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Abstract. We have developed two finite element techniques with reduced dispersion for lin-
ear elastodynamics that are used with explicit time-integration methods. These techniques are
based on the modified integration rule for the mass and stiffness matrices and on the averaged
mass matrix approaches that lead to the numerical dispersion reduction for linear finite ele-
ments. The analytical study of numerical dispersion for the new techniques is carried out in
the 1-D, 2-D and 3-D cases. The numerical study of the effectiveness of the dispersion reduc-
tion techniques includes two-stage time-integration approach with the filtering stage (developed
in our previous papers) that quantifies and removes spurious high-frequency oscillations from
numerical results. We have found that in contrast to the standard linear elements with ex-
plicit time-integration methods and the lumped mass matrix, the finite element techniques with
reduced dispersion yield more accurate results at small time increments (smaller than the sta-
bility limit) in the 2D and 3-D cases. The advantages of the new technique are illustrated by
the solution of the 1-D and 2-D impact problems. The new approaches with reduced dispersion
can be easily implemented into existing finite element codes and lead to significant reduction
in computation time at the same accuracy compared with the standard finite element formu-
lations. Finally, we compare the accuracy of the linear elements with reduced dispersion, the
spectral low- and high-order elements as well as the isogeometric elements by the solution of
the 1-D impact problem. For all these solutions we use two-stage time integration technique
with the filtering stage that removes spurious oscillations and allows an accurate comparison
of different space discretization techniques used for elastodynamics. It is also interesting to
mention that the amount of numerical dissipation at the filtering stage can be used as a quanti-
tative measure for the comparison of accuracy of the different numerical formulations used for
elastodynamics.
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1 INTRODUCTION

The application of the space discretization to transient acoustics or transient linear elastody-
namics problems leads to a system of ordinary differential equations in time

MU + CU + KU = R, (1)

where M, C, K are the mass, damping, and stiffness matrices, respectively, U is the vector of
the nodal displacement, R is the vector of the nodal load. Zero viscosity, C = 0, is considered in
the paper. Due to the space discretization, the exact solution to Eq. (1) contains the numerical
dispersion error; e.g., see [7, 9, 11, 26, 27, 28, 30, 31, 32, 14, 12] and others. The space
discretization error can be decreased by the use of mesh refinement. However, this procedure
significantly increases computational costs. Therefore, special techniques have been developed
for the reduction in the numerical dispersion error which is also related to “’the pollution effect”
(e.g., see [1, 2, 10] and others for the study of the pollution error). One simple and effective
technique for acoustic and elastic wave propagation problems is based on the calculation of the
mass matrix M in Eq. (1) as a weighted average of the consistent and lumped mass matrices
M; see [26, 27, 28, 30] and others. For the 1-D case and linear finite elements, this approach
reduces the error in the wave velocity for harmonic waves from the second order to the fourth
order of accuracy. However, for harmonic wave propagation in the 2-D and 3-D cases, these
results are not valid (nevertheless, in the multidimensional case, the averaged mass matrix yields
more accurate results compared with the standard mass matrix; e.g., see the numerical results
in Section 3). We should also mention that the known publications on the techniques with the
averaged mass matrix do not include the effect of finite time increments on the dispersion error
and on the accuracy of the numerical results. As shown in the current paper, if we use the
weighting coefficients for the averaged mass matrix that are independent of time increments (as
in the known approaches) and if the time increments for explicit time-integration methods are
close to the stability limit then there is no advantages in the use of the averaged mass matrix
compared with the lumped mass matrix.

An interesting technique with implicit and explicit time-integration methods is suggested
in [32] for acoustic waves in the 2-D case. It is based on the modified integration rule for
the calculation of the mass and stiffness matrices for linear finite elements. In contrast to the
averaged mass matrix, the use of the modified integration rule increases the accuracy for the
phase velocity from the second order to the fourth order in the general multi-dimensional case
of acoustic waves. However, the applicability of this technique to elastodynamics problems
has not been studied. The technique in [32] has not treated spurious oscillations that may
significantly destroy the accuracy of numerical results.

We should mention that the analysis of numerical dispersion estimates the numerical error
for propagation of harmonic waves. In the general case of loading (boundary conditions), the
estimation of the accuracy of numerical techniques with reduced dispersion is difficult due to
the presence of spurious high-frequency oscillations in numerical solutions; e.g., see [11, 26].

In our paper [17], we have described the finite element techniques with reduced dispersion
for elastodynamics that are based on implicit time-integration methods with very small time
increments. These techniques significantly reduce the computation time at the same accuracy
compared with the standard finite element formulations with the consistent mass matrix. How-
ever, one of the disadvantages of the use of implicit time-integration methods is the necessity to
solve a system of algebraic equations that can require large computational resources for a large
number of degrees of freedom. In this paper we have extended the finite element techniques
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with reduced dispersion that can be used with explicit time-integration methods. We have con-
sidered two techniques: one of them is based on the use of averaged mass matrix; another is
based on the modified integration rule for the mass and stiffness matrices. In contrast to our pa-
per [17], in the present paper we have also studied the effect of time increments on the accuracy
of the numerical results.

2 THE FINITE ELEMENT TECHNIQUES WITH REDUCED DISPERSION FOR EX-
PLICIT TIME-INTEGRATION METHODS

Here we will present the averaged mass matrix technique and the modified integration rule
technique that are used with explicit time-integration methods. These two techniques signifi-
cantly reduce the numerical dispersion error and the computation time compared with the stan-
dard finite element formulations for linear elastodynamics. In contrast to the study of the av-
eraged mass matrix technique and the modified integration rule technique for the scalar wave
equation considered in [26, 32], the analytical study of these techniques for elastodynamics
problems is much more complicated due to a greater number of non-linear terms in the dis-
persion equation for elastodynamics and the presence of two different types of waves (com-
pressional and shear waves). For the use explicit time-integration methods (for simplicity we
assume that the damping matrix is zero, C = 0), we will first modify Eq. (1) similar to the
paper [26]. Let’s rewrite Eq. (1) with the diagonal (lumped) mass matrix D as follows

DV + KU = R, (2)

where V is the vector of nodal velocity. Relationships between the nodal displacements and
velocities can be written down as (similar to those in [26, 32])

DU=MV o DU=MV (3)

where M is the non-diagonal mass matrix calculated by the averaged mass matrix technique
(see Eq. (6) below) or by the modified integration rule technique (see Eqgs. (7), (9) and (11)
below). Inserting Eq. (3) into Eq. (2) we will get

DU + MD'KU = MD'R. 4)

Eq. (4) differs from the standard finite element equations with the lumped mass matrix by the
stiffness matrix and the load vector which are multiplied by the term M D~'. For the time
integration of Eq. (4) we will use the standard explicit central-difference method (the most
popular explicit method); e.g., see [20, 13, 3]. Replacing the second time derivative in Eq. (4)
by the corresponding finite difference approximation used in the central-difference method, we
obtain

D[U(t+ At) —2U(t) +U(t — At))/A? + MD ' KU(t) = MD'R(t), (5

where At is the time increment. Eq. (5) is used for the analysis of the numerical dispersion
of the finite element formulations with the averaged mass matrix and modified integration rule
techniques.

In order to decrease the numerical dispersion of finite element results, we consider the fol-
lowing two possibilities for the calculation of the mass and stiffness matrices: the mass matrix
M is calculated as a weighted average of the consistent M“"* and lumped D mass matrices
with the weighting factor v (similar to that used in [26, 27, 30])

M(y) = Dy + M™"(1 — ) (6)
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or the mass and stiffness matrices of each finite element are calculated with the modified inte-
gration rule (similar to those used in [32])

M (ay) = pA/NT(S)N(s)det(J)ds ~ pA i NT((=D)™ap) N((—=1)™an)det(J), (7)

K (ak) = /EBT(S)B(s)det(J)ds . 2—21 EBT((—I)""‘&K) B((—1)"ag)det(J) (8)
in the 1-D case,

M<(an;) = pb / / N7 (s,t)N (s, t)det(J)dsdt
~pb > ZNT((—l)maM, (=1 an) N((—=1)™ans, (—1) apr)det(J) 9)

Ke(ax) = / / B (s,1)CB(s,)det(J)dsdt

~ 30 3 BU(-1)"ak, (~1Yax) OB((=1) " (~1) o) det(J) (10)

in the 2-D case,

111
M (ay) = p///NT(S,t,q)N(s,t,q)det(.])dsdtdq
1515

(=D)™aar, (=1 ang, (—=1)Pans)det(J),  (11)

2
)
M
M
M
=2
=
L
=
Q
=
L
5
=
L
=
Q
£
=2

111
K (ag) = /// B”(s,t,q)CB(s,t,q)det(J)dsdtdq
15151

I BT ((-1)™axk, (1Y ag, (—1)Pag) CB((—=1)™ak, (=1 Y ag, (—=1)Pag)det(J)  (12)

m=1 j=1p=1

in the 3-D case. Here, N and B are the standard finite element shape and B matrices; C is the
matrix of elastic coefficients:
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in the 3-D case; the diagonal terms of the lumped mass matrix D (except those for the boundary
nodes) for the linear elements are dx; dx?; da® in the 1-D case, in the 2-D case for square ele-
ments and in the 3-D case for cubic elements, respectively; .J is the Jacobian matrix (det(J) =
dx/2; dz?/4; dz?/8 in the 1-D case, in the 2-D case for square elements and in the 3-D case for
cubic elements, respectively; dz is the length of a finite element); A is the cross sectional area
in the 1-D case; b is the thickness in the 2-D case of plane strain; s, t, ¢ are the isoparametric
coordinates; ay; and o are the coordinates of the integration points for the mass and stiffness
matrices to be determined (2, 2 X 2 = 4 and 2 X 2 X 2 = § integration points are used for linear
elements in the 1-D, 2-D and 3-D cases, respectively); e.g., see [13, 3] for the derivation of
finite element matrices. The integration error due to the application of the modified integration
rule for the mass and stiffness matrices does not change the convergence rate of finite element
solutions; see [32].

We use the dispersion analysis in order to find such v, o, and ak that reduce the numerical
dispersion error. The results of the dispersion analysis considered in detail in our paper [21] are

summarized below. In the 1 D case, the numerical dispersion error decreases at y = yP 3_27

t .
and at ap; = o) = e 5 ® where 7 = %A% ig the Courant number, dz is the size of a finite

dx
element, At is the size of a time increment, ¢, is ¢, = /E/p is the wave velocity in the 1-D
case, p is the density, £ is Young’s modulus. We should mention that at 7 ~ 0 (for very small
time increments), the optimal value of %" = % coincides with the results obtained in [26] for
the 1-D case. However, the size of time increments may significantly affect v°. For example,
the stability limit for the time integration of Eq. (5) on uniform meshes with linear elements
equals At* = %€ or 7 = 1. In this case, v?* = 1 and M = D (see Eq. (6)); i.e., for this
particular case, Eq (5) reduces to the standard finite element formulation with the lumped mass
matrix (it is known that in the 1-D case, the standard linear finite elements and the explicit
central difference method yields the exact solution to the 1-D impact problem at 7 = 1; e.g.,
see [13]). It can be also shown that for linear elements with the averaged mass matrix and 1-D
uniform meshes, the dispersion error increases with the decrease in the size of time increments
At for time increments smaller than the stability limit. Aty = (3a3, — 1)/2 (with the optimal

value of ajﬁt = 4_;2 or the same as in [32]), the modified integration rule and the average

mass matrix techniques yield the same results and are completely equivalent in the 1-D case.

In the multi-dimensional case, the numerical dispersion error decreases at oy = 4_372 and
ag = gg” 1; for the modified integration rule and v =
technique where 7 = Czﬁt, Co = ,/m is the phase velocity of the shear waves and v is

Poisson’s ratio. In contrast to the 1-D case, the dispersion error decreases with the decrease in
time increments; see [21].

3 NUMERICAL MODELING

The new finite element techniques with reduced dispersion are implemented into the finite
element code FEAP [33]. Below they are applied to 1-D and 2-D impact linear elastodynamics
problems for which all low and high frequencies are excited. Due to spurious high-frequency
oscillations, these problems cannot be accurately solved by existing time-integration methods
based on the introduction of artificial viscosity (or numerical dissipation) at each time incre-
ment, especially in the case of long-term integration. Therefore, the two-stage time integra-
tion technique developed in our previous papers [22, 18, 20] (see also the Appendix) is used.
The filtering stage of this technique includes the time-continuous Galerkin (TCG) method with
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Figure 1: Impact of an elastic bar of length L = 4 against a rigid wall.

N = 10 time increments (5 positive plus 5 negative time increments) the size of which is calcu-
lated according to Egs. (13) - (15) (see [22, 18, 20] and the Appendix below). We also compare
the numerical results obtained by the linear elements with reduced dispersion (see Section 2),
by the spectral low- and high-order elements (e.g., see [6, 23, 24, 25, 29] and others) and by the
isogeometric elements (e.g., see [4, 5, 8, 14] and others).

3.1 1-D impact of an elastic bar against a rigid wall

The impact of an elastic bar of the length L = 4 and the cross section A = 1 against a rigid
wall is considered in the 1-D case (see Fig. 1). Young’s modulus is chosen to be £ = 1 and the
density to be p = 1. The following boundary conditions are applied: the displacement u(0,¢) =
t (which corresponds to the velocity v(0,¢) = vy = 1) and u(4,t) = 0 (which corresponds to the
velocity v(4,t) = 0). Initial displacements and velocities are zero; i.e., u(z,0) = v(z,0) = 0.
The analytical solution to this problem for time 0 < ¢ < L/p/FE = 4 includes the continuous
variation of displacements wu,(z,t) = t — z for t > x and u,(z,t) = 0 for ¢t < x, and the
piecewise constant variation of velocities and stresses v,(z,t) = —o%(z,t) = 1 for ¢t > z and
va(x,t) = 0%(x,t) = 0 fort < x (at the interface = = ¢, jumps in stresses and velocities occur).
For time 4 < ¢ < 8 the solution is similar to that for 0 < ¢t < 4 with the difference that the
elastic wave reflects from the right end and propagates to the left. For time 8 < ¢ < 12 the
solution is the same as for time 0 < ¢ < 4 and so on. In order to compare the results at short-
and long-term integrations, the observation times are chosen to be 7" = 2; 18; 98; 194. The exact
distributions of the velocities and stresses along the bar are the same at these observation times
and correspond to the location of the wave front in the middle of the bar.

Along with the linear elements with reduced dispersion described in Section 2, we will solve
the 1-D impact problem using the spectral low- and high-order elements (up to the 10th-order).
For these space-discretization methods, the diagonal mass matrices and the explicit central-
difference method with very small time increments are used. We should also mention that the
spectral Ist- and 2nd-order elements coincide with the standard finite elements of the same
orders. For the comparison of accuracy, we will also present the results obtained by the iso-
geometric 3rd-order elements with the consistent (non-diagonal) mass matrix and the implicit
time-integration method with very small time increments. Uniform meshes with 101 degrees of
freedom (dof) are used for all types of elements; see Figs. 2 - 6. In addition to these meshes,
we also use uniform meshes with 201, 301 and 401 dof for the linear elements with reduced
dispersion; see Fig. 5. Figs. 2 - 4 show the numerical solutions for the velocity at different
observation times. All space-discretization methods yield spurious oscillations after basic com-
putations and the amplitudes of these oscillations increase with the increase in the observation
time; see Figs. 2a,b - 4a,b. The slope of the wave front in the basic computations is steeper for
short observation times and is more diffusive for large observation times. The filtering stage
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Figure 2: The velocity distribution along the bar after (a, b) basic computations (the lumped mass matrix and
small time increments) and after (c, d) post-processing. A uniform mesh with the linear elements with reduced
dispersion and 101 dof is used. Curves 1 correspond to the analytical solutions. Curves 2, 3, 4 and 5 correspond

to the observation times 1" = 2, 18, 98 and 194, respectively. b) and d) show the zoomed graphs a) and c) in the
range 1.6 < xz < 2.4.
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Figure 3: The velocity distribution along the bar after (a, b) basic computations (the lumped mass matrix and small
time increments) and after (c, d) post-processing. A uniform mesh with the spectral Sth-order elements and 101
dof is used. Curves 1 correspond to the analytical solutions. Curves 2, 3, 4 and 5 correspond to the observation
times 7' = 2, 18, 98 and 194, respectively. b) and d) show the zoomed graphs a) and c¢) in the range 1.8 < x < 2.2.
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Figure 4: The velocity distribution along the bar after (a, b) basic computations (the consistent mass matrix and
small time increments) and after (c, d) post-processing. A uniform mesh with the isogeometric 3rd-order elements
and 101 dof is used. Curves 1 correspond to the analytical solutions. Curves 2, 3, 4 and 5 correspond to the
observation times 7" = 2, 18, 98 and 194, respectively. b) and d) show the zoomed graphs a) and c) in the range
1.6 <z <24

removes the spurious oscillations. However, despite the same analytical solutions at the se-
lected observation times, the numerical results after the filtering stage are more accurate for
short observation times than those for large observation times; see Figs. 2c,d - 4c,d. Because
the error in time is very small in these calculations and can be neglected, the difference in the
numerical results for different observation times is due to the space-discretization error (which
is also related to the dispersion error). This difference is also smaller for higher-order elements
compared with lower-order elements (the dispersion error for higher-order elements is smaller).

Fig. 5a,b shows that at the same number 101 of dof, the increase in the order of the spectral
elements improves the accuracy; see curves 3-7. At the same number of dof, the linear elements
with reduced dispersion are slightly more accurate than the standard 2nd-order elements with
the lumped mass matrix; see curves 2 and 4 in Fig. 5a,b. Fig. 5c,d also shows that the linear
elements with reduced dispersion and 201 dof are more accurate than the spectral Sth-order
elements with 101 dof at time 7" = 18 and are slightly less accurate than the spectral Sth-order
elements with 101 dof at the large observation time 7" = 194; see curves 2 and 6. Similarly,
the linear elements with reduced dispersion and 301 dof are more accurate than the spectral
10th-order elements with 101 dof at time 7" = 18 and yield practically the same accuracy as the
spectral 10th-order elements with 101 dof at the large observation time 7' = 194; see curves 3
and 7.

For the explicit time integration, the computations are very often implemented on the level
of elements without the calculation of the global mass and stiffness matrices. Therefore, the
computation cost in this case is related to the multiplication of the local effective stiffness matrix
by a non-zero vector and is proportional to nflo el where n4,¢ is the the number of dof for one
element and n,; is the number of elements. For example, nﬁo Flel = 112 - 10 = 1210 for the
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Figure 5: The velocity distribution along the bar in the range 1.8 < x < 2.2 at the observation times 7' = 18 (a, ¢)
and T' = 194 (b, d) after post-processing. Curves 1 correspond to the analytical solutions. Curves 2 in (a, b), 2 in
(c,d),3in (c, d) and 4 in (c, d) correspond to the linear elements with reduced dispersion (the lumped mass matrix)
with 101, 201, 301 and 401 dof, respectively. Curves 3 in (a, b), 4 in (a, b), 5 in (a, b), 6 and 7 correspond to the
spectral linear, quadratic, 4th-order, Sth-order and 10th-order elements with 101 dof. Curves 5 in (c, d) correspond
to the isogeometric 3rd-order elements with 101 dof.

spectral 10th-order elements with 101 dof and n?, Flel = 22300 = 1200 for the linear elements
with reduced dispersion and 301 dof; i.e., the computational costs are approximately the same
in this case. However, we can also reduce the computational cost for the linear elements with
reduced dispersion by the use of the following procedure. Let us combine every 30 linear
elements (e.g., staring from the left end of the bar) into one superelement. In this case we
will obtain n,; = 10 superelements. The computation cost for n.,; = 10 superelements is
Naofbneg = 31 -2 -10 = 620 where ng4,; = 31 is the number of dof of one superelement
and b = 2 is the bandwidth of the effective stiffness matrix of one superelement consisting
of 30 linear elements with reduced dispersion. This means that at the same or better accuracy
(e.g, see curves 3 and 7 in Fig. S5c,d at the observation times 7' = 18 and T" = 194), the
linear elements with reduced dispersion and 301 dof require less computation time and are
more computationally effective compared with the spectral 10th-order elements with 101 dof at
times 7' = 18 and 7" = 194.

In order to compare the accuracy of the numerical results obtained with the different space-
discretization techniques as well as with the diagonal and non-diagonal mass matrices, Fig. 5c,d
also includes the numerical solutions obtained by the isogeometric 3rd-order elements (the non-
diagonal mass matrix) with 101 dof. As can be seen, the accuracy of the isogeometric 3rd-order
elements at time 7" = 18 and 7" = 194 is close to that of the spectral 10th-order elements at the
same number of dof; see curves 5 and 7.
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Figure 6: The velocity distribution along the bar at observation time 7' = 18 after basic computations (a, b) and
after post-processing (c, d). A uniform mesh with 100 linear 2-node finite elements is used. Curves 1 correspond
to the analytical solution. Curves 2 and 3 correspond to the numerical solutions with the averaged (v = %) and
lumped mass matrices (with small time increments At = At** /20 in basic computations). Curves 4 correspond
to the numerical solutions for the averaged (v = 1.5) mass matrix and the time increments in basic computations

close to the stability limit. b) and d) show the zoomed graphs a) and ¢) in the range 1.6 < x < 2.4. Curves 4 and
5 in ¢) and d) differ by the amount of numerical dissipation used at the filtering stage; see the text.

It is interesting to note that the size of time increments at the filtering stage calculated ac-
cording to the formulas Egs. (13) - (14) from the Appendix indirectly defines the range of actual
frequencies used in numerical solutions and can be used for the comparison of the accuracy of
different space-discretization techniques; see our papers [17, 20, 21]. If at the selected obser-
vation time 7' the time increment at the filtering stage for one space-discretization technique
is smaller than that for another space-discretization technique then the former technique yields
more accurate results at time 7' than the latter technique (if time increments are close to each
other then the techniques yield approximately the same results). This means that Eqs. (13)
- (14) allow the quantitative comparison of the accuracy of different space-discretization tech-
niques. For example, according to Eqs. (13) - (14), we use the following time increments for the
filtering stage at time 7" = 18: At; = 0.0405, Aty = 0.0235, Aty = 0.0171 and Aty = 0.0137
for the linear elements with reduced dispersion (the diagonal mass matrix) with 101 dof, 201
dof, 301 dof and 410 dof, respectively; At5; = 0.0448 for the standard quadratic elements (the
diagonal mass matrix) with 101 dof; Atg = 0.0222 for the spectral 10th-order elements (the di-
agonal mass matrix) with 101 dof; At; = 0.0188 for the isogeometric 3rd-order elements (the
consistent mass matrix) with 101 dof. At the large observation time 7" = 194, we have the fol-
lowing time increments for the filtering stage: At; = 0.0679, Aty = 0.0395, At; = 0.0288 and
Aty = 0.0230 for the linear elements with reduced dispersion (the diagonal mass matrix) with
101 dof, 201 dof, 301 dof and 410 dof, respectively; Ats; = 0.0695 for the standard quadratic
elements (the diagonal mass matrix) with 101 dof; Atg = 0.0266 for the spectral 10th-order el-
ements (the diagonal mass matrix) with 101 dof; At; = 0.0269 for the isogeometric 3rd-order
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elements (the consistent mass matrix) with 101 dof. Comparing these time increments at the
same observation time, we can describe the accuracy of the numerical results discussed above.
For example, at times 7' = 18 and 7" = 194, the time increments Atg and At; are close to
each other and the corresponding space-discretization techniques yield approximately the same
accuracy; see curves 5 and 7 in Fig. 5c,d (similar results we have for the time increments At
and Ats; see curves 2 and 4 in Fig. 5a,b). We also have that At; < Atg at time 7" = 18 and
Aty > Atg at time T' = 18 (see curves 3 and 7 in Fig. 5c,d and the comparison of the spectral
elements and the elements with reduced dispersion described above in this section). It can be
also seen that At4 has the smallest value among all presented time increments and the corre-
sponding linear elements with reduced dispersion and 401 dof yield the most accurate results;
see curves 4 in Fig. 5c,d.

In Fig. 6, we have also analyzed the numerical results for the averaged mass matrix with
v = % (as suggested in [26]) and the explicit central difference method with time increments
close to the stability limit A¢** at basic computations. As we can see, in this case the results
after basic computations (curve 4 in Fig. 6a,b) are less accurate than those described by curve
2 in Fig. 6a,b. If we filter these results (curve 4 in Fig. 6a,b) with the amount of numerical
dissipation (time increments) used for curve 2 in Fig. 6a,b, then spurious oscillations remain
after the filtering stage (curve 4 in Fig. 6c¢,d). If we use a sufficient amount of numerical
dissipation at the filtering stage then the results (curve 5 in Fig. 6c¢,d) are close to curve 3
in Fig. 6c,d. This means that the approach suggested in [26]) for the averaged mass matrix
does not improve the dispersion error and the accuracy of numerical results if relative large
time increments (close to the stability limit) are used in calculations. However, at small time
increments At = (0, parameter 7 =~ 0 is also small and v = 3‘272 ~ %; 1.e., the results for v = %
will coincide with curve 2 in Fig. 6 at small time increments in basic computations.

3.2 2-D impact of an elastic bar against a rigid wall (plane strain)

This problem is a more general plane strain formulation of the 1-D impact problem consid-
ered in Section 3.1; see Fig. 7a. In contrast to the 1-D impact problem, compressional and shear
elastic waves propagate in the 2-D case.

A bar of length L = 4 and height 2H = 2 is considered. Due to symmetry, the problem
is solved for a half of the bar ABC'D where AD is the axis of symmetry. Young’s modulus
is chosen to be £ = 1, the density to be p = 1 and Poisson’s ratio to be v = 0.3. The
following boundary conditions are applied: along boundary AB u, = t (it corresponds to
velocity v, = vg = 1) and 7,, = 0; along boundaries BC' and C'D ¢, = 0 and 7,, = 0; along
boundary AD w,, = 0 and 7,, = 0, where u,, v,,, and o,, are the normal displacements, velocities
and the tractive forces, respectively; 7,, are the tangential tractive forces. Initial displacements
and velocities are zero; i.e., u(z,y,0) = v(z,y,0) = 0. The observation time is chosen to be
T = 13. During this time the velocity pulse travels within the bar with multiple reflections from
the ends of the bar and from the external surface BC'.

The problem is solved on uniform meshes with 40 x 160 = 6400 and 120 x 480 = 57600
linear four-node quadrilateral finite elements with the modified integration rule for the mass

. . ) 4(2v—1
and stiffness matrices (ay; = /3= and ax = 3545_33

3 ) and with the lumped and averaged

(v= %) mass matrices. In order to study the effect of time increments at basic calculations
on the accuracy of numerical results, we will use time increments At ~ At* close to the
stability limit A¢*" and very small time increments At = At /20).
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Figure 7: A 2-D plane strain impact problem (a). The axial velocity distribution along the axis of symmetry
AD at observation time 7" = 13. The results are shown after basic computations obtained by the explicit central
difference method with the lumped mass matrix (b), with the modified integration rule (c), and with the averaged
mass matrix (d). Curves 1 and 2 correspond to the numerical solutions obtained with the time increments At
and At*t/20, respectively. Curves 3 correspond to the numerical solutions (from our paper [20]) obtained by
the implicit time-integration method with the modified integration rule (c) and the averaged mass matrix (d). A
uniform mesh with 40 x 160 = 6400 linear 4-node finite elements is used.

Figs. 7 - 8 show the distribution of the axial velocity along the axis of symmetry AD at
observation time 7' = 13 after basic computations (Fig. 7) and after the filtering stage (Fig. 8).
Similar to the previous 1-D impact problem, the numerical results after basic computations with
the lumped stiffness matrix and the formulations with reduced numerical dispersion contain
spurious oscillations at very small time increments At = At /20 = 2‘(1)—2; see curves 2 in
Fig. 7. However, in contrast to the 1-D impact problem, the spurious oscillations and the
dispersion error at basic computations do not disappear at the time increments close to the
stability limit; see curves 1 in Fig. 7. It also can be seen from Fig. 7 (see curves 1 and 2)
that the results after basic computation for the time increments close to the stability limit and
for very small time increments are different for all methods. We should also note that at very
small time increments, the numerical solutions for the linear elements with reduced dispersion
obtained with the explicit central difference method (curves 2 in Fig. 7c,d) and with the implicit
trapezoidal rule (see our paper [17] as well as curves 3 in Fig. 7c,d) are close to each other.
However, it is difficult to compare the accuracy of different approaches after basic computations

due to large spurious oscillations.
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Figure 8: The axial velocity distribution v, along the axis of symmetry AD (a, b) and the transverse velocity
distribution v, along the external surface BC (c, d) at observation time 7" = 13 for the Poisson’s ratio v = 0.3.
The results are shown after the filtering of the solutions at basic computations obtained by the explicit central
difference method with the lumped mass matrix (curves 1 and 2), with the modified integration rule (curve 3), and
with the averaged mass matrix (curve 4). Small time increments A¢%! /20 are used at basic computations (see Fig.
7). Uniform meshes with 40 x 160 = 6400 (curves 1, 3 and 4) and 120 x 480 = 57600 (curve 2) linear elements
are used. b) and d) show the zoomed graphs a) and c) in the range 0.4 < x < 1.4.

After filtering spurious oscillations at the filtering stage, the solutions at basic computations
obtained by the explicit central difference method at very small time increments A¢* /20 with
the modified integration rule (curves 3 in Fig. 8) and with the averaged mass matrix (curves 4
in Fig. 8) are close to each other. The results in Fig. 8 show that despite the impact along the
x-axis elastic waves propagate in all directions and the magnitudes of the transverse velocity v,
are comparable with those for the axial velocity v,; i.e., a general case of propagation of elastic
waves occurs for the considered problem. As can be seen from Fig. 8, after the filtering stage
the results obtained by the explicit central difference method at very small time increments
At* /20 and the lumped mass matrix (curves 1) are much less accurate than those obtained with
the elements with reduced dispersion (curves 3 and 4). The results obtained by the standard
approach with the explicit central difference method on a fine mesh with 120 x 480 = 57600
linear elements (curves 2 in Fig. 8) show that at the selected observation time, the elements
with reduced dispersion reduce the number of degrees of freedom by a factor of 9 compared
with those for the standard approach at the same accuracy (compare curves 3 or 4 for a mesh
with 40 x 160 = 6400 linear elements and curves 2 for a mesh with 120 x 480 = 57600 linear
elements in Fig. 8).

Remark. Similar to the 1-D case in Section 3.1 and the results reported in our paper [17]
for implicit time-integration methods, the size of the time increments calculated by Eqs. (13)
- (15) for the filtering stage allows the quantitative estimation of the advantage of the modified
integration rule (or the averaged mass matrix) technique compared with the standard lumped
mass matrix. For example, for a uniform mesh with 40 x 160 = 6400 linear finite elements and
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the modified integration rule (or the averaged mass matrix), the size of the time increments at
the filtering stage is At; = 0.038204 according to Eqgs. (13) - (15). For a uniform mesh with
120 x 480 = 57600 linear finite elements and the lumped mass matrix, the size of the time
increments at the filtering stage is At, = 0.036717 according to Egs. (13) - (15). Because At,
is close to Atq, then curves 2 and 3 (or 4) in Fig. 8 are close to each other. We should also
mention that with the increase in the observation time, the effectiveness of the elements with
reduced dispersion increases compared with that for the standard approach; i.e., according to

lump

. . N . . .
Egs. (13) - (15), for the same accuracy of numerical results, the ratio 545 is an increasing
FE
ump

function of the observation time (Nll; P and N7 are the numbers of finite elements used with
the standard formulation and with the formulations with reduced dispersion).

4 CONCLUSIONS

e The numerical techniques with reduced dispersion based on explicit time-integration
methods significantly reduce the number of degrees of freedom compared with the stan-
dard finite elements at the same accuracy (e.g., by a factor of 3 in the 1-D case and 9 in
the 2-D case and 27 in the 3-D case. This leads to a huge reduction in the computation
time;

e The two-stage time-integration technique recently suggested in our papers [19, 20, 22]
yields accurate numerical results for elastodynamics problems solved with different space-
discretization approaches such as the linear elements with reduced dispersion, the spectral
low- and high-order elements, the isogeometric elements;

e Except the known case of of the linear elements with the lumped mass matrix, all other
space-discretization techniques considered in the paper require small time-increments for
time integration at the stage of basic computations;

e The comparison of the space-discretization techniques based on the diagonal mass matri-
ces (used with explicit time-integration methods) show that at the same number of dof, the
spectral high-oder elements yield more accurate results compared with the standard linear
and quadratic finite elements and the linear elements with reduced dispersion. However,
when we compare the computational costs at the same accuracy, the numerical results
show the the linear elements with reduced dispersion are more computationally effective
than the spectral high-order elements. We should also mention that compared with the
spectral 10th-order elements,the computational effectiveness of the linear elements with
reduced dispersion decreases with the increase in the observation time;

e [t is interesting to note that the size of time increments at the filtering stage of the two-
stage time-integration technique (this size is calculated according to Egs. (13) - (15) from
the Appendix) defines the range of actual frequencies used in numerical solutions and can
serve as a quantitative measure for the comparison and prediction of the accuracy and the
computational effectiveness of different space-discretization techniques.
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APPENDIX. THE TWO-STAGE TIME-INTEGRATION TECHNIQUE WITH FILTER-
ING SPURIOUS OSCILLATIONS (see [19, 22, 20])

In order to filter spurious high-frequency oscillations, numerical dissipation (or artificial
damping) is usually introduced for the time integration of Eq. (1). As we showed in our paper
[20], the use of a time-integration method with numerical dissipation (or artificial damping) at
each time increment leads to inaccurate numerical results for low frequencies as well, especially
for a long-term integration. It is also unclear in this case how to select the amount numerical
dissipation and the range of high frequencies to be filtered.

To resolve these issues, we have developed the two-stage time-integration technique (see
[19, 22, 20]) with the stage of basic computations and the filtering stage. This technique is
based on the fact that for linear elastodynamics problems, there is no necessity to filter spu-
rious oscillations at each time increment because the errors in high frequencies do not affect
the accuracy of low frequencies during time integration; see [20]. In the current paper, we
use the standard explicit central-difference time-integration method (without numerical dissipa-
tion or artificial viscosity) at basic computations in order to obtain an accurate solution of the
semi-discrete elastodynamics problem, Eq. (1) (this solution contains spurious high-frequency
oscillations). We should mention that other known explicit time-integration methods can be also
used for basic computations (however, in this case the dispersion analysis should be modified
for the corresponding explicit time-integration method). For the filtering of spurious oscilla-
tions, the implicit TCG method with large numerical dissipation developed in [20] is used at
the filtering stage. For all elastodynamics problem, we use N = 10 uniform time increments
(5 positive plus 5 negative time increments) at the filtering stage. This means that there is no
real time integration at the filtering stage (the sum of 10 time increments used at the filtering
stage is zero). As shown in [20], this procedure is equivalent to the multiplication of each ve-
locity and displacement of the uncoupled system of the semi-discrete equations by a factor of
((3+S)+2T);i$ 292)5 (where 2 = w;At and w; are the eigen-frequencies of the semi-discrete
system, At is the time increment as well as m = 15 is used) and does not require the modal
decomposition and the calculation of eigen-frequencies. As can be seen, this factor is close
to zero for large €2 and is close to unity for small 2. The size At of time increments at the
filtering stage indirectly defines the amount of numerical dissipation and the range of spurious
oscillations and is calculated according to the following formulas (for uniform meshes)

COT d:L'QOl(N)
At = 13
o dz ) Co ’ (13)
with
coT co T\
= 14
o dx )= ( dx ) (14)
in the 1-D case and
T dx; dr; ] "
At = max [a(c) "“"J] Qo1 (N) = max l‘”f] ar T Q.1 (N)
m,j 'Ij Cm m,) Cm,
max dz; 1-az d 1—ay
= [J] a1 T Qo1 (N) = [ maw] a1 T Qo1 (N), (15)
min ¢y, Co

in the 2-D and 3-D cases (see our papers [22, 20]). Here, ¢, = \/§ is the wave velocity; dz is
the size of a finite element in the 1-D case; 7’ is the observation time; ¢y = mniln cm (1 =1,2)
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is the minimum value between the velocities of the compressional wave ¢; and the shear wave
25 AT e, = max dx; is the maximum dimension of finite elements along the axes z; (j = 1,2
J

for 2-D problems and j = 1, 2, 3 for 3-D problems); Q1 (N = 10) = 0.81 for the TCG method
with N = 10 time increments. Eq. (15) is based on Egs. (13) and (14) with the selection
of the maximum size of a time increment with respect to the compressional and shear waves,
and the maximum size of a finite element along the coordinate axes. Using the calibration
procedure described in [22], we found the following coefficients a; and as for linear elements
with the averaged (v = 3’272) mass matrix or the modified integration rule: a; = 0.3296 and
as = 0.218 for the explicit time-integration method as in the current paper and a; = 0.2942
and a, = 0.2104 for the implicit time-integration method as in our paper [17]; for the standard
explicit time integration with linear elements and the lumped mass matrix: a; = 0.3342 and
as = 0.3363 (see our paper [16]). The coefficients a; and a, for the spectral and isogeometric
elements are presented in our paper [15]. These coefficients a; and a, are calibrated in the
1-D case for the filtering of numerical results obtained at basic computations with very small
time increments. In order to use the same coefficients a; and a, in the 2-D and 3-D cases,
small time increments should be used at basic computations for the 2-D and 3-D problems.
We should also mention that the filtering stage can be applied in the beginning of calculations
as a pre-processor, in the end of calculations as a post-processor or at some intermediate time
(see [17, 18, 20, 16] for numerous examples of the application of the two-stage time-integration
technique).
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