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Abstract. A methodology useful for calculating the frequency response functions in terms of
interface forces and local accelerations of a hard-mounted structure subjected to base-shake
sine tests is described in this work. The structure is specifically a SC and will be called SC01.
Reference to basic structural dynamics is done. The proposed easy-to-implement procedure
permits to calculate the SC interface forces to the base and the SC local accelerations by post
treating the results of the hard-mounted normal mode analysis. As a consequence of that, ded-
icated frequency response runs are not necessary. In accordance with the mode superposition
approach, the normal mode analysis outputs are processed by accounting each modal contri-
bution independently from the others. The relevance of each mode on the SC responses is thus
explicitly quantified. This can favour a focused design refinement aiming to produce the main
impact on the natural frequencies and mode shapes of interest. The critical responses can thus
be modified and this can produce some advantages along the preliminary definition of the sine
test notching plan. A complete set of numerical result comparisons is detailed along the paper
in order to assess the accuracy of the methodology presented.
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1 Introduction

Low-frequency base-shake sine tests, hereafter shortly called sine tests, are usually per-
formed in the aerospace industry for identifying the modal characteristic, qualifying the struc-
tural design and verifying the structural integrity of a SpaceCraft (SC) [1]-[3]. The aim of the
qualification sine tests is to make the SC reaching the qualification level of SC InterFace (I/F)
loads and of some local accelerations of interest (typically related to subsystems or units).
The launch vehicle (LV) users manuals (e.g. [4],[5]) provide the Quasi-Static Loads (QSL)
specification from which the qualification LV/SC I/F loads can be calculated [6]. The qualifica-
tion LV/SC I/F loads are usually intended to be the I/F longitudinal force and lateral moments.
The corresponding I/F in-line loads and overfluxes might also be verified.
The Sine Test Vibration Specification (STVS) is provided in the LV users manual and it is a
conservative envelope of the launch transients. The STVS do not take into account the ampli-
fication factor existing around the SC most significant natural frequencies [6]. It follows that
the SC I/F loads and local accelerations that could be reached during the sine test by apply-
ing the STVS input profile would significantly exceed the corresponding qualification values.
Some limitations, called notching, are thus commonly introduced to the STVS in order to avoid
overtesting. The notching can be considered as far as it does not jeopardise the aim of the test,
that is, in this specific case, the SC sine test qualification. See work [7]-[9] for an overview of
the main issues of overtesting during the sine tests.
For what concerns modeling and computations, the sine tests I/F load and acceleration responses
are usually predicted in the numerical sine test-prediction through dedicated Finite Element
(FE) Frequency Response Analysis (FRA), where the STVS is provided as input loading. See
the work [10] for a complete overview of the Finite Element Method (FEM).
During the sine test-prediction, the so-called “primary notching strategy” is defined in order
to limit the SC I/F loads that would be reached during the sine tests to the LV/SC I/F loads
calculated from to the QSL specification. Also a “secondary notching” is typically defined in
order to limit the acceleration or the load levels at some particular locations of the spacecraft.
The limits used for computing the secondary notching correspond normally to the qualification
levels of the interested subsystems or units.
It is understood that the numerical sine test-prediction plays a significant role in the SC qual-
ification for low-frequency environment. Moreover, a large number of FE FRA might be iter-
atively performed in order to predict the SC structural responses to the STVS, when operating
some SC structural design refinements. Each sine test-prediction imply three different FRA
runs, that is one run for each axis of excitation. The SC FE model can involve a considerable
number of Degree Of Freedoms (DOFs). As a consequence, each SC FRA might be rather time
expensive and demanding in the computational point of view.
In this work, an easy-to-implement methodology useful for performing the sine test-prediction
for the three axis of excitation is presented. The advantage of following the proposed approach
is that dedicated FRA runs are not required, being the structure responses obtained by process-
ing the output of the hard-mounted normal mode analysis through a code implemented by the
authors in the Matlab numerical computing environment. The assumption of low sine sweep
rate during test is made and the sine sweep rate effect [11],[12] is thus neglected.
Since the computational method presented is based on the mode superposition approach and
each modal contribution is considered independently from the others, the relevance of each
mode on the SC responses can be easily quantified. This can eventually provide some useful
information when some structural design refinements are needed. Along this paper, the results
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obtained with the proposed methodology are assessed and compared with the FE FRA results
obtained with MSC Nastran commercial software. Reference is made to the real case of a SC,
hereafter called SC01.

2 Base motion of SDOF system

The complex equation for relative motion of a Single DOF (SDOF) system, when no force
is applied to the mass, is given below [13].

mü+ cu̇+ ku = cż + kz, (1)

where the overline indicates a complex quantity, u is the displacement of the mass, z is the
displacement of the moving base and the dot denotes differentiation with respect to time. m,
c and k are the mass, the coefficient of viscous damping and the spring constant, respectively.
The hypothesis of linear oscillations is done.
If the base undergoes the simple harmonic motion z = Zcos(Ωt), where Ω and t indicate re-
spectively the excitation frequency and the time, moving to the complex domain implies that
z = Re(z) = Re(ZeiΩt), where i =

√
−1 is the imaginary unit. The following complex steady

state response is assumed:

u = UeiΩt.

It is convenient to divide Eq. (1) by m and rewrite it as

ü+ 2ζωnu̇+ ω2
nu = 2ζωnż + ω2

nz, (2)

where ωn is the undamped circular natural frequency and ζ = c
ccr

is the viscous damping factor,
with ccr = 2

√
km.

It is useful to rearrange Eq. (2) as

(−Ω2 + 2Ωiζωn + ω2
n)U = (2Ωiζωn + ω2

n)Z, (3)

so that U/Z takes the following form:

U

Z
= Tr

(
Ω

ωn

)
, (4)

where

Tr
(
Ω

ωn

)
=

1 + 2iζ Ω
ωn

1−
(

Ω
ωn

)2
+ 2iζ Ω

ωn

. (5)

The function Tr
(

Ω
ωn

)
of Eq. (5) is commonly called transmissibility [13] and keeps its validity

also for the subsequent derivatives of U and Z. That is, Eq. (5) is also the ratio between the
acceleration imposed to the base and the acceleration felt by the mass: Ü/Z̈. By multiplying
the latter accelerations by m it follows that Eq. (5) gives also the ratio between the interface
force transmitted to the base dynamically mÜ = F dyn and the force mZ̈ = Fst that would be
transmitted to the base in the case of infinitely-stiff spring, that is in the case of static behaviour.
By taking the absolute value of Eq. (5) leads to∣∣∣F dyn

∣∣∣
Fst

=

√
1 +

(
2ζ Ω

ωn

)2
√(

1−
(

Ω
ωn

)2)2

+
(
2ζ Ω

ωn

)2 . (6)
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Figs. 1 and 2 show respectively the curves of magnitude and phase of the transmissibility in Eq.
(6), with varying ζ .

Figure 1: Transmissibility magnitude curves with ζ increasing from 0.0 to 1.5 with step of 0.1.

3 Base motion interface forces of mDOF systems

The interface forces between the moving base and a multi DOF (mDOF) system may be
written as

F dyn = M app z̈, (7)

where bold letters denote arrays.
The apparent mass matrix M app is usually written in the following form [3],[14]:

M app = M 0 +
n∑

j=1

Meff
j

1

−1 +
(
ωnj

Ω

)2
+ 2iζj

ωnj

Ω

. (8)

M 0 is the rigid-body mass matrix and Meff
j is the effective mass matrix associated to the jth

mode.
Since

∑n
j=1M

eff
j = M 0 [3], Eq. (8) becomes

M app =
n∑

j=1

Meff
j

1 + 1

−1 +
(
ωnj

Ω

)2
+ 2iζj

ωnj

Ω

 . (9)

After imposing common denominator and multiplying numerator and denominator by ( Ω
ωnj

)2,
Eq. (9) takes the form of Eq. (10), where the transmissibility ratio in Eq. (5) is recalled for the
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Figure 2: Transmissibility phase curves with ζ increasing from 0.0 to 1.5 with step of 0.1.

jth modal contribution.

M app =
n∑

j=1

Meff
j Tr

(
Ω

ωnj

)
. (10)

The effective mass residual matrix Meff
res could be added to M app. In so doing, the modal

contributions with j > n would be considered statically when calculating the interface forces.

4 Acceleration response of mDOF systems

Considering the base-motion excitation vector z̈, according to structural dynamics basic the-
ory [3],[14], the displacement vector ü is given by Eq. (11).

ü = Φz̈ +
n∑

j=1

Ψj
1

mjj

1

−1 +
(
ωnj

Ω

)2
+ 2iζj

ωnj

Ω

Ljz̈, (11)

where Φ is the rigid-body matrix, Ψj is the jth fixed-base eigenvector, mjj is the generalized
mass of the jth mode and Lj is the jth mass modal participation factor.
By assuming that the eigenvectors are mass normalized leads to mjj = 1. Moreover, by re-
stricting the analysis only to the translational DOFs of ü, hereafter denoted with the subscript
tr, Eq. (11) becomes

ütr =

Φtr +
n∑

j=1

Ψj
1

−1 +
(
ωnj

Ω

)2
+ 2iζj

ωnj

Ω

Lj

 z̈tr, (12)

where the columns of Φtr are given by the translational rigid-body modes. A rigid-body mode
corresponds to the displacement vector produced by imposing the unit value to a DOF of the
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moving base and setting the remaining DOFs of the moving base to zero. It follows that the
cells of Φtr are unitary or null, depending on the direction. Eq. (12) can be written in the form
of Eq. (13), where the transmissibility ratio of Eq. (4) is recalled for the jth modal contribution.

ütr = Φtr +
n∑

j=1

Ψj

(
Tr

(
Ω

ωnj

)
− 1

)
Ljz̈tr. (13)

5 Numerical results

Within the space community, MSC Nastran is recognized as the commercial software of
reference for the FEM mechanical analyses. The numerical results obtained for the sine test-
prediction of the SC01 are considered in this section. A Matlab code has been developed by
the authors. The code reads the natural frequencies, modal effective masses, eigenvectors and
mass modal participation factors from the MSC Nastran F06 file. The latter file is the output
file of the hard-mounted normal mode analysis of the SC, performed with the SOL 103 of MSC
Nastran. The interested responses are thus calculated by processing the information read from
the F06 file, according to Eqs. 10 and 13. Several assessments are proposed in Secs. 5.1 and
5.2 in order to provide a comparison between the I/F forces and local acceleration responses
obtained with the SOL 111 of MSC Nastran (modal frequency response analysis) and the same
responses calculated through the Matlab code. The responses of the longitudinal I/F force Tz
and the lateral I/F moments Mx and My are calculated for the SC base-excitation along the x,y
and z-axis. The x,y and z-DOF local acceleration responses of eight nodes (mainly located in
the upper zone of the SC) are calculated too. If not differently specified, the SC base-excitation
is the sinusoidal input profile of 1 [g], for each axis of excitation. In Sec. 13 an example
of footprint showing which modal contributions do more significantly contribute to generate
Tz is provided and discussed. In Sec. 5.4 the notching plan of SC01 obtained by using the
Matlab code is illustrated. All the responses are computed by encompassing the first 300 modal
contributions. The residuals are not taken into account in the calculations. The 300th natural
frequency is equal to 116.3 [Hz]. The summation of the first 300 effective masses pertaining to
the translational excitation and response along the z-axis leads to the 95.7 % of the SC mass.
The frequency range from 0 to 100 [Hz] is considered in the plots.

5.1 I/F forces response assessment

The frequency responses of Tz, Mx and My I/F forces of SC01, respectively obtained with
the excitation along the z,y and x-axis, are illustrated in the Fig. 3, where the results obtained
with the Matlab code are compared with those calculated with MSC Nastran. All the I/F forces
curves are plotted with the frequency step of 0.05 [Hz]. A good agreement between the two
set of results is confirmed in terms of magnitude. A satisfactory agreement is obtained for the
response phases at low frequencies, while some differences can be detected above 60 [Hz]. The
reason of such discrepancies is not clear to the authors. Additional investigations would be
required in order to verify the consistency of the methodology based on Eqs. 10 and 13 with
the computational process of MSC Nastran. Since the results of the sine test-prediction are
not significantly sensitive to the phase differences above discussed, the agreement between the
I/F forces responses obtained with the Matlab code and those calculated with MSC Nastran is
considered to be satisfactory for the purpose of this work.
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Figure 3: Frequency responses of Tz, Mx and My I/F forces of SC01: comparison of the results obtained with the
Matlab code with those calculated with MSC Nastran.

5.2 Local accelerations response assessment

The local acceleration responses of the SC01 eight nodes under study are illustrated in Figs.
4-12. Figs. 4-6 show respectively the acceleration responses of the x,y and z-DOFs to the ex-
citation along the x-axis. Figs. 7-9 and 10-12 show the same results in case of excitation along
the y-axis and z-axis, respectively. The responses calculated with the Matlab code are plotted
with the frequency step of 0.1 [Hz] while the responses obtained in MSC Nastran are plotted
with the frequency step of 0.05 [Hz]. Figs. 4,8 and 12 show the in-axis responses (that is the
responses of the DOFs which are parallel to the axis of excitation). Figs. 5,6,7,9,10 and 11 gives
the cross-axis responses (that is the responses of the DOFs not parallel to the axis of excitation).
If the magnitude plots are addressed, a good agreement is confirmed between between the re-
sults calculated with the Matlab code and those obtained in MSC Nastran. Differently, some
discrepancies can be detected along the curves of the phase responses. Such differences can
appear along all the considered frequency range. Concerning the reasons of such discrepancies,
the comment made in Sec. 5.1 for the I/F forces responses is valid also in this case. Since the
results of the sine test-prediction are not significantly sensitive to the phase differences above
discussed, the agreement between the local accelerations responses obtained with the Matlab
code and those calculated with MSC Nastran is considered to be satisfactory for the purpose of
this work.
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Figure 4: Frequency responses of the DOFs parallel to the x-axis to the sinusoidal enforced acceleration of 1 [g]
along the x-axis.
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Figure 5: Frequency responses of the DOFs parallel to the y-axis to the sinusoidal enforced acceleration of 1 [g]
along the x-axis.
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Figure 6: Frequency responses of the DOFs parallel to the z-axis to the sinusoidal enforced acceleration of 1 [g]
along the x-axis.
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Figure 7: Frequency responses of the DOFs parallel to the x-axis to the sinusoidal enforced acceleration of 1 [g]
along the y-axis.
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Figure 8: Frequency responses of the DOFs parallel to the y-axis to the sinusoidal enforced acceleration of 1 [g]
along the y-axis.
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Figure 9: Frequency responses of the DOFs parallel to the z-axis to the sinusoidal enforced acceleration of 1 [g]
along the y-axis.
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Figure 10: Frequency responses of the DOFs parallel to the x-axis to the sinusoidal enforced acceleration of 1 [g]
along the z-axis.

  0

  2

  4

  6

  8

 10

 12

 14

 16

 18

 0  10  20  30  40  50  60  70  80  90  100

M
ag

n
it

u
d
e 

[g
]

Frequency [Hz]

nodes 1 to 8, DOF y (Matlab code)  
nodes 1 to 8, DOF y (MSC Nastran)

-100

-50

  0

 50

100

 0  10  20  30  40  50  60  70  80  90  100

P
h
as

e 
[d

eg
]

Frequency [Hz]

nodes 1 to 8, DOF y (Matlab code)  
nodes 1 to 8, DOF y (MSC Nastran)

Figure 11: Frequency responses of the DOFs parallel to the y-axis to the sinusoidal enforced acceleration of 1 [g]
along the z-axis.
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Figure 12: Frequency responses of the DOFs parallel to the z-axis to the sinusoidal enforced acceleration of 1 [g]
along the z-axis.

190



P. Nali, L. Mucciante and L. Caccamo

5.3 Quantification of modal contributions vs frequencies

The Fig. 13 provides some information regarding the modal contributions whose summation
leads to the Tz I/F response to the sinusoidal enforced acceleration of 1 [g] along the z-axis.
Each point of the surface of Fig. 13 is given by the result of Eq. (7), when only the jth modal
contribution for a particular frequency implying a specific Ω

ωnj
ratio is considered. The surface

provides a self-explaining footprint of the modes which most significantly contribute to rise
the value of the Tz I/F force vs the corresponding frequency. The same kind of plot can be
obtained for the remaining I/F forces/moments or the local accelerations. In the latter case, Eq.
(12) should be considered and the obtained footprint would reveal the modes most significantly
contributing to rise the value of the interested local acceleration response vs the corresponding
frequency. It is understood that such footprints can be useful in the SC design phase, when
some targeted structural design refinements might are required with the aim of reducing some
I/F forces and/or local acceleration responses. A critical interpretation of those surfaces might
help finding design solutions which limit/shift the responses associated to particular modal con-
tributions. In practise this could be achieved by stiffening/softening the modes of interest or
simply trying to update the design in order to modify the corresponding mode shape. A few
iterations may be required before freezing the design.
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Figure 13: Surface indicating the magnitude of each modal contribution to Tz vs frequencies.

5.4 The notching plan of SC01

The sine test notching plan of SC01 is illustrated in this section for the three axis of exci-
tation. The STVS input profile provided in the LV user manual is considered. The I/F force
and local acceleration responses are calculated in accordance with the methodology proposed
in this work by using the Matlab tool developed by the authors. The QSL provided in the LV
user manual leads to the qualification LV/SC I/F loads. That is, the primary notching limi-
tations are calculated for Mx, My and Tz. The secondary notching limitations are provided
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by the qualification levels of the subsystems or units associated to the interested nodes. Each
node and DOF representing a subsystem or unit with a secondary notching limitation should
have an appropriate sensor placed in the corresponding position of the testing structure. Fig.
14 illustrates the notched input profile for the x-axis. The limitation on My gives the primary
notching while the limitations on local accelerations provide the secondary notching. Only one
secondary notching cross-axis limitation is present (node 1 acceleration along the z-axis). The
remaining five secondary notchings are in-line limitations (along the x-axis). Fig. 15 shows
the notched input profile for the y-axis. In this case the primary notching is given by Mx while
no secondary notching cross-axis limitations are present, being all the eight limitations in-line
(along the y-axis). Fig. 16 gives the notched input profile for the z-axis. In this case the primary
notching is given by Tz and three secondary notching cross-axis limitations are present (node
3,4 and 6 acceleration along the y-axis). The remaining seven secondary notching are in-line
limitations (along the z-axis).
In this specific case, concerning the SC01 qualification sine tests, a manual notching enveloping
both primary and secondary notches will be defined for all the three axis of excitation in order
to simplify the test control.
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Figure 14: Primary and secondary notching profiles, x-axis.
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Figure 15: Primary and secondary notching profiles, y-axis.
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Figure 16: Primary and secondary notching profiles, z-axis.
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6 Conclusions

In this work an easy-to-implement methodology useful for calculating the frequency re-
sponse functions in terms of I/F forces and local accelerations of a hard-mounted structure
subjected to base-shake sine tests was proposed. The assumption of no sine sweep rate effect
was made. After a theoretical introduction recalling some basics concepts of structural dynam-
ics, the equations useful for the implementation of the methodology discussed were obtained
and commented. The implementation of the methodology described was made by the authors
in Matlab. Several result assessments and comparisons with MSC Nastran FRA solutions were
reported in order to confirm the accuracy of the Matlab code. The advantage of the approach
presented in this work is that the frequency responses to the x, y and z-axis sinusoidal excita-
tions are calculated by simply processing the output of the mode analysis. The example of SC01
sine test-prediction was studied, where the SC01 frequency responses for the three directions of
excitations were calculated with the Matlab code. The file provided as input was the F06 file of
the normal mode MSC Nastran analysis of the hard-mounted structure of SC01. No dedicated
MSC Nastran FRA runs were thus required for performing the sine test-prediction and defining
the primary and secondary notching plans. An additional advantage of the methodology pro-
posed is that the relevance of each mode on the SC responses can be explicitly quantified both
for interface forces and local accelerations. This can be particularly useful in the SC design
phase, when some targeted structural design refinements might be required in order to reduce
some I/F forces and/or local acceleration responses.
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