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Abstract. A systematic theoretical approach is presented, in an effort to provide a complete
and illuminating study on motion of a rigid body rotating about a fixed point. Since the con-
figuration space of this motion is a differentiable manifold possessing group properties, this
approach is based on some fundamental concepts of differential geamé&ey.idea is the
introduction of a canonical connection, matching the manifold and group properties of the
configuration space. This is sufficient for performing the kinematics. Next, following the se-
lection of an appropriate metric, the dynamics is also carried over. The present approach is
theoretically more demanding than the traditional treatments but brings substantial benefits. In
particular, an elegant interpretation is provided for all the quantities with fundamental impor-
tance in rigid body motion. It also leads to a correction of some misconceptions and geometri-
cal inconsistencies in the field. Finally, it provides powerful insight and a strong basis for the
development of efficient numerical techniques in problems involving large rotations.
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1INTRODUCTION

The study of rigid body motion has been in the epicenter of many previous investigations
due to both the great theoretical importance and the large practical significance of the subject.
The main objective of this work is to present a new look into the old but practically significant
and still challenging mechanics problem of finite rotations, based on sound geometrical con-
cepts. These concepts are known in the mathematics and physics literature for a long time.
However, with a few exceptions (e.g., [1,2]), they are still not fully explored by the engineer-
ing community, despite their large value and usefulness. Here, an effort is made to use these
concepts in order to create a clear and complete geometrical picture of large rigid body rota-
tion. In this way, more light is thrown into the meaning of some of the most commonly em-
ployed quantities in describing rigid body motion. This, in turn, provides an alternative view
and better interpretation of the related formulas employed frequently in the classical engineer-
ing literature. At the same time, this helps to identify and correct some common misconcep-
tions in the field and achieve another objective of the present work. The latter refers to
providing the means for building a reliable theoretical basis for developing better and more
effective numerical integration methodologies for studying and investigating dynamics of sin-
gle or multiple rigid bodies (e.qg., [3-5]).

The geometrical route chosen in the present study deviates significantly from that taken in
previous studies of mechanics problems. In those studies the underlying manifold is assumed
to possess a Riemannian structure from the outset. A typical path is to introduce a set of coor-
dinates and employ a natural coordinate basis in order to define a metric and then produce a
metric compatible connection, having as components the classical Christofell symbols [6].
Usually, the same route is also chosen even for dynamics problems [7]. However, a more
primitive and natural path is more beneficial and followed in this work. Namely, after creating
the manifold corresponding to the configuration space of the motion, a connection operator is
first established in an appropriate manner. This proves to be sufficient for performing a com-
plete study of the kinematics. A canonical connection is selected [8], so that one can fully ex-
ploit the benefits associated to matching the special curves related to the manifold and the
group properties of the configuration space. Then, a study of the dynamics requires the intro-
duction of a metric. In this work, a suitable metric is chosen, which is not compatible with the
connection, but allows for a complete, simple and concise treatment of the dynamics.

The classical treatment of spherical motion is briefly summarized in the following section.
Then, some useful concepts of differential geometry are presented in Sect. 3. In the fourth sec-
tion, rigid body kinematics is examined, based on the geometry of an appropriate three dimen-
sional manifold. The basic properties of this manifold are extracted by the special orthogonal
group SO(3). Then, a suitable metric is introduced in Sect. 5, providing a useful tool for ex-

amining the dynamics of a rigid body. Finally, the most important conclusions are summa-
rized in the last section.

2A SUMMARY OF THE CLASSICAL APPROACH

Study of the spherical motion about a point O is typically performed in the ordinary Eu-
clidean spacek® [9]. A basis®3 is introduced, consisting of three fixed orthonormal vectors
E (with i =1,2,3), having point O as origin. These vectors form a right-handed Cartesian iner-
tial frame of reference. This basis will also be dengtd. On the other hand, another basis,

B’ or {&(1)} , is formed by considering a new set of three orthonormal veeioys having O

as origin, but rigidly attached to and following the motion of the rigid body. These vectors
form the so-called body frame of reference [10].
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The two basess and®’ coincide originally. During the subsequent motion, they are re-
lated through a linear mapping

§(t)=RME, i=123 (1)
Then, the position vector of an arbitrary point of the body is
x)="° xME =" X&),
where x and X, represent the components in the spatial and body frame, respectively. Adopt-

ing the notational convention of dropping the sum operator for products involving repeated
indices [11], the last relations can be rewritten as

X(1) =X (1) E =X &(t). 2
Next, if the components of the transformatinin the basis® are expressed by matri,
that isMg (%) =R=[r,,], then, Eq. (1) can be rewritten in the form
&M =r;(OE; .
Therefore, from Egs. (1) and (2) one gets
x(O)=r;OX; or x(t)=RHX, 3)
with
x=(x % Xx)' and X=(X, X, X)).
Then, employing the rigidity assumption of the body leads to
RR=1, 4)

wherel is the3x 3 identity matrix. This implies thaR(t) is orthogonal. Moreover, it easily
turns out that the matrix

O(t) =R (HR() (5)
is skew-symmetric (as indicated by), with general form
0 -Q Q,
Q=sin@=| Q, 0 - (6)
-Q, Q 0

The corresponding axial vector associated withis
g;::VEIi(fj)EE(g21 Q, Q3)T'
In a similar manner one can show tiR" =1 and by differentiation obtain the new skew-
symmetric matrix

At)=RE)R(t). 7)
Therefore, combination of Egs. (4), (5) and (7) yields
R=&dR=RQ. (8)

Next, direct differentiation of Eq. (3) with a simultaneous application of Egs. (7) and (8)
yields

V=Xx=RX=RR x=adX. ©)
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Finally, Egs. (7), (8) and (4) lead to
»=ROR" = w=RQ. (10)

After establishing the kinematics, one can evaluate all the quantities needed in dynamics.
First, the (convective) angular momentum of the body relative to the origin O is obtained by

Ho(t) = ‘]o Q(t) ) (11)
where

Jo=[ X"Xdm= [(X-X)I - XX]dm (12)

is the mass moment of inertia matrix of the body with respect to the origin O [9]. Then, the
dynamics of the rigid body is expressed by Euler’s law in the form

JOQ+9XHO:MO’ (13)

where M, are the body components of the resultant external moment about O [9]. Finally, by
performing straightforward operations the kinetic energy of the motion is found in the form

T=10'3,Q=1H, Q. (14)

3SOME ELEMENTSOF DIFFERENTIAL GEOMETRY

The set of orthogonal matricégt) introduced in Sect. 2 forms a Lie group. Specifically,
each matrixR(t) represents a point in the space3ef3 matrices, coinciding with the Euclid-

ean spacek’. Considering the orthogonality condition (4), this point besa three dimen-
sional subset ofR® [12]. Since these conditions are nonlinear, this subset is not a vector
subspace oR® but it forms a three dimensional manifold, instead, which can be viewed as a
surface inR®. In addition, since composite rotations are represented by products of orthogo-
nal matrices [13], which are also orthogonal matrices, this subset is a Lie group, having as
product the matrix multiplication and as identity element3k@ identity matrix| . More-
over, sinceR(0)=1, its determinant at=0 is equal to +1 and because there can occur no
jump to the value -1 during the subsequent motion, this matrix belongs to the special orthogo-
nal group of order three, denoted B9(3).

Lie groups present some extra mathematical structure. For instancend h are ele-
ments of a Lie grouis, then one can define the left translationdyhrough the mapping

L,(h)=gh. (15)
Likewise, the right translation by is defined as a mapping
R,(h)=hg. (16)

These operations are smooth mappings and give rise to useful gradients. Specifidgtly, let

be a curve orG, with h(0)=h and tangent vectdt(0) att=0. This vector is denoted by,
and belongs to the tangent spacéstat h, denoted byr,G . Then, according to Eqg. (15), the
set of pointsp(t) = L, (h(t)) represents the image curve lgf) on G, obtained with a left

translation byg . The velocity vector ofp(t) at pointL,(h) is given by

p :%{ Lg( I“(t))} |t:0 = Lg*t(o) ’ (17)
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where L, defines a linear transformation frofiG to T,G, known as the differential df, at
h [12]. In this way, one can take a bagige} of T.G at the identity elemerd of the group
and left translate it to a badig( p} of T,G, with

&P =L,.&(e), (18)

on dl of G. Then, any vector of the vector space , of dimensionn, can be expressed in
the form

v(p)=Y V(p)e(p)=V(p)e(p). (19)
Moreover, if v is a left invariant vector field o, then
v(p)=L,.v(e) =L, [V(9&(&] =V(8L,.&(8 =V(e&(p -
Direct comparison of the last result with (19) yields
Vi(p)=V(e). (20)

Left or right translation on a Lie group is important in the study of its one parameter sub-
groups. These are specific curves, satisfying the group homomorphism

g(t+s)=g(t)g(s) = 9(9)g(t) . (21)

It can be shown that the most general monoparametric subgro@pmafst pass from the
identity elemente and is determined by the exponential map, with

g(t) =expltg’ (0)] . (22)
It can also be shown by using Eq. (21) that
g'(t) = Lg(t)*g’(o) = Rg(t)*g’(o)! (23)

which reveals that the one parameter subgroup ofvith tangent vectog’(0) at the identity,

coincides with the integral curve through the identity of the vector field, which results by a
left translation ofg’(0) over all of G.

Given a Lie groupG, one can construct its Lie algebra. This consists of the vector space
T.G, equipped with a special operator, known as Lie bracket [10]. For Lie groups, this bracket

can be defined by employing the idea of left (or right) invariant vector fields. For instance,
consider two vector¥, andY, of T.G and extend them by left translation to the vector fields

X" andY" on all of G. Then, their Lie bracket is
[Xe Y]=[X5 Y. (24)

In fact, it has been proved that there exist three such canonical connections [8]. The first two
of them, known as left and right invariant canonical connection, are defined by

VY =[X"Y] and ViY=[X"Y], (25)
where X" and X® is a left and a right invariant vector field, respectively, extending an ele-

ment X of the tangent space at a point of a Lie graupo all of G, while Y is a vector field
on G. Finally, a symmetric canonical connection is defined by

VSY =1[X" + XR Y. (26)
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All these connections are described completely by the Lie bracket and left/right translation.
Some of their important properties are summarized in the sequel.

First, let{e"(p} (or simply{e(p} ) be a basis created at pointby left translating a ba-
sis{e(9} atthe identity, using Eqg. (18). Sinegp) is L,-related tog (e) [12]

L,.[&(8). &(8)] =[L,.&(8, L,.&(a] <[ &( D, &(A] .

By using the definition of the structure constacjtof a basigeg, e,] =c g, this implies that

¢ (p)=cj(e). (27)
Also, the Lie bracket of the vector fields andY is given by
[X,Y]=(X'8,Y' =Y, X' + ¢, XY )g . (28)
Then, if bothX andY are left invariant vector fields o@
[X,Y]=(c, XY e =Z"¢g.

Therefore, since the quantig/ =c;, X'Y* remains constant everywhere on the manifold, this

shows that the Lie bracket of two left invariant vector fields is a new left invariant vector field.
In a similar manner, iX is a left invariant vector field whil® is a right invariant vector

field on G, it can be shown that their Lie bracket vanishes identically [12], that is
[X5Y =0, (29)
Then, it becomes apparent from Eqg. (29) that
ViYR=0

(30)

for any right invariant vector fiel@d on G. This means that the parallel translation of a vector

on a manifold equipped with a left invariant canonical connection is equivalent to a right
translation of it.
Next, by employing the definition of the left invariant canonical connection one arrives at

V.Y =(0,Y' +c,Y)X'e, (31)
since thenx = X" ando;X' =0. On the other hand, the covariant differentialyofilong X
is evaluated in the form
ViY=0@,Y' +A,Y)X g,
where the affinitiesA!, of the connectiorv in the basige} are introduced by the following
definition
Ve &= Aijkgi . (32)

It can be shown [14] that the affinities and the structure constants provide the components
of the torsion tensor through

T = A = Ay —Cjy. (33)
Therefore, direct comparison of (32) with Eq. (31) reveals that
= A, (34)
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Consequently, by substitution in (33) it follows thgt=-A};. This indicates that the left in-
variant canonical connection possesses torsion wiigs0. On the other hand, direct

evaluation shows that in such a case, all the components of the curvature tensor vanish
(R, =0), which means that the curvature tensor of this connection is zero [8].

Similar results are also available for the right invariant canonical connection How-
ever, the picture obtained for}y is different. First, iff g% p} is a basis created @t by a
right translation of the bas{g(e} , then

Ci = 2A",. (35)

Therefore, by direct substitution in Eqg. (33) it follows that

Ty =N — Ay -
Also, based on (39), the affinities of the connection are found to be anti-symmetric in their
lower indices, i.e.,

Ay =-Ay. (36)

This implies eventually that,, =0. On the other hand, direct evaluation shows that the curva-
ture tensor is non-zero.

For a Lie group, the choice of a canonical connection is a natural way to match the special
integral curves associated with its properties as a manifold and as a group. Specifically, by
definition the structure constants are anti-symmetric [12]. Consequently, Eqs. (34) and (35)
reveal that the canonical connections considered lead to anti-symmetric affinities, satisfying
Eq. (40). Then, it can be shown that the tangent vector at each point of an autoparallel curve
has constant components on a local frame produced by a left translation. Therefore, each ca-
nonical connection relates the affinitias, (which express a manifold property) to the struc-

ture constants, of the basis, so that the one parameter Lie subgroups and the curves

resulting by their left translation (which are related to the group properties only) coincide with
autoparallel curves (which are related to the manifold properties only). These results have re-
markable implications in rigid body kinematics and dynamics, examined in the following two
sections.

4 RIGID BODY KINEMATICSUSING LIE GROUPS

In this section, spherical motion is reconsidered, by employing concepts of differential ge-
ometry. A new manifold is introduced, drawing its basic properties through a group represen-
tation on the classice8O(3) group.

4.1 Introduction of a new manifold M(3)

A new manifold is introduced for the description of rigid body rotation. This manifold be-
longs to the same abstract groupSa%3), but possesses different geometrical properties. For
this reason, this manifold is nam&tl(3) . Next, the emphasis is placed in identifying its criti-

cd geometrical properties.
First, the orientation of a rigid body can be represented by a poinp ,say M (3) . After

choosing an appropriate local coordinate system, each poiM Byis described by three
coordinates (or rotation parameters). Then, the spherical motion of a rigid body can be viewed
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as a motion of a point on a single parameter curvey&ayR — M (3). Moreover, the angular
velocity of the body is expressed by the tangent vecta(tjo

wt)=>" W)l =wte)), (37)

wherew (t) are the components e@fit) in a local basige(f)} (with i=1,2,3) of TM(3) at

the current position.
A useful concept in detecting changes of a vector fi¢ljd on M (3) is the covariant dif-

ferential of this field along the direction of vecter[12]. This quantity is determined by
V() = + AL WV)e.

In particular, a parallel translation of vectoralong the curver(t), with tangent vectow, is

defined by

V=0 = V+A,WV=0. (38)

This represents a set of three coupled linear ordinary differential equatigiig jmpossessing

a unique solution for a given set of initial conditiong). However, in the general case, the
afinities A', depend on position. Nevertheless, there exists a special occasion where one can
select the affinities so that the solutig(t) can be obtained in a convenient closed form, in

terms of an exponential matrix, as explained next.
First, in the particular case with=w=n, satisfaction of the condition of parallel transla-

tion leads to special curves on the manifold, known as autoparallel curves [15]. If, in addition,
the affinities of the connection are anti-symmetric, as in Eqg. (36), it can be shown that the
components of the tangent vectqt) to the autoparallel curve in the local frame remain con-

stant on the whole curve. That is
n'{t)=n'(0)=n'". (39)
Therefore, if the affinities\’, are also constant everywhere on the manifold and such that
[A}n']=[f] =fA=spir(D , (40)
the parallel translation of any vecta(t) of T M(3) along the autoparallel curve of(3)
connecting pointp(t) to any other point oM (3) is described by the following system

ut 0 -n n?|u
u’|=—| n* 0 -n|u*| or u=-fu.(41)
u? - nt 0 |u

Simple inspection verifies that Eq. (40), together with condition (36), can be fulfilled simulta-
neously, indeed, provided that the non-zero affinities take the following constant values

A§3 = _Aéz = A?’»l: -A isz A izz -A 321: 1, (42)
on all of M(3). Therefore, there appears the need for the selection of an appropriate non-

natural basis. Sinc#él(3) forms a Lie group, this basis can conveniently be obtained by ex-
tending a basi$e(9} , defined inm(3)=T_M (3), on all of M (3) through a right or left transla-

tion. Taking into account Eq. (1), the latter choice is preferred, leading to
g(p(t)) = Lp(t)*g (e) 1 I :112|3a (43)
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so that each basis vectg(p(t)) is part of a left invariant vector field av (3). In essence,

this is identical to Eq. (18), since for a given pomthese vectors are fixed and their depend-
ence ont is only implicit. To stress this, the basis vec®(p(t)) will next be denoted simply

by e(p). An immediate consequence of this basis choice is that)ifis any left invariant
vector field onM (3), then its representative vector at pojntan be expressed in the form

Y, () =V, [0)&(p).
Moreover, application of Eq. (20) yields
V(1) =V, (1) =V (). (44)

Then, Eq. (39) can be rewritten in the form(t) = (t)=n'(t), illustrating that the tangent
vector to an autoparallel curve ®f (3) is part of a left invariant vector field av (3) . There-

fore, taking into account Egs. (36) and (42), it is convenient to choose the left invariant ca-
nonical connection, expressed by Eqg. (25a), as most appropriak&(3pr An immediate

consequence of this, with enormous significance, is that the autoparalllgpiwill coin-

cide with its one parameter Lie subgroups and their left translations (see end of Section 3.2).
In this respect, Eq. (41) can be seen as a means of determining the components of any vector
u,(t) of T M(3), obtained by parallel translation of a vectpft) of T.M(3) along the auto-

paallel curve ofM(3) connecting pointp(t) to the identitye. In fact, since the coefficient
matrix i in Eq. (41) is constant, this solution can be expressed in the form
U,(t) =BMu.(t) = u(t)=At)u,(), (45)
with
A(t) =exp(n) (46)
and
B(t) = A (t) = exp(-tni). 47)

Among the infinity of available choices, the specific selection of the affinities expressed by
Eq. (42) leads to ax 3 matrix A(t), given by Eq. (46). Here, this matrix appears in Eq. (45)

as a linear transformation fromM (3) to TM(3).

The ideas presented above can provide a clear interpretation of rigid body kinematics. For
instance, the bas{g(p} obtained by left translation of a bagi( e} of TM(3) on all of

M (3), as specified by (43), corresponds to a basis which remains fixed on the rigid body dur-
ing its motion (body frame). In addition, the components of the tangent we¢jaio the path
y(t) of the motion, are components of the angular velocity of the body in the local basis

{e(p} . Thatis
w(t) =W (t)g (p) . (48)

This vector belongs ta,M (3) at point p and can be viewed as the outcome of the left trans-
lation of a vector off M (3)

Q(t)=Q'(t)e(e), (49)
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known as the convective angular velocity [3]. Based on (44), the following choice is made for
its components

W () =Q'(t). (50)

Alternatively, vectomw(t) can also be obtained by a parallel transfer of another vector of
T.M(3), through the autoparallel curve bf(3) joining the identity to the current poimt. If

a(t) =o' ()& (©), (51)
then, according to Eqg. (49), its components satisfy
W () =Bit)o'(t) and o'(t)=A W (t).

Next, the results obtained in this section are illustrated by Fig. 1. The actual motion of the
body is described by a pajiit) on M (3), starting from the identity element &t 0. Then,

for a fixed timet, points on the autoparallel curve Kf(3) connecting the current poirni(t)
to the origine, sayz,(s), are located by another parameter, sayelated to the length of
this path. In this case, in order to distinguish the true p@jhfrom the autoparallef,(s), it

is more appropriate to replace matag) in Eq. (46) by

Q(s;n()) = exp@Eh ¢)), (52)

for 0<s<t andQ(t,n(t)) = A(t)= R(t). This means that at any given timematricesA and
Q coincide with matrixR. This is a manifestation of Euler's theorem, stating that one can

move a rigid body, rotating about a fixed point, from an initial to any final position, through a
pure rotation about a fixed axis [13]. In addition, the tangent vedgtprto the actual path

y(t) represents the angular velocity of the body and creates two im@@gesnd o(t), in
T.M(3) at any timet .

TPM(@3)

npls)

“autoparallel curve

Fig. 1. Geometrical interpretation of spherical motionlh(3)

Finally, note that there exist several closed form expressions for mdtyixn terms of ro-

tation parameters. Among them, the most commonly known is probably the Rodrigues for-
mula

in|| ¥~ 1sin?@G||¥|)-.~
S ||_|I\{,+ GIEI

At) = P )=
O =l Q== Y 2w vy
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Direct comparison with Eq. (50) shows that the quantityknown as the Cartesian rotation
vector [9], is defined by

Pt =tn(t). (53)

4.2 Group representation of M(3) on SO(3)

The group properties of1(3) can be obtained by a group representationSo(8),
through an appropriate map [16]. This map, gayrom M (3) to SO(3), is selected to be an

isomorphism [14]. In order to derive its explicit form, appropriate coordinates systems on the
manifolds and bases on the tangent spaces should first be chosen.

In many occasions, it is beneficial to employ a special set of local coordinates, known as
canonical [2]. Specifically, ley(s) be the autoparallel curve of a manifol’ emanating

from a pointp of the manifold ats=0, with a tangent vecton on the tangent spadgM".
If the coordinates of the origin (or pol@) are selected as

p=0, i=1...,n

and the tangent vectar is expressed over a bagig of T M" in the formn=n'g, then the
canonical coordinates of any poigt on the curve;(s) are uniquely specified to be

q=sn. (54)

Canonical coordinates specify uniquely any painbf M" in the vicinity of the polep. In
the special case of a Lie group, it was shown at the end of Sect. 3 that the affipities be

obtained from the structure constanfs. In the particular case o¥l (3), it was demonstrated

in Sect. 4.1 that the left invariant canonical connection is the most natural choice for it, with
affinities given by (42). Then, its autoparallel curves are identified by (39), which leads to
(54), with n=3. Therefore, (54) defines a canonical coordinate system @y with origin at

its identity element. Moreover, direct comparison of (54) with (53) reveals that the canoni-
cal coordinates coincide with the components of the so called Cartesian rotation vector.
Based on the above, a canonical coordinate system is first plade@3prwith origin ate

for locating its points. Next, a badig(e} is selected ain(3), according to conditions that

will be stated more explicitly in Sect. 5. This basis is then extended to all pooft# (3)
by left translation

&(a)=qe(e), (55)

creating a non-natural basis [11].
According to material presented in Sections 3 and 4.1, an autoparallel curve emanating
from the identity elemen¢ of M (3) coincides with an one parameter Lie subgroup, which

corresponds to pure rigid body rotation about an axis determined by the tangent vector to the
curve at the identity. Conversely, given any pajnbn the manifold, one can find a vector on

the tangent space at the identity element@8) , representing an axis of rotation of the body,

which is tangent to the unique one parameter subgroup emanating faoch passing from
g. Moreover, these special curves are captured by the corresponding exponential map of the

group. In fact, the exponential map of a grasips a local diffeomorphism from a neighbor-
hood of zero inT,G onto a neighborhood af in G [10]. In addition, this map can be ex-

tended over all ofs through a left translation. Therefore, guided by Eq. (46), the magping
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from M (3) to SO(3) is selected in the form
@(q) =exp(sh), (56)

wherefi=spin(n) and n is the vector oin(3) which is tangent to the autoparallel curve start-
ing from the identitye and passing from poirng of M (3). Based on (54), the components of
g depend on the parametersand n. Therefore, the quantity

Q(s,n)=(q(s,n)) (57)

represents @x 3 exponential matrix. Since matri@ is orthogonal, it is an element 8D(3),
indeed. In view of Eq. (54), this matrix represents a map from the canonical coordinates of
point g to R®. Moreover, since the identity elemeamtof M (3) has canonical coordinates
(0,0,0), it turns out from Egs. (56) and (57) that

®(e)=Q(0,n)=1, (58)
which verifies that® maps the identity elemert of M(3) to the identity element of
0(3).

This information is enough to determine the tangent mappinp af the identity poine
of M(3) by

®(e), () =spin(). (59)
Then, the Lie bracket of the Lie algebr&3) is defined by
[X1(€), X,(e)] = vect([Yy(1), Y(1)]) , (60)

while the tangent mapping @b at an arbitrary pointj of M (3) is obtained in the form

@(q). = D(q)D(€). =Qd(e). .

This completes the geometrical picture of the mapping betwe@h and SO(3), shown in
Fig. 2.

Fig. 2. Definition of mapping® for a group representation & (3) on SO(3).
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Finally, direct computation yields
C|kj :ij ) (61)
which determines the structure constagftsn m(3) and consequently completes the defini-

tion of its Lie bracket in terms of the structure constahtsf the basis irso(3). At the same

time, this result establishes the affinities of the connection on all(8f, through Eqgs. (27),
(34) and (42).

SAPPLICATION TO RIGID BODY DYNAMICS

Study of rigid body dynamics necessitates consideration of the dual $pa¢® to
T,M(3). This space includes elements known as covectors, which are linear functionals on
T,M(3) [12]. More specifically, ifv is a vector off M (3), then there exists a covectdr of
T,M(3), such that

Vi(u)=(v,u), YueTM(3), (62)

where(.,-) denotes the inner product ©fM(3). In addition, a basige} (with i=1,2,3) of
T,M(3) is called dual basis to the bagi} of T M (3), provided that

gi (91)25; ) (63)

wheres; is a Kronecker delta symbol. Then,

v =ve,
with components; determined by

vi=g,v, (64)
where the scalars

g;=(&.&) (65)

are components of the metric tensor in bésjs of T M (3).
The choice of the body frame can now be performed. First, it turns out successively that

W (W) =(w,w)=wwg, =Q'gQ.

Therefore, direct comparison of the last result with Eq. (14) shows that the kinetic energy of
the body can be expressed by

T=3(ww=1Q'g,;Q’, (66)
provided that
G =Jij» (67)

with J, =[J;]. Next, a basi¢e(g} can be selected for the tangent spa® through (65),
sothat it satisfies

(g (e),g(e) = ‘]ij . (68)
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This basis is then left translated at any pgindf M (3), according to (55). Therefore, if the
metric tensor is chosen to be left invariant, then

(&(p)e(P)y=3J;, VpeM(3). (69)

The geometry of manifold/ (3) presents some significant differences with the classical rota-
tion group SO(3). The first appears in the connection. Specifically, it was shown in Sect. 4.1
that the most convenient choice for describing spherical motio @ is the left invariant
canonical connection, defined by Eq. (25a). This choice leads to a non-Riemannian manifold,
with torsion and no curvature, which is in sharp contrast to the geometrical properties of the
ordinary SO(3).

Another important deviation betwedn(3) and SO(3) occurs in the metric tensor. By em-
ploying the orthogonality property (4), the components of the metric tenssid(8) can be
determined in the form

@ij :Zé‘ij . (70)

This metric is symmetric and positive definite and can be shown to be compatible with the
connection chosen [11]. This verifies th8®(3) is a Riemannian manifold, since it also pos-

sesses curvature and is torsionless. However, the components of the metric te3R@) of

are different than those of the inertia tensoMii3) , whose components are defined by (67).
The picture of the dynamics of rigid body spherical motion can now be completed by illu-

minating the role off M(3) and the selection of(t). Direct comparison of (67) and (13)

demonstrates that the covect@r corresponding to the angular velocity vectoris the angu-

lar momentum vector. Namely

W=H, = H=J0. (71)

Also, comparison of Egs. (62) and (66) shows that the dual product of the angular velocity
vector w with the angular momenturd, yields the kinetic energy of the body. That is,

T=3w W) =3Ho(W),

which is equivalent to Eq. (14). In addition, the selection of the solution gitye®n M (3)
is performed by Euler’s law

Ho:Mo’ (72)

where M, =M, € is the resultant moment with respect to point O. Therefore, by employing
(71) and taking into account that the componertsare constant, (72) becomes

3, +Q1, 0 =M, (73)
which matches Eq. (15), with
[-ALQ]=[Q)] =Q =i Q . (74)

Finally, the affinities selected favl (3) according to (42) match its group and manifold prop-

erties but are not compatible with its metric, expressed by (67). This implies that the metric is
not preserved under parallel transfer along an arbitrary path. For instance, differentiation of
both sides of (66) with respect to time and simultaneous application of the symmetry condi-

tion of the inertia tensod,; = J;, yields eventually
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T=0,0Q (75)

Among all the possible paths, only on the real one it is truedhatQ™. Therefore, for
M, =0, i.e., for torque free motion

J, Q) =-01, Q" =—(-AL,QM)J, Q" =ALQ™H

ij mi

which after substituting in (75) yields

T=0'(ALQ™,)=(ALQ'Q™MH, =0,

m m

due to the anti-symmetry property of the affinities selectedvf(8). This shows that the ki-
netic energy is conserved along the path corresponding to the actual motion of the body.

6 SYNOPSIS

Finite rigid body rotation has been treated in this study. Borrowing ideas from Lie group
theory provided a solid foundation for a thorough and consistent investigation of rigid body
kinematics and dynamics. As a result, the following elegant geometrical picture emerged.

First, the orientation of a rigid body was represented by a single point, while the motion
over a finite time interval was described by a curve on a three dimensional manifold. Then, it
was demonstrated that, contrary to common belief, the well known special orthogonal group
S0(3) is not appropriate for describing either the kinematics or the dynamics of large rigid
body rotation. In fact, a new manifold was introduced, namigd) , which is diffeomorphic
to 0(3). Specifically, a significant contribution of this work was the selection of a canonical
connection forM (3), so that its autoparallel curves, representing pure rotation of the body,
coincide with its one parameter Lie subgroups, which are located conveniently by the expo-
nential map. This led to a manifold possessing torsion and no curvature, in contrast to the
classical rotational grougO(3), which is a Riemannian manifold with curvature and no tor-
sion. Moreover, the exponential map provided the ground for choosing a holonomic coordi-
nate system in determining uniquely the points\(8) . In particular, the components of the
classical Cartesian rotation vector were picked up as canonical coordinates. However, an an-
holonomic coordinate frame was selected for expressing the vectors of the tangent space at the
current point. This frame is fixed on the body (body frame) and was obtained mathematically
by a left translation of an appropriate basis at the identity. Moreover, all the important geo-
metrical properties o (3), were also selected by a suitable representation on the rotation
group SO(3).

Next, the emphasis was put on dynamics. The components of the metric tensor were chosen
to match the components of the mass moment of inertia tensor of the body. This provided the
body frame at the identity. Then, the equations of motion were derived by applying Euler’s
law. Finally, since the connection and metric\d{3) are not compatible, in contrast to the
case of 0(3), the inner product in the tangent space (representing kinetic energy) is not pre-
saved along any arbitrary curve. However, it was proved that the kinetic energy is conserved
along the true path, during a torque-free motion.

The theoretical results of this study provide valuable tools for developing efficient tech-
niques for their geometrically exact temporal discretization in all areas of mechanics, involv-
ing rigid body rotation. This will be demonstrated in future publications.
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