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Abstract. Skew bridges with separation/expansion joints are one of the most common types of
existing bridges worldwide. Earthquake reconnaissance reports indicate that skew bridges
often rotate in the horizontal plane, increasing the chances of unseating at their acute corners.
This behaviour is triggered by the oblique, in-deck, contact which leads in coupling of the
longitudinal and the transverse response, binding in one of the obtuse corners and subse-
quently rotation in the horizontal plane, in such a way that the skew angle increases. Despite
the recorded evidence from previous earthquakes, and most empirical vulnerability method-
ologies, which acknowledge skew as a primary vulnerability factor of bridges, the relevant
literature lacks a thorough theoretical study and is mostly confined to empirical descriptions
of the phenomenon. This study examines both the case of deck-abutment impact, as well as,
the impact between adjacent deck segments, of skew bridges. It shows that the coupling, and
hence the unseating during an earthquake excitation, after deck-abutment collisions is not a
factor of the skew angle alone, but rather of the total geometry in plan plus the contact pa-
rameters. Finally, it offers closed-form solutions for all physically feasible post-impact states
observed in skew bridges.
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1 INTRODUCTION

The present paper examines the in-deck, as well as, the deck-abutment impact of skew
bridges. On the same time, it belongs to a broader study [1]-[5] on the problem of the earth-
quake-induced pounding in (straight and skew) bridges. The aim of this research is to shed
light on the impact-induced rotations in skew bridges deploying a nonsmooth dynamics meth-
odology.

Skew bridges with expansion joints are one of the most common types of existing bridges
worldwide. The recorded evidence from previous earthquakes [6] indicates that skew bridges
often rotate (during earthquake excitation) in the horizontal plane, tending to drop off the sup-
ports at their acute corners [7] (Fig. 1). This behavior is triggered primarily by the oblique,
impact at the expansion/separation joints and leads in coupling of longitudinal and transverse
response, binding in one of the obtuse corners and subsequently rotation about that corner in
such a way that the skew angle increases (Fig. 1).

The phenomenon of oblique multi-contact is the main gap in the existing knowledge re-
garding the seismic response of skew bridges. The recorded evidence from previous earth-
quakes and the empirical vulnerability methodologies that acknowledge skew as a primary
vulnerability factor in bridges, create incentive to comprehend this mechanism. Impact in
skew bridges has been primarily tackled with the contact element (or “compliance”) approach
[8], [9]. This study though, offers an in-depth analysis of the oblique and frictional impact of
skew bridges within the context of nonsmooth dynamics. To this end, the study deploys a ful-
ly nonsmooth rigid body approach and uses set-valued force laws [10]. The proposed formu-
lation captures all physically feasible impact states (such as multi-impact, multi-slip or stick)
through a linear-complementarity problem.

The motivation for this research originates from (i) the need to elucidate the seismic re-
sponse of skew bridges, (ii) the importance of this non-conventional behavior, manifested by
empirical evidence, and (iii) the large number of existing bridges of this type worldwide.
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Figure 1: Rotation mechanism of skew bridges — potential unseating, adopted from [7].

2 PROPOSED NONSMOOTH DYNAMICS APPROACH

This study considers the individual bridge deck segments (in-between two successive sepa-
ration/expansion joints) as rigid bodies moving on the horizontal plane and the abutments as
inelastic half-spaces. The study further assumes that the interaction between adjacent seg-
ments, or between the deck and the abutment, is a unilateral contact and adopts the simplest
impact laws, in a set-valued form [11], to describe this interaction.
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Figure 2: Set-valued friction force law.

In particular, the unilateral primitive Upr (e.g. Fig. 2, right) and Newton’s coefficient of
restitution &, [0,1] describe the behavior in the normal direction of contact. A different set-
valued map, the Sgn(x) function, enforces the Coulomb’s friction law in the tangential direc-
tion of contact: —A.; & 1A, Sgn (77, ) where u is the coefficient of friction and A the tan-
gential impulse at contact i. The Sgn(x) function differs from the standard sgn function at
the point x = 0, where the former yields a set of values: Sgn(x = 0) = [—1, 1], instead of a sin-
gle value sgn(x = 0) = 0. Key role in this approach holds the decomposition of Fig. 2, which

restores the complementarity conditions in the tangential direction of impact [4].
In integrated form the Newton — Euler equations are:

MUu™ —u") =W A+ W A, (1)

where M is the mass matrix and W are the direction matrices of the impulse vectors A.
Throughout this paper, superscript “+” refers to the post-impact state and super-script “- to
the pre-impact state, while sub-indexes N, T indicate the normal and the tangential direction
of contact respectively. For the generalized velocities u and the generalized coordinates q,
g =U holds in an “almost everywhere” sense of functional analysis [11].
The relative (contact) velocities in the normal y, and the tangential y, direction
are given by:
Tn— Ty =GAy + Gy A, @)
17 —=v7 =G Ay + G A

where the “G” matrices are:
Gy = WIMW, G, =W MW, @)
GTN = VVTT M_lWN GTT = VVTT M_le

Following the procedure outlined in [1], [4] the problem of the frictional multi-impact is for-
mulated as a linear complementarity problem (LCP):

Vi G _GNT":l Gy 0 Ay (EN -'_E)'Ya
Vig [=] Gy __GTTF_l Gy 1| Ag|t VT (4)
Ay 2n -1 0/ vq 0

with the pertinent complementarity conditions being:
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In which vrg and vy are the right and left velocity-parts of the post-impact tangential ve-
locity: yq =V — Vo> Ame and Agy are the corresponding impulses (Fig. 2) and E is the
identity matrix. The proposed LCP (4), (5) encapsulates a great variety of impact states such

as “slip”, “stick”, reversal of sign and nonimpulsive behaviour both for single-impact and
multi (point)-impact (see section 4).

3 SKEW DECK-ABUTMENT IMPACT

The present section examines the different, deck-abutment, impact states that might occur
within the deck of a skew bridge. The discussion starts from the (simpler) frictionless case,
then focuses on double (point) frictional impact and finally summarizes single (point) impact
as a special case of the pertinent double impact case. Section 4 presents, in a similar fashion,
the in-deck impact of adjacent skew deck segments.

3.1 Double frictionless impact

When the pre-impact rotation is zero 6 =0 full-edge impact occurs between the deck (rigid
body) and the abutment (inelastic half-space). Herein, full-edge impact (Fig. 3) is modeled
(and referred to) as double impact due to the rigid body assumption.

In order to determine the unknown generalized velocities after impact, u+, one has to cal-
culate first the corresponding impulses An. From Newton’s impact law it follows that:

Ay ==G (E+5)7, (6)

For the frictionless double impact of Fig. 3, Eqn (6) yields:

Ay r
myy r—r 1+ 1-
ASE —(1+gy)] 7= (a1 (7)
Ay, I 2 1+,
myy n-nrn

Equation (7) gives impulses Ay; and Ay, as a function of the geometry («, L, W, see Fig.
3), the coefficient of restitution in the normal direction €y, and the translational mass m.
However, Eqns.(7) are incomplete without the physical inequality constraint Ax >0 which ac-
counts for the unilateral nature of impact. Taking into account that by definition: m (1 +
en) >0, and that in order for contact to occur the relative velocity must be negative (which de-
notes an approach process), the sign of impulse depends solely on the dimensionless criterion,
1o, proposed in [1] which relates the ratio of the two sides in plan (L,W) with the skew angle,
a, as follows:

sin2a
o = Z(W/L) (8)

For 5o >1, impulse at the acute corner is negative Ay; <0 (Eqn.7), which violates the uni-
lateral character of dry impact. The physical interpretation of a negative impulse, in this case,
is that contact at that particular point is lost and hence the formulation of the impact problem
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as double impact does not hold. Instead, when 7 >1, the impact problem should be treated as
a single impact at the obtuse corner at which the impulse is always positive, Ay, >0 (Eqn. 7).
Hence, two distinct deck-abutment impact response patterns emerge: when no <1 (Fig. 3 top),
the angular momentums of the two impulses An; and Ay, about the centre of mass (C.M.)
are of a different sense and cancel out; as a consequence no (post-impact) angular velocity is
developed [1]. On the contrary, when 1o >1 (Figure 6 bottom) impulse at the acute corner is
lost, impact is effectively a single-impact, solely at the obtuse corner, and as a result angular
velocity is developed due to impact. These observations unveil a complex, non-intuitive im-
pact behavior that has not received the attention it deserves in relevant literature.
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Figure 3: Geometry of the rocking masonry wall for (a) positive and (b) negative rotations.

3.2 Double frictional impact

In order to obtain a more realistic description of the deck-abutment impact of skew bridges,
this section takes into account the presence of friction during impact. For the examined double
frictional impact problem, the proposed LCP Eqns.(4 ,5) yields a great variety of potential so-
lutions, in particular: three impact-states (backward slip, forward slip and stick) for each of
the two contact points, when only one contact point is active (i.e. six single-impact states in
total) and, in addition, three impact states when both contact points are active (double back-
ward slip, double forward slip and double stick). Double impacts for which Ay = 0 holds at
both impact points, lack physical interpretation and are not considered.

Friction perplexes the formulation of the double-impact problem of Fig. (3). The main dif-
ficulty lies in the linear dependency of the two impacts in the tangential direction, which

81



Elias G. Dimitrakopoulos

causes the appearance of singular matrices. The present study offers (in Section 4.2) a rational
method to avoid the singularities arising from dependent constraints.

The response of the examined oblique frictional multi-impact configuration depends on (a)
the geometry (in the form of the proposed dimensionless criterion 70) and (b) on the kinemat-
ics (the tangential and the normal pre-impact velocity ratio) and the contact parameters (ey
and u). The former (a) determines if a contact point is active, while the latter (b) whether the
double impact is forward/backward slip or stick.

The impulse and the tangential velocity for all physically feasible post-impact states can be
summarized as follows:

Double slip: When double slip occurs Ay1 >0, A2 >0 and A; =Fu(Ay, +Ay,), the impuls-

es in the normal direction of the two (active) contact points are calculated from the LCP (Egns.
4 and 5) as:

1‘: " |=es) rlrli_;; ©)
The corresponding post-impact tangential velocity is (Egns. 4 and 5):
nolrn,clza, 10)

Vn o 6NN N

In Egns. (9) and (10) the positive sign (+) holds for backward slip and the negative sign (-)
for forward slip.

Double stick: The impulses in the normal direction of the two (active) contact points (Ay; >0,
Axz >0) and the resultant impulse in the tangential direction |A;|< u(Ay, +A,,) are given by

Eqgns. (20) (presented later in Section 4.2 and in [4]). The final expressions, which agree with
the results of a different ad-hoc approach [1], are :

Aw i 7_{+ " (1+&y)

|| i Rt g A7 )
A_NE Lk ron (1+5N) myy N

myy h-Lry hL-L

Single slip: when impact takes place (solely) at the obtuse corner (Ay, >0, Ay; =0, and
A; =FuA,,) the normal impulse is (Eqns. 4 and 5):

ANE _ 12+6‘N (12)
myy 1+ tunh
I/m

Where 1| is the mass moment of inertia of the rigid body (deck-segment). Again in Eqns. (15)
the positive sign (+) holds for backward slip and the negative sign (-) for forward slip. The
corresponding post-impact tangential velocity is then:
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5o bk +p(1/m+1?)
N I l/m+r £ unr

Note that backward slip at the acute corner (Ay; >0, Ayz =0, and Ar = +uAy;) is not physical-
ly feasible [1].

(1+e&y) (13)

Single Stick: When stick at the obtuse corner occurs (Ay; >0, Ay; =0, and |A;|< pA,,), the
impulses in the normal and the tangential direction are (Eqns. 4 and 5):

(I 2)(1 val 1+e,)-(1 2) 1
A, (1/m+e2)(1+&,)+1x ” A _rer( +é&y) (/m+r2)m

= 14
myy I/m+r/+r myy I/m+r7 +r’ (14

Slip/stick at the acute corner is described also by Eqns. (12 and 13)/(14 and 15) substitut-
ing lever r, with lever ry.

3.3 Single frictional impact

When the pre-impact rotation of the rigid body (deck-segment) is non-zero, single point
impact takes place. The proposed LCP (Eqns. 4, 5) describes also single frictional impacts, as
a special case when only one impact point is active (i.e. Ay > 0 holds at that point). In partic-
ular, the closed-form solutions of Section 3.2 for single-impacts hold provided the appropriate
levers ry, rpand ry are used. Figure 4 presents sample results of the existential conditions of
the three distinct (single) impact states (forward slip, backward slip and stick).
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Figure 4: The three distinct single frictional impact states in the y;/y,; , @~ plane for coefficient of restitution
ey = 0.5, skew angle a =45° (left), 60° (right), coefficient of friction p = 1.

4 IN-DECK SKEW BRIDGE IMPACT

This section describes the impact between two adjacent skew bridge-segments (Fig. 5). A
detailed discussion of the kinematics of a pair of skew rigid bodies (adjacent deck segments)
is offered in [4]. The present study though focuses on the description of the physically feasi-
ble post-impact conditions for the configuration of Fig. 5.
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4.1 Double frictionless impact

Again, utilizing the rigid body assumption, full-edge impact is modeled as a double-point
impact and the discussion starts with the frictionless case. With reference to Fig. 5, full-edge
contact occurs when the two bodies come to contact while their pre-impact rotations are the
same &, =46, . In the following, without loss of generality it is as assumed that: 6, =6, =0.

Inequalities (16) give the conditions under which the sign of the two point impulses is
positive, or in other words, the corresponding contact point is active.

AN1>0:>:—1>771—_1

N .

2 = sin 2« =12 (15)
L, -1 7 2(w/Ly)

Ay, >0=> 2> — j
L, m+l

Compared with the case of (skew) deck- abutment impact (Fig. 3), the impact mechanism
of in-deck impact (Fig. 5) is considerably more complicated. In particular, the signs of the
impulses depend not only on the geometry (the proposed dimensionless criteria 71, 72), but
also on the ratio of the mass moments of inertial of the two bodies I1/1,. A simple parametric
analysis shows that in most cases of practical interest both contact points are active. The solu-
tion of the Newton-Euler equations (1) shows that, unlike the deck-abutment case, in-deck
double impact causes both rigid bodies (deck-segments) to rotate in the direction of increasing
the skew angle, but with equal post-impact angular velocities. However, when impact is effec-
tively single-point impact the two bodies develop different post-impact angular velocities and
hence different rotations.

a" =[x1 y1 01 X2 y2 07

Figure 5: Geometry of two planar rigid bodies — simulating adjacent skew bridge segments.
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4.2 Double frictional impact

Consider the frictional full-edge impact of two adjacent skew deck segments (Fig. 6). The
“conventional” simulation approach is to consider the normal and the tangential impulses of

each contact point explicitly: A; = (A, ATZ)T. This formulation of the double impact prob-

lem, neglects that the two (point) impacts are linearly dependent in the tangential direction
and, as a consequence Gyt, Gty and Gyt (3) are all singular matrices (of size 2x2). This is a
typical case of overconstrainted impacts which arise often in multibody dynamics with multi-
contacts. The present study proposes an alternative description of the double impact, which
does not over-constrain the problem and, on the same time, allows for a closed-form solution
avoiding all singularities during solution of the LCP. Instead of examining the tangential im-
pulse in each point explicitly, the proposed simulation considers solely the resultant (scalar)
tangential impulse Ar (Fig. 6) resulting in G, =G, G,; e R**, G, =G}, € R** and

G-|—r = Rbd.

Again, two conditions govern the post-impact state of the frictional multi-impact problem
of Fig. 6: (i) the geometrical and inertial properties determine which contact points are active
(the pertinent normal impulse is positive Ay >0) and (ii) the kinematical conditions together
with the contact parameters (ey and u) determine whether the impact results in (for-
ward/backward) slip or stick.

Figure 6: Full-edge frictional impact between two skew deck segments (considered as rigid bodies).

Double slip: with reference to Fig.6 (which shows levers ri1, riz, ra1, 22, rr1 and rrp) the im-
pulses in the normal direction of the two (active) contact points are (Eqns. 4 and 5):

A (rlz—"11)("12i/JI’Tl)+(I’22—r21)(rzzilurn)
M I, 1,
Anz ’ (rll—l’lz)(l'ni,urn)+(r21—r22)(r21ilurT2)
]/,;M |1 |2

Where 14, I, are the mass moment of inertias of the two bodies (deck-segments). The corre-
sponding post-impact tangential velocity is:

85



Elias G. Dimitrakopoulos
N

4[(&1]"12)2 + (r21_r22)2]+
- m
Tl _(14g)M '

'n o In 1 l:(rzl rzz)rT1+:||:(r21_r22)/”T1+ }

(17)

I I ( 12 r-1l)r.T2 ( )/urTZ _( 12r2l rlerZ)
Where m UL and:
m, +m,
1.1 (rll_r12)2 +(r21—r22)2 4 P =l F(r ) iy (1, rll)'ur”} (18)
M m Il I2 I1|2 Hh,lh — 1yl

In Eqgns. (17) to (19) the positive sign (+) holds for backward slip and the negative sign (-) for
forward slip respectively.

Double stick: When Ay >0, Ayz >0 and |A;|<u(Ay, +Ay,)=RA,, double stick takes

place and the corresponding post-impact velocities are zero. The impulses in the normal direc-
tion of the two (active) contact points and the resultant impulse in the tangential direction are
(Eqgns. 4 and 5):

1 1 _ GﬁlNGNTGTN +
Ay = =) GGy — 1
GTT _GTNGNNGNT (GTT _GTNGNNGNT)E

G (& +E)vN]
(19)
4 (= _ _
_ GG (gN + E)'YN I
! GTT _GTNG&}\IGNT

Single slip: When slip takes place at point 1 (solely) the normal impulse is (Egns. 4 and 5):

A l+e
ML . (20)
myy 1+ 11 * phy iy n 21 * 1,
l,/m l,/m
Whereas the tangential post-impact velocity is given by (Eqgns. 4 and 5):
M e " Dalrp £ 07,
’ Cm I I
ol — T —(L+4) (21)
NN i i I, —ung n D — My,
m 1, 1,

Again, sign (+) holds for backward slip and sign (-) corresponds to forward slip. For impact at

point 2 one has to replace levers ri; and ry, with ry; and rp; respectively.

Single stick: When stick occurs at point 1 (Fig.6) the normal and tangential impulses are:
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- 2 2
[rlerl n r21rT2j7T_[]_'+ s +I’T2j(1+g'\‘)

Ay I L, )7y m I,

1
— _ T 2
m m 2 2 2 2
N é+i+i é%— Iy " o | | hulry n Kl
mon, Lm0, L,

2 2\ -
[rlerl + r21rT2](1+gN)_(];+'}1+"T2]7/T_
I l, m L, )7y

1 2 2 1 2 2 2
i+i+h —+ rTl + rT2 _ rlerl + rzerz
m L L)m 1 I, l,

Where m= mlmz/(m1 +m2). For impact at point 2 (Fig.6) one has to replace levers ri; and
r; with ri; and ry; respectively.

(22)

4.3  Single frictional impact

When the pre-impact rotations of the two rigid bodies (deck-segments) are different, single
point impact takes place. Again, the proposed LCP (Eqgns. 4, 5) describes also single frictional
impacts, as a special case when only one impact point is active (i.e. Ayx > 0 holds at that
point). In particular, the closed-form solutions of Section 4.2 for single-impacts hold provided
the appropriate levers ryy, ra1, 21, M2, 1 and rrp are used [4].

5 CONCLUSIONS

The aim of the present paper is to bring forward the impact mechanism during in-deck col-
lisions in skew bridges. To this end, the study adopts a fully nonsmooth rigid body approach
and examines in depth the impact response of a planar skew (rigid) body against an inelastic
half-space, as well as, the impact of a pair of planar rigid bodies. Key features of the present
approach are the proposed linear complementarity problem, which encapsulates all physically
feasible impact states, and the use of set-valued force laws.

The analysis of the rotation mechanism associated with oblique impact shows that the ten-
dency of skew bridges to rotate depends on the total geometry of the body in plan, and not on
the skew angle alone, as it is commonly considered. In addition, the post-impact state depends
on the contact parameters, the inertial properties of the two segments (for impact between ad-
jacent deck segments) and on the pre-impact kinematics. Further, the study elaborates on the
conditions under which oblique (frictionless or frictional) impact triggers deck rotation in
skew bridges. It shows that post-impact rotation is more common for impact between adjacent
deck-segments than deck-abutment impact. It also verifies that in most cases, post-impact ro-
tation is in the direction of increasing the skew angle. For each physically feasible impact
state (single slip/stick at either corner of a skew deck segment, or double slip/stick along the
whole edge of a segment), it offers pertinent closed-form solutions which yield the unknown
impulses in the normal and the tangential direction of contact and the post-impact velocities
when the latter are unknown (slip post-impact states).
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