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Abstract. Dynamics of a fixed sea-based offshore platform under action of the horizontal seis-
mic loading is investigated. The structure consists of a tube-like ferroconcrete rod, of an upper
platform, and of a pile foundation. To describe the structure motion the beam-like model is
used. Some deterministic and random models of the seismic loading are proposed. The depth
of water is of the order 250 meters, the attached mass of water and its resistance is taken into
account, the surface waves influence on the motion is not studied. The system of partial differ-
ential equation is reduced to the system with 3 degrees of freedom. The main attention is paid
to the piles deformations and to their strength. Some numerical examples are studied.
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1 INTRODUCTION

Dynamics of a marine stationary platform under action of the horizontal seismic loading
is investigated. The structure consists of a tube-like ferroconcrete rod. At its upper end the
platform is attached. The similar structure is proposed in [1], where the foundation is modeled
as a rigid body. Here a pile foundation is used to attach the rod with the ground. The depth
of water is of the order 250 meters, the attached mass of water and its resistance is taken into
account. Only the seismic loading is included at design in assumption, the surface gravity
waves, the wind acting on the basic platform, the current, the ice loading, is not studied. The
seismic loading is investigated also in [2], [3] but in this paper the more detailed analysis of
foundation is proposed. The foundation stiffness is found as a result of the piles deformations.
In contrast to [2], [3], where the concrete failure is assumed as the main reason of the structure
destruction, here the strength of the entire structure is connected with the strength of piles. The
deterministic and random models of seismic acceleration are used. Some numerical examples
are studied.

2 MATHEMATICAL MODEL OF STRUCTURE

The structure consists of a tube-like iron-concrete rod 1 (see Fig. 1). At the upper end of rod
a basis platform 2 is attached. A pile foundation 3 is used to attach the rod with the ground.

Fig. 1. The sketch of structure.

It is assumed that in limits of the foundation the ground acceleration does not depend on
the space co-ordinates. The movable co-ordinate system, which moves with the given seismic
acceleration a(t) is accepted. To describe the rod bending a simple linear beam-like model is
used

J
∂4v

∂x4
+

∂

∂x

(
P (x)

∂v

∂x

)
+ ρ(x)

(
∂2v

∂t2
+ a

)
= fv, (1)

Here x (0 ≤ x ≤ H) is the vertical coordinate; v(x, t) is the horizontal deflection of the beam
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axis, t is the time; J is the bending beam stiffness; P (x) = P0 + ρ0(H − x)g is the axial
compression, P0 = m0g; g = 9.81 is the gravity acceleration, m0 is the mass of the basic
platform, ρ0 is the beam mass density per unit length; ρ(x) = ρ0 + ρ1(x) is the mass density
with the attached mass of water,

ρ1 = πR2γwg, 0 ≤ x ≤ H1; ρ1 = 0, H1 < x ≤ H, (2)

R is the beam radius, γw is the water mass density, dimensions H and H1 are shown in Fig. 1;
fv is the resistance of water proportional to the square of relative water velocity V ,

fv = −CvγwRV |V |, V =
∂v

∂t
+ V0, V0(t) =

∫ t

0
a(t) dt, (3)

Cv is the resistance coefficient.
The boundary conditions at the upper end x = H of the beam are the transversal and rota-

tional motions of the basic platform which is studied as a rigid body with the mass m0 and the
central inertia moment J0,

m0

(
∂2vc

∂t2
+ a

)
= J

∂2ϕH

∂x2
+P0ϕH , J0

∂2ϕH

∂t2
+m0h

(
∂2vc

∂t2
+ a

)
= −J

∂ϕH

∂x
+P0hϕH , (4)

where ϕH is the angle of axis inclination at x = H , and vc is the horizontal deflection of the
gravity center C (Fig. 1),

ϕH =
∂vH

∂x
, vc = vH + hϕH , vH = v(H, t). (5)

To formulate the boundary conditions at the lower end x = 0 we assume that the shear
stress-resultant Q0 and bending moment M0, appearing at the contact of the beam with the pile
foundation, are proportional to the lateral deflection v0 and to the angle ϕ0,

Q0 = −J
∂2ϕ0

∂x2
− P (0)ϕ = c11v0 + c12ϕ0 = 0, M0 = J

∂ϕ0

∂x
= c12v0 + c22ϕ0 = 0. (6)

The coefficients cij are to be found after examining the pile deformations.

3 THE BEAM STIFFNESS AND THE PILE DEFORMATIONS

The cross-section of the three layered ferroconcrete beam is shown in Fig. 2a (the steel layers
are black and the concrete layers are spotted). The external radii of steel tubes are R and R1

(R1 < R), and the tube thicknesses are d and d1. Between steel tubes there is a concrete layer
(R1 ≤ r ≤ R − d), containing N small steel tubes (in Fig. 2a N = 8), the polar co-ordinates
rk, θk of their centers are

rk = R0 = (R− d + R1)/2, θk = θ0 + 2kπ/N, k = 1, 2, ..., N. (7)

The radii and the thicknesses of these tubes are R2 and d2.
To calculate the beam bending stiffness J we accept the plane cross-section hypothesis [4]

and take into account only the extension of material in the x direction. Then in linear approxi-
mation the stiffness J is

J = Es

∫ ∫

Ss

y2 dS + Ec

∫ ∫

Sc

y2 dS,
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where Es and Ec are the elastic modules of steel and concrete, and Ss and Sc are the corre-
sponding parts of cross-section occupied by steel and concrete. Calculations give

J =
πEs

4

(
R4 − (R− d)4 + R4

1 − (R1 − d1)
4
)

+
πEc

4

(
(R− d)4 −R4

1

)
+

NπR2
0

2

(
(Es − Ec)R

2
2 − Es(R2 − d2)

2
)

+
Nπ

4

(
(Es − Ec)R

4
2 − Es(R2 − d2)

4
)
.

(8)

The stiffness J does not depend on the angle θ0 (see (7)).
For this cross-section the mass density ρ0 is equal

ρ0 = πγs (R2 − (R− d)2 + R2
1 − (R1 − d1)

2 + N(R2
2 − (R2 − d2)

2)) +

πγc ((R− d)2 −R2
1 −NR2

2) ,
(9)

where γs and γc are the volume densities of steel and concrete.

Fig. 2. (a) The cross-section of beam, (b) the pile, (c) the cross-section of pile.

For numerical calculations we take the following parameters given in SI. The dimensions of
structure and radii of the tubes (see Fig. 2): H1 = 235, H = 250, R = 6, R1 = 4.95, d = d1 =
0.05, R0 = 5.45, R2 = 0.27, d2 = 0.02. The densities of water, steel, and concrete: γw = 103,
γs = 7.85 · 103, γc = 2.2 · 103. The Young modules of steel and concrete: Es = 2.06 · 1011,
Ec = 0.131Es. The parameters of body 2 (see Fig. 1): h = 3, m0 = 107, J0 = 108.

Then by using relations (8) and (9) for N = 12 we find ρ0 = 105, J = 1.1 · 1013.

To find the coefficients cij in (6) it is necessary to study the piles deformations. The pile
foundation is investigated in [5],[6],[7]. We use the simplest linear model in which the inertia
of piles and their weight is neglected.

We assume that the pile deformations satisfy to the static boundary value problem

Jp
d4v

dx4
+ P1

d2v

dx2
+ k(x)v = 0, −L ≤ x ≤ 0,

v(0) = v0,
dv

dx

∣∣∣∣∣
x=0

= ϕ0; v(−L) =
dv

dx

∣∣∣∣∣
x=−L

= 0,

(10)

where L is the depth of the soft ground, Jp is the pile bending stiffness (see Fig. 2c),

Jp =
πEs

4

(
R4

3 − (R3 − d3)
4
)

+
πEc

4
(R3 − d3)

4, (11)
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R3 and d3 are the radius of pile and its thickness; P1 = (P0+ρ0Hg)/N is the compressing force
(we suppose that the force P1 does not change during the studied time), k(x) is the coefficient
describing the lateral ground reaction. We accept that this coefficient linearly depends on x,

k(x) = −2R3cgx > 0, 0.5 · 106 ≤ cg ≤ 107, (12)

where cg is the coefficient depending on the ground.
To find the numerical solution of the problem (10) we accept the following data: L = 30,

R3 = 0.25, d3 = 0.02. Then for N = 12 we find Jp = 2.386 · 108, P1 = 2.86 · 107, and solve
the problem (10) for three values cg = 5 · 105, 2 · 106, 107.

To formulate the boundary conditions (6) we seek dependence of the stress-resultant Qp and
stress couple Mp at x = 0 in the form

Qp = b11v0 + b12ϕ0, Mp = b12v0 + b22ϕ0. (13)

After solution of the problem (10) we find coefficients bij for three given values of the ground
stiffness coefficients cg.

Table 1. Stiffness coefficients of pile.

cg b11 b12 b22

5 · 105 0.555 · 107 −2.004 · 107 0.960 · 108

2 · 106 1.354 · 107 −3.503 · 107 1.319 · 108

107 3.690 · 107 −6.685 · 107 1.852 · 108

The stretching pile density bp is equal

bp =
(
πEs(R

2
3 − (R3 − d3)

2) + πEc(R3 − d3)
2
)
/L, (14)

and for the given parameters hp = 3.566 · 108.
Now we find the stiffness coefficients cij for the entire foundation with N piles,

c11 = Nb11, c12 = Nb12, c22 = Nb22 +
N

2
R2

0bp. (15)

4 THE NATURAL FREQUENCIES AND MODES OF FREE VIBRATIONS

We seek the approximate solution of the boundary value problems (1), (4) and (6) as a partial
sum of series of natural modes with the unknown coefficients qk(t) depending on time

v(x, t) =
K∑

k=1

Vk(x)qk(t). (16)

The natural modes may be found as a solution of the boundary value problem,

J
d4Vk

dx4
+

d

dx

(
P (x)

dVk

dx

)
− ω2

kρ(x)Vk = 0, 0 ≤ x ≤ H,

Qk + c11Vk + c12ϕk = 0, −Mk + c12Vk + c22ϕk = 0, x = 0,

Qk + m0ω
2
kVck = 0, −Mk + ω2

k (J0ϕk + m0hVck) + Phϕk = 0, x = H,

(17)

where
ϕk =

dVk

dx
, Vck = Vk + hϕk, Mk = J

dϕk

dx
, Qk =

dMk

dx
+ Pϕk. (18)

Here Vck is the horizontal deflection of the mass center C of the body 2 (see Fig. 1).
The eigen functions Vk(x) satisfy to the orthogonality condition (ωk 6= ωn),

∫ H

0
ρ(x)Vk(x)Vn(x)dx + (m0VckVcn + J0ϕkϕn)x=H = 0. (19)
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5 THE APPROXIMATE SOLUTION

The single non-linear term in the equation (1) is the water resistance fv. We delete it and
introduce the linear resistance including the water resistance and the resistance in the beam and
in the ground [8].

To deliver equations for the unknown functions qk(t) in (16) we multiply equation (1) by
Vk(x) and integrate the result in the limits 0 ≤ x ≤ H . Then by using the condition (17) we get
the equations,

d2qk

dt2
+ ω2

k

(
ηk

ω

dqk

dt
+ qk

)
+

fk

mk

a(t) = 0, k = 1, 2, , . . . , K, (20)

where

fk =
∫ H

0
ρ(x)Vk(x)dx +

(
m0Vck + J0

dVk

dx

)

x=H

,

mk =
∫ H

0
ρ(x)V 2

k (x)dx +
(
m0V

2
ck + J0ϕ

2
k

)
x=H

,

(21)

and ηk is the dimensionless resistance coefficient (we take ηk = 0.1), ω is the typical frequency.
The term with ηk is included in (20) formally to take the damping into account.

Therefore to solve equations (19) it is necessary to find the natural frequencies ωk and pa-
rameters fk and mk by solving the problem (17). We nornalize the eigen functions Vk(x) by
condition mk = 1. Then only parameter fk which characterize the level of excitation of the k-th
mode remains.

For three values cg and for the given parameters of platform from system (17) three first
natural frequencies ωk are found. These frequencies and the corresponding values V(ck) and
∆wk are given in Table 2. Here ∆wk = R∗fkϕk(0), (with R∗ = 5.7) is the measure of the pile
extension corresponding to k-th vibration mode.

Table 2. Parameters of the vibration modes.
cg k ωk Vck ∆wk

1 1.233 −0.000370 0.0162
5 · 105 2 3.205 −0.000545 0.00465

3 6.678 −0.000705 0.000697
1 1.362 −0.000388 0.0142

2 · 106 2 3.906 −0.000585 0.00294
3 7.347 −0.000730 0.000501
1 1.429 −0.000401 0.0123

107 2 4.489 −0.000614 0.00201
3 8.675 −0.000776 0.000871

As it is seen from Table 2 the values ∆wk quickly decrease with the number k of the vibration
mode. The ground stiffness cg effect on the parameters ωk, Vck, and ∆wk not very essentially,
and we will study later only the intermediate case cg = 2 · 106.

6 MODEL OF THE SEISMIC GROUND ACCELERATION

As in [2], [3] we take the test horizontal ground acceleration in the form

a(t) = At2e−αt sin(αt + θ). (22)
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The parameters in (22) satisfy to a restriction, which follows from the equality
∫ ∞

0
a(t)dt = 0, (23)

because in the opposite case the ground will move when the seismic impulse is finished. From
(23) it follows that

α(3ν2 − α2) sin θ + ν(ν2 − 3α2) cos θ = 0. (24)

Fig. 3. The seismic impulse.

In Fig. 3 the seismic impulse with parameters A = 0.295, α = 0.4, ν = 10 is shown, and
value θ is found from relation (24). For this impulse maxt{a(t)} = 1.

We change impulse (22) by the following

a(t) = τ 2e2(1−τ) sin(νt + θ), τ = t/T ; tan θ =
α(3ν2 − α2)

ν(3α2 − ν2)
, α =

2

T
. (25)

For impulse (25) maxτ{τ 2e2(1−τ)} = 1 at τ = 1. Therefore, two parameters remain: the time
T of amplitude growth, and the typical frequency, ν.

7 Numerical results. Discussion

We solve numerically equations (20) for k = 1, 2, 3, cg = 2 · 106 and for the various values
T and ν, and find solution (16). The results are presented for the maximal ground acceleration
1 m/c2. The problem is linear, and the results for the other acceleration levels may be obtaining
by multiplying.

It occurs that the horizontal displacements of the upper body are less than 3 · 10−5 m, and
details are not given here.

We analyze the strength of piles and find its maximal vertical displacements by relation

W = max
t

∣∣∣∣∣
3∑

k=1

∆wkqk(t)

∣∣∣∣∣ , (26)

where ∆wk are given in Table 2, and qk(t) are the solutions of equations (16) with fk = mk = 1
and with the initial conditions q(0) = dq(0)/dt = 0.

The maximal vertical strains ε of piles are

ε =
∆w

L
. (27)
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Fig. 4. The piles extension W .

The value ε is to be compared with the limiting values εs = 0.00134 and εc = 1.16εs for a
steel and a concrete respectively.

In Fig. 4 for three values T = 10, T = 20, and T = 40 dependences W (ν), 0.5 ≤ ν ≤ 3, are
presented. It is seen the maximal value W∗ = maxν{W (ν)}, is achieved at the first resonance
ν ' ω1 = 1.362. For example, for T = 20 the critical value A∗ of the maximal seismic
acceleration is

A∗ =
Lεs

W∗
= 0.7 (m/c2). (28)

At the second resonance ω2 = 3.906 the value ∆w(ω2) is ten times smaller than W∗. The
value ∆w∗ grows with T , and the limit,

lim
T→∞

{W∗} =
∆w1

ηω2
1

= 0.0765, (29)

what corresponds to the forced vibrations of system with one degree of freedom under the
periodic excitation sin(νt). Indeed, for the system with one degree of freedom at T → ∞ the
maximal amplitude W (ν) is equal

W (ν) =
∆w1√

(ω2
1 − ν2)2 + η2ν2ω2

1

(30)

and for ν = ω1 we get relation (29).

8 Remark about the random seismic impulses

Methods of mechanical systems analysis under random excitation are described in [9], [10].
Random processes for earthquake simulation are described in [11]. Analysis of the structure
shown in Fig. 1 under action of the random surface waves excitation is contained in [12], [13],
[14].

The test seismic impulse (22) may give the upper estimation for the pile extension W because
the resonance effect appears for the large T . It is interesting to compare the results of excitation
(22) with the random excitation. In the exact statement the seismic acceleration may be studies
as a non-stationary random process acting during the finite time 0 ≤ t ≤ T0. For simplicity we
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assume that the seismic excitation is a random stationary process time with the given spectral
density Sa(ω) acting during the infinite time. Then the motion of structure also will be a random
stationary process.

To find approximately the spectral density SW (ω) of the pile extension W we study the
system (20) with one degree of freedom,

d2W

dt2
+ ηω1

dW

dt
+ ω2

1W + ∆w1a(t) = 0, (31)

with ω1 = 1.362, ∆w1 = 0.0142. Then [9], [10]

SW (ω) =
(∆w1)

2Sa(ω)

(ω2 − ω2
1)

2 + η2ω2
1ω

2
. (32)

To compare with the previous results we normalize the process a(t) so that its dispersion,

D(a) =
∫ ∞

−∞
Sa(ω) dω =

1

2
, (33)

because the average value of function sin2(ωt) is equal to 1/2. Here D(z) is the dispersion of
the process z(t),

As a test spectral density Sa(ω) we take

Sa(ω) =
η0ν

3

2π((ω2 − ν2)2 + η2
0ν

2ω2)
. (34)

Relation (34) satisfy to equality (32). Parameter ν is the typical frequency of excitation, and
parameter η0 describes the sharpness of curve. In Fig. 5 the curves Sa(ω) are shown for ν = 1
and for two values of η0.

Fig. 5. The spectral density .

Function Sa(ω) is convenient to calculate the dispersion of the process W ,

D(W ) =
∫ ∞

−∞
(∆w1)

2η0ν
3 dω

π((ω2 − ω2
1)

2 + η2ω2
1ω

2)((ω2 − ν2)2 + η2
0ν

2ω2)
. (35)

After calculations we get

D(W ) =
(∆w1)

2(ηω3
1 + ηη0ω1ν(ηω1 + η0ν) + η0ν

3)

2ηω3
1((ω

2
1 − ν2)2 + ηη0ω1ν(ω2

1 + ν2) + (η2 + η2
0)ω

2
1ν

2)
. (36)
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The measure of the vibration amplitude is a root-mean-square σW ,

σW =
√

D(W ). (37)

Consider some partial cases. At η0 → 0 the frequencies ω are concentrated near ν (see Fig.
5), and relation (37) gives

σW (ν) =
∆w1√

2
√

(ω2
1 − ν2)2 + η2ν2ω2

1

. (38)

This relation almost coincides with relation (30). Factor
√

2 marks a natural difference between
a root-mean-square and an amplitude.

For ω1 = ν we obtain the simple relation

σW (ω1) =
∆w1

ω2
1

√
1 + ηη0

2η(η + η0)
. (39)

To estimate the dependence σW (ν) on η0 we compare the cases η0 = 0 and η0 = 1. The
results are shown in Fig. 6.

Fig. 6. The root-mean-square σW (ν) for η0 = 0 and η0 = 1.

It is seen in Fig. 6 that in the case η0 = 1 the maximal amplitude is essentially smaller than
for η0 = 0.

9 CONCLUSIONS

Dynamics of a fixed sea-based offshore platform under action of horizontal seismic loading
is studied. The main attention is paid to the strength of piles. The approximation with three
degrees of freedom is used, but it occurs that only the first vibration mode is essential. Two
test models for the ground acceleration are proposed. At the first of them the acceleration is
presented as a function (Fig. 3) which allows to analyze the resonance effect. At the second
model the seismic excitation is studied as a stationary random process. The presented results
allow us to predict the possible behavior of structure under seismic loading
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