up to the crack opening [3] 
while the second part represents strain softening after the tensile strength is exceeded [9]. The 
assumption of the discrete crack model is that the cracks coincide with the finite element 
edges. The total number of the nodes for each of the finite element meshes is doubled and the 
continuity between elements is realized through the penalty method [1]. Separation of the 
edges induces a bonding stress which is a function of the size separation δ [3]. 

No separation of the adjacent elements occurs before the tensile strength is reached, i.e. the 
edges of two adjacent elements are held together by normal and shear springs. Procedure of 
the separation of the elements and complete relationship for the normal and shear bonding 
stress are given in [3].  

2.2 Steel material model in reinforcement joint element 

In this work a model of the relationship between the concrete crack size and strain of the 
reinforcing bar developed by Shima [10] and Shin [7] is applied. The model is based on ex-
perimental strain-slip curves and represents well approximation of the behaviour of reinforc-
ing bar with the expressed plastic strain caused by cyclic loading. 

The steel strain-slip relation before the yielding of reinforcing bar is given by expressions: 
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where )( sss ε=  is normalized steel slip, D is bar diameter and cf ′  is concrete strength.  

 
Figure 2: Strain distribution along the reinforcing bar in the post-yield range. 
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Normalized slip in the post-yield range is given by expression: 

  epl sss +=
 (3) 

where se is slip in the elastic region and spl is slip in the yield region. A strain distribution 
along the reinforcing bar in the post-yield region is shown in Figure 2, where εse is a strain at 
the yield boundary point on the elastic region and εsp is a strain at the yield boundary point on 
the yield region. 

If the deformation of concrete is ignored, the steel slip can be determined by integration of 
the steel strain along the reinforcement axis. Normalized plastic steel slip in the yield region is 
given by an expression: 
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where yσσβ /max=  represents the gradient of the line shown in Figure 2, σmax is the maxi-

mum stress in reinforcing bar under tensile loads, smax is a function of εmax and  
)35002(*

ssys εε += . 

In the implemented model [11], calculation of shear force carried by the bar (Figure 3) is 
based on experimental curves [6] which describe curvature of the reinforcing bar in the vicin-
ity of crack faces as function of deflection of the reinforcing bar at the interface ts.   

 
Figure 3: Discrete crack. 

The effect of yield stress reduction due to the shear stress in the bar is taken into account 
by applying the Von Mises yield criterion and isotropic hardening rule as: 

 ( )231 ysyy στσσ −=′  (5) 

where yσ ′  is the reduced yield stress, τs is the shear stress of the reinforcing bar between the 

crack surfaces [11], which is obtained as: 

 
s

s
s A

V=τ  (6) 

where As is the cross-sectional area of the reinforcing bar.  
The influence of adjacent cracks is approximately taken into account through a reduction 

factor α, which depends on crack distance lcr. The steel slip scr, which considers the influence 
of adjacent cracks, is expressed for monotonic loading as:  
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 sscr α=  (7) 

where s is non-dimensional slip defined by expression (14), while reduction factor α is given: 

 Dle cr
Dlcr /087.0,1

3)5.0065.0( ≤−= +− αα  (8) 

In this work non-linear material model for steel is based on experimental stress-strain 
curve where cyclic behaviour of the steel during the cyclic load is modelled with improved 
Kato’s model [6, 8]. 

3 EXAMPLES 

The application of presented model for analysis of reinforced-concrete structures based on 
FEM/DEM method was performed in the numerical analysis of exterior and interior rein-
forced concrete beam-column joints. 

3.1 Exterior RC beam-column joint  

The application of presented numerical model is performed in the analysis of exterior RC 
beam-column joint subjected to monotonically increasing and cyclic load. The geometry 
characteristics of the RC beam-column joint are shown in Figure 4. Material characteristics 
are shown in Table 1. 

 
Figure 4: Geometry of exterior RC beam-column joint. 

Concrete   Steel   
Ec (MPa) 29730 Es (MPa) 210 000 
ν 0.2 fy ( MPa)  400 
ft (MPa) 3.15 fu ( MPa) 500 
fc (MPa) 30.0 As1 (m

2) 0.00026 
Gf (N/m) 100 As2 (m

2) 0.000452 

Table 1: Material characteristics. 

Exterior RC beam-column joint is reinforced in two different ways and subjected to mono-
tonically increasing vertical and horizontal load with equal value. Initiation and propagation 
of the cracks in the RC beam-column and the ratio of vertical displacement at the collapse 
point vc and vertical displacements at the moment when initial crack appears vi for different 
reinforcement type were analyzed. 
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Failure patterns for two type of reinforcing are shown in figures 5 and 6. 

 
(a) 

 
(b) 

 
(c) 

 Figure 5: Beam-column joint reinforced with horizontal stirrups (reinforcing type I): (a) discretization,  
 failure patterns for: (b) V=H=254.8 kN, (c) after V=H=268.2 kN.  

 
(a) 

 
(b) 

 
(c) 

Figure 6: Beam-column joint reinforced with vertical stirrups (reinforcing type II): (a) discretization;  
 failure patterns for: (b) V=H=265.3 kN, (c) after V=H=272.2 kN. 

Figure 7 shows vertical load-displacement relation for two different types of reinforcing. 
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Figure 7: Vertical load - displacement relation. 

The ratio of vertical displacement vc at the collapse point and vertical displacements vi at 
the moment when initial crack appears for different reinforcement type is shown in Table 2. 

 
Reinforcing type vc / vi 

I 18.80 
II 16.74 

Table 2: Ratio vc / vi for each reinforcing type. 
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It can be seen that the larger vertical displacement was achieved for reinforcing type II. 
The greater capacity was achieved for reinforcing type II where the fracture is realized in the 
beam. Load capacity for beam-column joint reinforced with horizontal stirrups is 1.5% lower 
and dominant cracks occur at the top of the column. 

Exterior RC beam-column joint, shown in Figure 4, is reinforced in two different ways and 
subjected to cyclic vertical and horizontal load (Figure 8). Initiation and propagation of the 
cracks in the RC beam-column and the ratio of vertical displacement at the moment of col-
lapse vc and vertical displacements vi at the moment when initial crack appears for different 
reinforcement type were analyzed. 

-150
-125
-100
-75
-50
-25

0
25
50
75

100
125
150

0
.0

0
0

0
.1

2
5

0
.2

5
0

0
.3

7
5

0
.5

0
0

0
.6

2
5

0
.7

5
0

0
.8

7
5

1
.0

0
0

1
.1

2
5

1
.2

5
0

1
.3

7
5

1
.5

0
0

1
.6

2
5

1
.7

5
0

1
.8

7
5

2
.0

0
0

t / s

(V
/H

)
 /

 k
N

 
Figure 8: Load history. 

Failure patterns for two type of reinforcing are shown in figures 9 and 10. 

 
(a) 

 
(b) 

 
(c) 

Figure 9: Failure patterns for exterior beam-column joint reinforced with horizontal stirrups: (a) t=1.375s, 
  (b) t=1.850s, (c) t=1.860s. 

For exterior beam-column joint reinforced with horizontal stirrups, first crack occurs in the 
third cycle of loading for the force of 75.7 kN. At the time of the collapse vertical force was 
116.5 kN with maximum vertical displacement v=10.77 mm. 
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(a) 

 
(b) 

 
(c) 

Figure 10: Failure patterns for exterior beam-column joint reinforced with vertical stirrups: (a) t=1.375s, (b) 
t=1.850s, (c) t=1.870s. 

For exterior beam-column joint reinforced with vertical stirrups, first crack also occurs in 
the third cycle of loading for the force of 75.7 kN. At the collapse point vertical force was 
127.3 kN with maximum vertical displacement v =15.55 mm. 

Figure 11 shows cyclic vertical load-displacement relation for two different types of rein-
forcing. 

 
Figure 11: Vertical load - displacement relation. 

The ratio of vertical displacement at the moment of collapse vc and vertical displacement vi 
at the moment when initial crack appears for different reinforcement type is shown in Table 3. 

 
Reinforcing type vc / vi 

I 21.53 
II 31.01 

Table 3: Ratio of vc / vi for each reinforcing type. 

It can be seen that larger vertical displacement and greater capacity was achieved for rein-
forcing type II. For the beam-column joint reinforced with horizontal stirrups (reinforcing 
type I) load capacity is 8.5% lower in regards to reinforcing type II. 
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3.2 Interior RC beam-column joint  

The application of presented numerical model is performed in the analysis of interior RC 
beam-column joint subjected to monotonically increasing and cyclic load. The geometry 
characteristics of interior RC beam-column joint are shown in Figure 12. Material characteris-
tics are shown in table 4. 

 
Figure 12: Geometry of interior RC beam-column joint. 

Concrete   Steel   
Ec (MPa) 29730 Es (MPa) 210 000 
ν 0.2 fy ( MPa)  400 
ft (MPa) 3.15 fu ( MPa) 500 
fc (MPa) 30.0 As1 (m

2) 0.000452 
Gf (N/m) 100 As2 (m

2) 0.001357 

Table 4: Material characteristics. 

Interior RC beam-column joint is reinforced in three different ways and subjected to mono-
tonically increasing horizontal load and constant vertical force V=700 kN. Initiation and 
propagation of the cracks in the interior RC beam-column and the ratio of horizontal dis-
placement at the moment of collapse uHc and horizontal displacements at the moment when 
initial crack uHi appears for different reinforcement type were analyzed. 

Failure patterns at the collapse point for three different types of reinforcing are shown in 
figures 13, 14 and 15. 
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(a) 

 
(b) 

Figure 13: Interior beam-column joint reinforced with horizontal stirrups: (a) discretization, (b) failure patterns 
for H=216.8 kN. 

 
(a) 

 
(b) 

Figure 14: Interior beam-column joint reinforced with vertical stirrups: (a) discretization, (b) failure patterns for 
H=215.13 kN. 

 
(a) 

 
(h) 

Figure 15: Interior beam-column joint without stirrups: (a) discretization, (b) failure patterns for H=216.4 kN. 

Figure 16 shows horizontal load-displacement relation for three different types of reinforc-
ing. 

3212



Željana Nikolić, Nikolina Živaljić and Hrvoje Smoljanović 

 

 
Figure 16: Horizontal load – displacement relation 

The ratio of horizontal displacement at the moment of collapse uhc and horizontal dis-
placement at the moment when initial crack appears uHi for different reinforcement type are 
shown in Table 5. 

 
Reinforcing type uHc / uHi 

I 42.10 
II 39.94 
III 41.10 

Table 5: Ratio uHc / uHi for each reinforcing type. 

It can be seen that the capacity for all three types of reinforcement is equal. The highest 
difference in capacity between these cases is 1.0% and the cracks propagated through the 
beam which is convenient to the structure. 

Interior RC beam-column joint, shown in Figure 12, is reinforced in three different ways 
(Figures 13,14,15) and subjected to constant vertical force V=700 kN and cyclic horizontal 
load (Figure 17).  

 
Figure 17: History load for interior beam-column joint. 

3213



Željana Nikolić, Nikolina Živaljić and Hrvoje Smoljanović 

Initiation and propagation of the cracks in the interior RC beam-column and the ratio of the 
horizontal displacement at the collapse point uhc and horizontal displacements at the moment 
when the initial crack appears uHi for different reinforcement types were analyzed. 

Failure patterns for three type of reinforcing are shown in figures 18, 19 and 20. 
 

 
(a) 

  
(b) 

Figure 18: Failure patterns for interior beam-column joint reinforced with horizontal stirrups: 
(a) t=1.083s, (b) t=1.61s. 

 
(a) 

 
(b) 

Figure 19: Failure patterns for interior beam-column joint reinforced with vertical stirrups: 
(a) t=1.083s, (b) t=1.61s. 

 
(a) 

 
(b) 

Figure 20: Failure patterns for interior beam-column joint without stirrups: 
(a) t =1.083s, (b) t =1.61s.   
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Figure 21 shows cyclic horizontal load-displacement relation for three different types of re-
inforcing. Very similar behaviour is achieved for all three types of reinforcing, as it is shown 
in figure 21. 

 
Figure 21: Horizontal load - displacement relation. 

The ratio of the horizontal displacement uHc at the collapse point and horizontal displace-
ment uHi at the moment when initial crack appears for different reinforcement type is shown 
in Table 6. 
 

Reinforcing type uHc / uHi 
I 17.37 
II 17.39 
III 17.40 

Table 6: Ratio uHc / uHi for each reinforcing type. 

It can be seen that the highest degree of damage is achieved for the reinforcing type I, al-
though load-displacement relation for all three types of reinforcing shows very similar behav-
iour. So it can be concluded that the influence of reinforcement is dominant in all cases. 

4 CONCLUSIONS  

• This paper presents the application of numerical model for reinforced concrete structures 
based on combined finite discrete element method in monotonic and cyclic loading of re-
inforced beam-column joints.  

• The developed numerical model is based on embedded model of reinforcing bars, an ap-
proximation of the experimental curves for behaviour of the concrete and steel in crack 
and the interaction between the reinforcement and concrete which was taken into consid-
eration by steel strain-slip relation. Cracking of the structure is enabled by discrete model 
of cracks where the cyclic behaviour of concrete and steel was implemented.  

• RC beam-column joint is reinforced in three different ways: with the horizontal and ver-
tical stirrups and without the stirrups. The analysis of exterior beam-column joint shows 
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larger bearing capacity for the reinforcing with vertical stirrups in joint. In interior beam-
column joint almost identical load-displacement curve for all three types of reinforcing 
are obtained. The highest degree of damage is achieved for reinforcing with horizontal 
stirrups. 
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