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Abstract. In this work, the analysis the response to vibrations of a small building equipped 
with an electromechanical vibration absorber is investigated. In the first part, the case of 
harmonic excitation with constant or time dependent frequencies is considered, and in the 
second part, the case of random earthquakes, respectively.  The cross correlation functions 
and the mean square displacements are calculated for the structure when it is equipped with 
an electromechanical vibration absorber. The stochastic process which characterizes the 
earth movements is coupled to the cnoidal method which delivers the analytical solutions of 
the nonlinear problem. The interaction between the structure and the energy source is ana-
lyzed via the Sommerfeld effect inside the resonance region. The resonance capture and the 
vibration reduction are displayed by the time history responses of the displacement and angu-
lar velocities above the resonance. 
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1 INTRODUCTION 

Deterministic evaluation of the response of the buildings subjected to earthquakes is a 
valuable tool in obtaining information on the behavior of structures under forces which are 
statistical in nature [1]-[3]. The influence of the time histories of external excitations on the 
dynamics of structures can be explored both theoretically and experimentally [4], [5]. 

The theoretical description involves the explicit treatment of both cases, i.e. the harmonic 
excitation with constant and time dependent frequency. The description asked the temporal 
characteristics of the seismic data and the response of buildings to transient and seismic exci-
tations. 

An attempt to apply the methods of stochastic processes in the analysis of tall buildings to 
random earthquakes was made by Eringen [6]. This method is based on the cross correlations 
functions from which the mean square displacements can be evaluated. This model was ap-
plied in the electrical circuits [7], in discrete element strings [8] and other problems. The earth 
movements in the boundary condition can be expressed under the form of expected values.  

In this paper, the response of a building to vibrations is analyzed when an electromechani-
cal vibration absorber is attached to the last story of the building.  

In the first part of this article the case of harmonic excitation is considered, while the sec-
ond part will consider the case of random earthquakes. 

The reduction of vibrations for a resonant structure was studied by Felix, Balthazar and 
Brasil [9], [10] and Souza et al. [11] using tuned liquid column. A tuned liquid column con-
nected to the structure works due to the inertial secondary system principle, by which the 
damper counteracts the forces producing the vibration. 

Nagem, Madanshetty and Medhi [12] have experimentally analyzed the reduction of vibra-
tions for a system consisted from a cantilever beam and a motor, by using a linear electrome-
chanical vibration absorber and an ideal eccentrically motor with a sinusoidal force. Bolla et 
al, [13] have reported approximate analytical solutions to nonlinear vibrating problem, excited 
by a nonideal motor. A device of nonlinear electromechanical vibration absorber with a 
nonlinear function of type Rayleigh oscillator was introduced by Yamapi et al. [14]. 

The case of a nonideal eccentrically motor or a source of limited power supply was inves-
tigated by Felix and Balthazar [14] for a nonlinear friction of type cubic-quintic Duffing oscil-
lator. This kind of devices with nonlinear resistor and capacitor were studied by Yamapi et al. 
[15], Yamapi and Woafo [16], [17] and Mbouna Ngueuteu, Yamapi and Woafo [18].  

We are interested in this paper on the case when the vibrating system and the energy 
source interact with one another. This interaction corresponds to the non-ideal systems or the 
systems with non-ideal excitation and it is explained by the Sommerfeld effect which says 
that the steady state frequencies of the DC motor increase with respect to the power, and when 
the structure resonates with the source, a part of the source energy is used to generate large 
vibrations. These vibrations can counteract the vibrations of the forced structure, without 
changing the motor frequency. We must mention that the power is supplied in a step-by-step 
manner.  
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Figure 1. Scheme of the building coupled to a vibration absorber device. 

 
For sufficient motor power, a jump can occur. i.e. the frequency increases and the vibra-

tions decreases, resulting in lower power consumption by the motor [14], [19], [20]. The 
Sommerfeld effect results from the balance of the energy and it is due to the coupling between 
the excitation mechanism and the vibrational loads [21]. 

In this paper we consider a small building with two stories (See Fig, 1). The second floor is 
equipped with an electromechanical vibration absorber. The structure may be characterized by 
the stiffness and damping which can be considered to be either the cubic Duffing, cubic-
quintic Duffing or Rayleigh, or another such as the Van der Pol  with first, second, third, 
fourth and fifth term. 

In the problem considered here, the stiffness is expressed as a sum of a linear and a cubic 
Duffing term, while the damping is considered to be linear.  

Because of the stiffness nonlinearity, the equations cannot be solved by usually applied 
Fourier-integral type of solutions. The inverse scattering theory generally solves such nonlin-
ear differential equations. Osborne [22] has suggesting that the method is reducible to a gen-
eralization of the Fourier series with the cnoidal functions as the fundamental basis function. 
This is because the cnoidal functions are much richer than the trigonometric or hyperbolic 
functions, that is, the modulus m%  of the cnoidal function, 0 1m≤ ≤% , can be varied to obtain a 
sine or cosine function ( 0)m ≅% , a Stokes function ( 0.5)m ≅%  or a solitonic function, sech or 
tanh ( 1)m ≅% [23].  

The paper is structured as follows: Section 2 presents the model equations for a small 
building with the electromechanical vibration absorber attached to the last story. The electro-
mechanical device is consisted of a DC motor coupled magnetically by the building. The 
structure is subjected to external harmonic excitation and also to the excitation of the source 
with limited power supply. Section 3 presents the solutions written in the terms of the theta 
function representation as a sum of linear and nonlinear superposition of cnoidal vibrations. 
Some aspects of the dynamics of the building equipped with an electromechanical vibration 
absorber are discussed in Section 4 for the case of a constant excitation frequency, emphasiz-
ing the role of the additional equation which includes the transfer of the source energy to the 
structure. Next section explores the case of the time-dependent excitation frequency, focusing 
on the effectiveness of the vibration reduction. The time history responses of the displacement 
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and angular velocities above the resonance are presented for both cases in order to understand 
the interaction structure- energy source. Finally, the Section 6 treats the case of random earth-
quakes modeled as a stochastic or random process. The earthquakes are of short duration and 
therefore the stationary character of the process is questionable.  

2 FORMULATION OF THE PROBLEM 

The presence of the vibration absorber device is expressed mathematically by coupling be-
tween the motion equations of the building and the equations of the energy source. The resis-
tive torque applied to the motor is neglected. The motion equations are given by 

3
1 1 2 0 1 1 1 2 0 2 1 2 0(2 ) (2 ) (2 ) 0,my c y y y dy k y y y k y y y+ − − + + − − + − − =&& & & & & & & & & & &                        (1) 

3 2
1 2 2 1 2 1 2 1 2 2 1 0 0( ) ( ) ( ) cos sin ,m y c y y dy k y y k y y Tq m r m r+ − + + − + − = + ϕ ϕ − ϕ ϕ&& &&& & & & & & & & &            (2) 

0 2 cosm ry I a bϕ = ϕ + ϕ −&& &&& ,                                                         (3) 

( )2 2 1 2 3 4 5
2 1 0 0 0 3 0 5( ) 1T y y Lq R i q q C q i q i q− −− = − + − − − α − α& & && & & ,                             (4) 

0 ( )y f t= .                                                                    (5) 

where jy  is the displacement of thj  story, 1, 2j = , m  the mass of each story,  c  the interfloor 

damping (internal damping), d  the external damping constant (velocity damping), 1k  the lin-
ear spring constant, 2k  the cubic spring constant, ϕ  the angular displacement of the rotor, r  
the eccentricity of unbalanced shaft of the electric motor, 1 0m m m= +  with 0m  the mass of 
unbalanced shaft of the electric motor, I  the moment of inertia of the rotor, 2T nlB= π  the 
transducer constant, n   the number of turns in the coil, l  the radius of the coil, B the uniform 
radial magnetic field strength in the annular gap, L  the inductor, C  the capacitor, R  the re-
sistor, resV the voltage in the resistor, condV the voltage in the capacitor, 0i  the  initial current in 
the electrical part, 0C  the capacitive characteristic, 3α , 5α  the capacitor coefficients and q  
the instantaneous electrical charge. 

The expression for the driving torque of the motor is b a− ϕ&  (linear in the stationary regime)  
with b  related to the voltage applied across to the armature of the DC motor, and a  is a con-
stant depending of the considered motor. 

The electric component of the controller is composed by an inductor L , a capacitorC , and 
a resistor R . The expression of the voltage in resistor and the capacitor are [14] 

    
3

0
0 0

1
3res

q q
V Ri

i i

⎛ ⎞⎛ ⎞
⎜ ⎟= − − ⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠

& &
, 3 5

3 5
0

cond

q
V q q

C
= + α + α ,                                      (6)                         

In (2) the right side term represents the action of the source of energy. Eq. (3) expresses the 
supplying of the last story with the source energy. Eqs. (4) and (5) represent the boundary 
conditions for Eqs. (1)-(3).  

When loading is deterministic, the function ( )f t is known as a function of time.  When 
loading is random, the function ( )f t  is not known a priori and it is defined statistically. The 
function ( )f t  can be viewed as the harmonic excitation  

0( ) sin ,f t f t= Ω    0 t T≤ ≤ ,                                                   (7) 
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with Ω  a constant, or the step dependent function ( )tΩ  

         2 1
1

1

1
( ) 1 1 tanh( ( )

2 2 st t t
⎡ ⎤ω − ω ⎛ ⎞Ω = ω + + ε −⎢ ⎥⎜ ⎟ω ⎝ ⎠⎣ ⎦

, 0 t T≤ ≤ ,                                   (8) 

where 1ω  and 2ω  the initial and final frequencies, st  is the time at which the frequency us 
changed, and ε → ∞  is a parameter which describes the step function limit [24]. 

In the second part of this article, the function ( )f t  can be viewed as an average of various 
data 0y  measured from k th earth motions 0 ( )ky f t= . This is equivalent to obtain ( )kf t  from 
the average curve { ( )}E f t . The earthquakes are of short duration, so the process is not sta-
tionary.  From this point of view we can not use a purely random stationary Gaussian process. 

Eqs. (1)-(5) and (7) are written in a dimensionless version as 
2

1 1 1 1( ) 0,x x A A′′ ′+ β + α + δ =   1 2 02A x x x′ ′ ′= − −  ,                                            (9) 

2 2
2 1 2 1 4 1 3 3 3 3( ) (1 )( cos sin )x x x B B x x x x′′ ′ ′ ′′ ′+ β µ − λ + µ α + δ = − µ − , 2 1B x x′ ′= − ,               (10) 

3 1 2 3 3cosx x x ux v′′ ′′ ′− η + = ,                                                                (11) 

3 3 5
4 2 4 2 4 2 4 2 4 2 4 2 0x x x x x x B′′ ′ ′− α + β + γ + δ + η + λ = ,                                         (12) 

 0 ( )x g= ϑ ,                                                                            (13) 

where prime means the differentiation with respect to τ , and  

1tτ = ω , 0
0
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           1
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1
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ω
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, 

4 4
0 5 0
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η =
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,  

1

Ωϑ =
ω

. 

In (14) 1ω  is the first natural frequency of the structure. The unknowns of Eqs.(9)-(13) are 

the dimensionless displacement of thj  story jx , 1, 2j = , the angular displacement of the rotor 

3x , and the dimensionless instantaneous electrical charge 4x . The resonance condition with 
the building is given by 3 1x′ = . In this case 1 1′ϕ = ω ϕ = ω& . The first control parameter is µ  
which is the ratio between the mass of each story m  and 1 0m m m= + , with 0m  the mass of 

unbalanced shaft of the electric motor. The second control parameter is 2
1

b
v

I
=

ω
 where b  is 

related to voltage applied across to the DC motor, I  is the moment of inertia of the rotor and 

1ω  is the first natural frequency of the structure. 
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In the case of (7), the equation (13) becomes   

         0 0 sin( )x g= τϑ ,    0 Tτ≤ τ ≤ ,   1T Tτ = ω ,   0
0

f
g

r
= .                            (15) 

In the case of (8), the equation (13) becomes   

          0 0 sin( ( ))x g= τϑ τ , 0 Tτ≤ τ ≤ , 1T Tτ = ω ,   0
0

f
g

r
= ,                               (16) 

with   

          ( )2 1

1

1
( ) 1 1 tanh (

2 2 s s

ω − ω ⎛ ⎞ϑ τ = + + ε τ − τ⎜ ⎟ω ⎝ ⎠
,                                                (17) 

and  

          1s stτ = ω , 
1

s

εε =
ω

 .                                                                (18) 

3 SOLUTIONS 

The general solution of the system (9)-(13) may be written in the terms of the theta func-
tion representation  

2

1 22

d
( ) log ( , ,..., )

dt n ntθ = Θ η η η ,                                                    (19) 

where Θ  is the theta function defined as 

1 2
( , ) 1 , 1

1
( , ,..., ) exp i

2

n n

n n i i i ij j
M i i j

M M B M
∈ −∞ ∞ = =

⎛ ⎞
Θ η η η = η +⎜ ⎟

⎝ ⎠
∑ ∑ ∑ ,                           (20) 

with n  the number of degrees of freedom for a particular solutions, and 

j j jtη = −ω + φ% , 1 j N≤ ≤ .                                                     (21) 

In (21), jω%  are the frequencies and the jφ the phases. Also, we can write 

M tη = −Ω + Φ% , 1 2[ , ,..., ]nM M M M= ,  MΩ = ω% % ,  MΦ = φ . 

The integer components in M  are the integer indices in (16). The matrix B can be decom-
posed in a diagonal matrix D  and an off-diagonal matrix O , that is B D O= + .                    

The solution (19) of Eqs. (9)-(13) can be written as [23] 
2

2

2
( ) log ( ) ( ) ( )n lin intt

t

∂θ = Θ η = θ η + θ η
λ ∂

,                                             (22) 

where linθ represents a linear superposition of cnoidal vibrations 

2

2

2
( ) log ( )lin G

t

∂θ η = η
λ ∂

, 
1

( ) exp(i )
2

T

M

G M M DMη = η+∑ ,                          (23) 

and  intθ  represents a nonlinear interaction among the cnoidal vibrations 
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2

2

( , )
( ) 2 log 1

( )int

F C

t G

⎛ ⎞η∂θ η = +⎜ ⎟∂ η⎝ ⎠
,   

1
( , ) exp(i )

2
T

M

F C C M M DM
α

η = η +∑ ,   

                 
1

exp( ) 1
2

TC M OM= − .                                                                   (24) 

The first term linθ represents, as above, a linear superposition of cnoidal waves. Indeed, af-
ter a little manipulation and algebraic calculus, (19) gives 

21/ 2

2 1
1 0

2
cos(2 1)

1 2

kn
l l

lin l k
l k l ll l

q t
k

q KK m

+∞

+
= =

⎡ ⎤⎛ ⎞πωπ⎢ ⎥θ = α +⎜ ⎟+⎢ ⎥⎝ ⎠⎣ ⎦
∑ ∑

%
%%

 ,                             (25) 

with 

exp( )
K

q
K

′
= −π , 

/ 2

2
0

d
( )

1 sin

u
K K m

m u

π

= +
−∫% % %
%

, 1 1( ) ( ), 1.K m K m m m′ = + =% %% % % %  

In (25) we recognize the expression [25] 

2cn [ ; ]dlin t m t
∞

−∞

θ = α ω∫ % % ,                                                       (26) 

The second term intθ represents a nonlinear superposition or interaction among cnoidal 
waves. We write this term as [23] 

2 2

2 2

d ( ) cn ( , )
2 log 1

d ( ) 1 cn ( , )
F t t m

t G t t m

⎡ ⎤ β ω+ ≈⎢ ⎥ + γ ω⎣ ⎦

% %

% %
.                                         (27) 

If m%  take the values 0  or 1, the relation (27) is directly verified. For 0 1m≤ ≤% , the rela-
tion is numerically verified with an error of 7| | 5 10e −≤ × . Consequently, we have in the gen-
eral case 

2

2

cn [ ; ]
( ) d

1 cn [ ; ]int

t m
t t

t m

∞

−∞

β ωθ =
+ λ ω∫
% % %
% % %

.                                                     (28) 

As a result, the cnoidal method yields to solutions consisting of a linear superposition and a 
nonlinear superposition of cnoidal vibrations.  

In the general case, the solution of the problem (9)-(13) can be written as 

 ( ) ( ) ( )d ( ) ( )d , 1, 2,..., 4j j jx t K t g t K t g j
∞ ∞

−∞ −∞

= − τ τ = − τ τ τ =∫ ∫                            (29) 

where 

  
2

2
2

1

cn ( , )
( ) cn [ ; ]

1 cn ( , )

n
jk jk jk

j jk jk
k jk jk jk

t m
K t t m

t m=

⎡ ⎤β ω
= ω +⎢ ⎥+ γ ω⎢ ⎥⎣ ⎦
∑

% % %
% %

% % %
,  1, 2,..,4j = .                         (30) 

The solution (29) requires the evaluation of unknowns , ,mω β%% %  and γ% . Substitution of (29) 
into Eqs. (9)-(13) gives a set of identities from which the parameters can be evaluated. The 
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identities results by equating the coefficients for expression terms containing the functions cn 
and sn in the same power.  

4 CONSTANT EXCITATION FREQUENCY  

The solutions (27) and (28) are computed for n = 7 degrees of freedom for particular solu-
tions and for different values of the parameters of the system and a constant excitation fre-
quency Ω .  

Before discussing the results of the numerical calculations, we briefly explain the choice of 
the control model parameters. Firstly, the range of µ  varies from 0.7 to 1. The value 0.7µ =  
corresponds to the case when the 0m  represents 40% of m ,  while  1µ = means that the 0m  is 
negligible compared to m .  

The decreasing of the control parameter v  with respect to time in the transition interval 
( 0′ϕ = ) is represented in Fig. 2. The time frames are the following: 0 500≤ τ ≤ and 
500 800≤ τ ≤  above the resonance, 800 1400≤ τ ≤  inside resonance, and 1400 1600≤ τ ≤ , 
1600 2000≤ τ ≤  below the resonance, respectively. The parameter values were selected as  

0.7µ = ,  1α = ,   1β =    ,   1γ =   ,  1δ = ,   1λ = , 1η = ,  u = ,   2λ =    , 2α = , 2β =    , 2γ =    , 

2δ = , 2η =   and ϑ = 1. 
The time variation of the displacement 1x  corresponding to the last story without/with the 

electromechanical vibration absorber, are plotted in Figures 3 and 4, respectively, during the 
transition through the resonance region.  

 

                  Figure 2.The decreasing of the control parameter v  with respect to time in the transition interval.  
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Figure 3. Time history for the last story without the electromechanical vibration absorber. 

The time variation of the angular velocity 3x  of the DC motor without/with the electrome-
chanical vibration absorber, are simulated in Figures 3 and 4, respectively, during the transi-
tion through the resonance region.   

Figure 3 shows that in the case of no coupling between the electromechanical vibration ab-
sorber and the structure, the vibration amplitude increase in the time range 800 1400≤ τ ≤ in-
side resonance, while Figure 4 shows that in the case of coupling, the vibration amplitude 
significantly reduce in time ranges 800 1400≤ τ ≤ inside resonance, and 1400 1600≤ τ ≤ , 
1600 2000≤ τ ≤ below the resonance.  

In Figure 5, the capture of the resonance of the angular velocity is put into evidence in the 
case of no coupling. Fig.6 shows that in the case of coupling, the Sommerfeld effect cancels 
the resonance of the angular velocity and reduces significantly the vibration amplitudes. 
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Figure 4. Time history for the last story with the electromechanical vibration absorber. 

 

Figure 5. Time history for the angular velocity of the DC motor without the electromechanical vibration absorber. 
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Figure 6. Time history for the angular velocity of the DC motor with the electromechanical vibration absorber. 

 

5 CASE OF THE TIME-DEPENDENT EXCITATION FREQUENCY  

The step function (8) is introduces for two cases: (1) t = 2 in the interval 0 500≤ τ ≤  
above the resonance and (2) t = 815 in the interval 800 1400≤ τ ≤  inside the resonance.  Fig. 
7 plots, for example, the step function (9) in the interval 0 500≤ τ ≤  for 1ω =  1 and 2ω = 2 
(solid line) and 2ω = 3 (dash line) and 20ε = , st = 2.  For other intervals, the step function 
has similar shapes. 

In the case (1), the control parameter v  knows a sudden variation with respect to time at 
the beginning of the interval as shown in Figure 8, for both the solid and dash lines, respec-
tively. For t > 60, the control parameter is constant and then it jumps to the value 2.5 when 
t = 500. 

Upon the matching of two time independent solutions at the time when the step occurs, we 
obtain the time variation of the displacement 1x  corresponding to the last story without/with 
the electromechanical vibration absorber, are plotted in Figures. 9 and 10, respectively, during 
the interval above the resonance, in the case of both solid and dash lines (blue and green con-
tours), respectively. The displacements present squeezing and weaving, and reduction in 
magnitude for t > 475, according to Figure 9. Figure 10 exhibits also squeezing and weaving 
with increase of the magnitude for t > 400. The squeezing and amplitude are enhanced for the 
dash line (blue and green contours) in both figures. Numerical experiments showed that the 
squeezing may be enhanced by increasing the frequency difference 2 1ω − ω .  
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Figure 7. ( )tΩ as a function of t  in the interval above the resonance. 

 

 

Figure 8. The variation of the control parameter v  with respect to time in the interval above the resonance. 
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Figure 9. Time history for the last story without the electromechanical vibration absorber, during the interval 
above the resonance. 

 
 In the second case, the variation of the control parameter v  is shown in Figure 11. As in 

the previous case, the control parameter has sudden variations with respect to time at the be-
ginning and at the end of the interval, respectively, for both the solid and dash lines. For 
900 t< < 1315, the control parameter is constant and then it jumps to the value 1.5 when 
t = 1400. The time variation of the displacement 1x  corresponding to the last story with-
out/with the electromechanical vibration absorber, are plotted in Figures 12 and 13, respec-
tively, during the interval inside the resonance, in the case of both solid and dash lines (blue 
and green contours), respectively. The displacements present squeezing and weaving, and an 
increasing in magnitude for the last story without the electromechanical vibration absorber, 
inside the resonance, according to Figure 12.  

The squeezing and amplitude are enhanced for the dash line (blue and green contours) in 
Figure 12. Figure13 exhibits also squeezing and weaving with a substantial decrease of the 
magnitude for the last story with the electromechanical vibration absorber, inside the reso-
nance.   

As a conclusion, by comparing Figure 4 with Figure 13 which presents the history for the 
last story with the electromechanical vibration absorber for the constant excitation frequency 
and the time-dependent excitation frequency, respectively, we see that the control system effi-
ciency is higher in the last case.  
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Figure 10. Time history for the last story with the electromechanical vibration absorber, during the interval 
above the resonance. The green contour corresponds to the dash line. 

 

 
 

Figure 11. The variation of the control parameter v  with respect to time in the interval inside the resonance.  
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Figure 12. Time history for the last story without the electromechanical vibration absorber, during the interval 

inside the resonance. The green contour corresponds to the dash line. 

 

 
Figure 13. Time history for the last story with the electromechanical vibration absorber, during the interval in-

side the resonance. The green contour corresponds to the dash line. 
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6 CASE OF THE RANDOM EARTHQUAKES 

In this Section, the function ( )f t  is viewed as an average of various data 0y measured from 

k th earth motions 0 ( )ky f t= . This is equivalent to obtain ( )kf t  from the average curve { ( )}E f t .  
The earthquakes are of short duration, so the process is not stationary.  From this point of 
view we can not use a purely random stationary Gaussian process. 

We start with 1D expected value { ( )}E f t , and the 2D expected function 1 2{ ( ), ( )}E f t f t re-
spectively, which are given by [6] 

1{ ( )} ( ) ( ( ))d ( )E f t f t W f t f t
∞

−∞

= ∫ , 

 1 2 1 2 2 1 2 1 2{ ( ) ( )} ( ) ( ) ( ( ), ( ))d ( )d ( )E f t f t f t f t W f t f t f t f t
∞

−∞

= ∫ ,                  (31) 

where 1( )W f and 2 1 2( ( ), ( ))W f t f t  are the 1D probability density function for a given t , and  

the 2D probability density function, respectively, for given 1t  and 2t . The thn and thm mo-
ments ( , 0,1, 2,...)m n = are also calculated  

1{ ( )} ( )dnE f t fW f f
∞

−∞

= ∫ ,    1 2 1 2 2 1 2{ ( ) ( )} ( ) ( ) ( ( ), ( ))dm n m n m nE f t f t f t f t W f t f t f
∞

−∞

= ∫ .      (32) 

For 1m n= = , the  correlation function 1 2( , )fR t t  is obtained 

1 2 1 2 1 2 2 1 2 1 2( , ) { ( ) ( )} ( ) ( ) ( ( ), ( ))d ( )d ( )fR t t E f t f t f t f t W f t f t f t f t
∞

−∞

= = ∫ .                     (33) 

In (7) we can change ( )f t with { ( )}E f t  or 1 2 1 2( , ) { ( ), ( )}fR t t E f t f t= so that the calcula-

tions to remain the same as in the deterministic case. If the correlation function 1 2( , )fR t t is 
known, we can calculate the cross correlation functions 

1 2 1 2 1 2 2 1 2 1 2( , ) { ( ) ( )} ( ) ( ) ( ( ), ( ))d ( )d ( )
j ky y j k j k j k j kR t t E y t y t y t y t W y t y t y t y t

∞

−∞

= = ∫ ,                 (34) 

and the square displacements 2{ ( )}jE y t  for the thj , 1, 2j =  story           

2 2
2{ ( )} ( ) ( ( ), ( ))d ( )j j j jE y t y t W y t y t y t

∞

−∞

= ∫ .                                            (35) 

The solution (29) allows the calculating of various averages  

{ ( )} ( ) { ( )}d
t

j jE y t K t E f
−∞

= − τ τ τ∫ ,                                                  (36) 
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1 2

1 2 1 1 2 2 1 2 1 2{ ( ) ( )} ( ) ( ) { ( ) ( )}d d
t t

j k j kE y t y t K t K t E f f
−∞ −∞

= − τ − τ τ τ τ τ∫ ∫ ,                          (37) 

When { ( )} 0E f τ = , from (36) it results { ( )} 0jE y t = .  If the autocorrelation function 

of ( )f t is known, we see from (10) that 1 2( , )fR t t is also known. So, we obtain from (37) 

1 2

1 1 2 2 1 2 1 2( ) ( ) ( , )}d d
j k

t t

y y j k fR K t K t R
−∞ −∞

= − τ − τ τ τ τ τ∫ ∫ .                                               (38) 

Calculation of the mean kinetic energy for each story requires the calculation of the inte-
gral 

1 2

1 1 2 2 1 2 1 2( ) ( ) ( , )}d d
j k

t t

y y j k fR K t K t R
−∞ −∞

= − τ − τ τ τ τ τ∫ ∫& &
& & & .                                               (39) 

The shearing force correlation includes the part given by the spring force and the part that 
is dissipated by the internal damping 

3
1 1 2 0 1 1 2 0 2 1 2 0(2 ) (2 ) (2 )V c y y y k y y y k y y y= − − + − − + − −& & & & & & & & & , 

3
2 2 1 1 2 1 2 2 1( ) ( ) ( )V c y y k y y k y y= − + − + −& & & & & & . 

The expression for the shearing force correlation is 
1 2

1 2 1 1 2 2 1 2 1 2( , ) ( ) ( ) ( , )}d d
j k j k

t t

V V j k V VR t t K t K t R
−∞ −∞

= − τ − τ τ τ τ τ∫ ∫ ,                                (40) 

where 1 2 , , 1( , )
j kV V j k j kR t t R R −= − . 

The 1D and 2D probability density functions are given by [6] 
2

1 2

1
( ) exp

22
j

j
jj

y
W y

⎛ ⎞−
= ⎜ ⎟⎜ ⎟σσ π ⎝ ⎠

,                                                      (41) 

2 2

2 2 2

21 1
( , ) exp

(1 ) 2 22 (1 )
j jk j kk

j k
jk j j j kj k jk

y y yy
W y y

⎛ ⎞ρ
= − − +⎜ ⎟⎜ ⎟− σ σ τ σ τσ τ π − ρ ⎝ ⎠

,                   (42) 

with 

2 2 2{ } { } ( , )
jj j j yE y E y R t tσ = − = ,  ( , )

j kjk j k y yR t tσ = σ τ , 2 ( , )
kk yR t tτ = .                     (43) 

With (41) or (42), the correlation functions and various moments can be calculated 

             1{ } ( )dj j j jE y y W y y
∞

−∞

= ∫ ,  2{ } ( , )d d
j kj k j k j k j k y yE y y y y W y y y y R

∞ ∞

−∞ −∞

= =∫ ∫ ,                 (44) 
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1{ } ( )dn n
j j j jE y y W y y

∞

−∞

= ∫ ,   2{ } ( , )d dm n n m
j k j k j k j kE y y y y W y y y y

∞ ∞

−∞ −∞

= ∫ ∫ .                       (45) 

The autocorrelation functions 2,2R , 1,1R and the cross correlation functions 1,2R respectively, 

are divided by 
2

0
0 2

4
441

f
R =

π
, where 2

0f  is the spectral density (a constant) of  fR  which char-

acterizes a Gaussian processes, for which the correlation function 1 2( , )fR t t  given by (10) be-
comes 

2
1 2 1 2 0 1 2( , ) { ( ) ( )} ( )fR t t E f t f t f t t= = δ − ,                                           (46) 

with ( )tδ  is the Dirac’s delta function. 
The autocorrelation functions 2,2R , 1,1R and the cross correlation functions 1,2R respectively,  

are plotted versus the correlation interval in Figs.14-16. The parameters values were selected 

as 
2

0
0 2

4
441

f
R =

π
, 50

k

m
= , c d= = 0.2 [6], [14].   

The autocorrelation function 2,2R for the second story of the building is plotted versus the 
correlation interval in Fig.14, with and without the vibration absorber, respectively. The maxi-
mum displacement is observed at this story.  
 

 
Figure  14. Displacement autocorrelation functions for the second story with and without the vibration absorber. 
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Figure 15. Displacement autocorrelation functions for the first story with and without the vibration absorber.     

 

Figure 16. Displacement cross correlation functions with and without the vibration absorber. 

7 CONCLUSIONS 

This work is dealt with the analysis of the response to vibrations of a small building 
equipped with an electromechanical vibration absorber. The interaction between the vibrating 
system and the energy source is investigated for harmonic excitation with constant or step de-
pendent frequencies, and for random earthquakes, respectively.  This interaction corresponds 
to the systems with non-ideal excitation explained by the Sommerfeld effect which results 
from the balance of the energy and it is due to the coupling between the excitation mechanism 
and the vibrational loads. The resonance capture and the vibration reduction are displayed by 
the time history responses of the displacement and angular velocities above the resonance. 
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Since the earthquakes are of short duration, the stationary character is not available. There-
fore, it is shown an attempt for calculation of the mean square displacements and cross corre-
lation functions for this small building equipped with an electromechanical vibration absorber. 
Because of the stiffness nonlinearity, the equations cannot be solved by usually applied Fou-
rier-integral type of solutions. The stochastic process which characterizes the earth move-
ments is coupled to the cnoidal method which delivers the analytical solutions of the 
nonlinear problem.   
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