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Abstract. The geometrically nonlinear vibrations of 3D beams that rotate about a fixed axis 
are investigated by the p-version finite element method. The beams are considered to be ta-
pered, i.e. with variable thickness along its length, and with arbitrary cross sections. The 
beam model is based on Timoshenko’s theory for bending and Saint-Venant’s theory for tor-
sion, i.e. it is assumed that the cross section rotates about the longitudinal axis as a rigid 
body but may deform in longitudinal direction due to warping and the torsion is not consi-
dered to be uniform. The warping function is obtained preliminarily by the finite element me-
thod. For the case of tapered beams, the warping and torsional constants, the cross sectional 
area, the second moment of inertia and all cross sectional properties are expressed as func-
tions of the longitudinal local coordinate. Geometrical nonlinearity is taken into account and 
derived from Green’s strain tensor. Linear elastic and isotropic materials are considered and 
generalized Hooke’s law is used. The rotation is included in the model through the inertia 
terms, two coordinate systems are considered: one fixed and one rotating about the fixed one. 
The equation of motion is derived by the principle of virtual work in the rotating coordinate 
system but the influence of the rotation of the coordinate system on the displacements of the 
beam is included in the equation of motion. A setting angle and hub radios are considered, 
and their influence, as well the influence of the speed of rotation, on the natural frequencies is 
examined. Forced vibrations in time domain are presented for various setting angles. 
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1 INTRODUCTION 
Rotating beams are used to model and investigate the dynamics of helicopter blades, jet 

engine turbine blades, robot arms, wind turbine blades, etc. Many studies have been per-
formed for modeling rotating beams about a fixed axis. The linear natural frequencies of 
beams that rotate with constant speed were investigated by many researchers, for example in 
[1-5]. Works that consider geometrically nonlinear models of rotating beams may be found, 
for example [6-8]. In what concerns modern wind turbine blades, most of them are con-
structed with load carrying box girder inside the blade and shells on the surface of the blade 
[9]. The purpose of the box girder is to make the blade stronger and stiffer while the shells 
around the box girder form the aerodynamic shape. Thus, the dynamic behavior of the wind 
turbine blade might be determined mainly from the load carrying box, even though the shells 
contribute small bending strength. 

In the current work, a model of beams rotating about a fixed axis with constant speed of ro-
tation is presented. A setting angle and a rigid hub are included in the model. The equation of 
motion is derived in the rotating coordinate system, and the rotation is taken into account by 
the inertia forces [10]. The beam may vibrate in space, i.e. it may perform longitudinal, tor-
sional and bending deformations, the model is based on Timoshenko’s theory for bending and 
assumes that under torsion, the cross section deforms only in longitudinal direction due to 
warping [11]. Geometrical type of nonlinearity is considered and the equation of motion is 
derived by the principle of virtual work. 

Thin-walled box beams with linearly varying thickness and width are investigated. First, 
the derived model is validated by generating a fine mesh of three-dimensional finite elements. 
Then, the influence of the setting angle and the speed of rotation on the natural frequencies is 
examined. Forced vibrations of rotating beams due to harmonic forces are presented. 

2 MATHEMATICAL MODEL 
Tapered beams with linearly varying thickness and arbitrary cross section, in elastic, ho-

mogeneous and isotropic materials, that rotate about a fixed axis with constant angular speed 
are considered. The beam equation of motion is derived in a rotating coordinate system and 
the rotation of the coordinate system is taken into account into the equation of motion. Two 
coordinate systems are used for that purpose: the first one (XYZ) is fixed in space, it will be 
denoted with S0, the second coordinate system (xyz) rotates around the Z axis of the fixed 
coordinate system, it will be called “transport coordinate system” and denoted with S1. A set-
ting angle ߮ is considered in the model, i.e. angle which inclines the cross section to the plane 
of rotation, thus the z axis of the transport coordinate system is inclined on angle  ߮ with re-
spect to Z axis of the fixed coordinate system, and the x axis of the transport coordinate sys-
tem, which presents the longitudinal direction the beam remains in the plane of rotations, i.e. 
XY (Figure 1). The beam is assumed to be rigidly mounted on hub with radios R. The centers 
of both coordinate systems coincide. The transport coordinate system rotates with a constant 
speed, Ԃሺݐሻ rad denotes its rotation at time t, then Ԃሶ ሺݐሻ is the speed of rotation (rad/s), or an-
gular velocity. The beam equation of motion is derived with one p element and improving the 
accuracy of the results is achieved by increasing the number of the shape functions. 

2.1 Beam equation of motion in transport coordinate system 
The displacements of the beam are expressed in the transport coordinate system S1, assum-

ing Timoshenko’s theory for bending [12] and Saint-Venant’s theory for torsion [13], includ-
ing deformation in longitudinal direction due to warping: 
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,ݔሺݑ ,ݕ ,ݖ ሻݐ ൌ ,ݔ଴ሺݑ ሻݐ െ ,ݔ௭ሺ߶ ݕ ሻݐ ൅ ݖ ߶௬ሺݔ, ሻݐ ൅ ߰ሺݕ, ሻݖ
௫ߠ߲

ݔ߲
ሺݔ,  ሻݐ

,ݔሺݒ ,ݕ ,ݖ ሻݐ ൌ ,ݔ଴ሺݒ ሻݐ ൅ ݕ cos൫ߠ௫ሺݔ, ሻ൯ݐ െ ݕ െ ݖ sin൫ߠ௫ሺݔ,  ሻ൯ݐ

,ݔሺݓ ,ݕ ,ݖ ሻݐ ൌ ,ݔ଴ሺݓ ሻݐ ൅ ݕ sin൫ߠ௫ሺݔ, ሻ൯ݐ ൅ ݖ cos൫ߠ௫ሺݔ, ሻ൯ݐ െ  ݖ

(1)

where u presents the longitudinal displacement, v and w present the transverse displacements 
in y and z directions, the subscript 0 denotes the displacements on the reference line, ߠ௫ is the 
rotation of the cross section about the longitudinal axis x, ߶௬ and ߶௭ denote rotations of the 
cross section about axes y and z, respectively and ߰ሺݕ,  .ሻ is the warping functionݖ

 
Figure 1. Axes and displacements of rotating beam model. 

The equation of motion is derived by the principle of virtual work and the rotation of the 
beam is considered in the inertia forces by using the absolute acceleration, i.e. the acceleration 
with respect to the fixed coordinate system [14]. The equation of motion is derived in the ro-
tating coordinate systems, thus the absolute acceleration of an arbitrary point P(x,y,z) from the 
beam is written at that coordinate system: 

૙ࡿࡼࢇ
ൌ ૚ࡿࡼࢇ

൅ ૚૙ࢻ ൈ ࢘ ൅ ࣓૚૙ ൈ ሺ࣓૚૙ ൈ ࢘ሻ ൅ 2 ࣓૚૙ ൈ ૚ࡿࡼ࢜
 (2)

where ࡿࡼࢇ૙
 is the absolute acceleration of point P, i.e. the acceleration of point P with respect 

to S଴, ࡿࡼࢇ૚
 is the relative acceleration of point P, i.e. the acceleration of point P with respect 

to Sଵ, given in (3), ࢜ࡿࡼ૚
 is the relative velocity of point P, i.e. the velocity of point P with re-

spect to Sଵ, given in (4), ࣓૚૙ is the angular velocity of the transport coordinate system (5), 
 ૚૙ is the angular acceleration vector of the transport coordinate system which is assumed toࢻ
be zero, since beams rotating with constant speed are analyzed, and ࢘ is the position vector of 
point P with respect to the origin of Sଵ (6). Furthermore, ࣓૚૙ ൈ ሺ࣓૚૙ ൈ ࢘ሻ is the transport ac-
celeration, and 2 ࣓૚૙ ൈ ૚ࡿࡼ࢜

 is the acceleration of Coriolis. 

૚ࡿࡼࢇ
ൌ

ە
ۖ
۔

ۖ
ۓ ሷݑ ଴ െ ሷ௭߶ ݕ ൅ ሷ௬߶ ݖ ൅ ψ డఏሷ ೣ

డ௫

ሷ଴ݒ െ ሶ௫ሻଶߠ௫ሻሺߠcosሺ ݕ െ ݕ sinሺߠ௫ሻ ሷ௫ߠ ൅ ሶ௫൯ߠ௫ሻ൫ߠsinሺ ݖ
ଶ

െ ሷ௫ߠ௫ሻߠcosሺ ݖ

ሷݓ ଴ െ ሶ௫ሻଶߠ௫ሻሺߠsinሺ ݕ ൅ ݕ cosሺߠ௫ሻ ሷ௫ߠ െ ሶ௫൯ߠ௫ሻ൫ߠcosሺ ݖ
ଶ

െ ሷ௫ۙߠ௫ሻߠsinሺ ݖ
ۖ
ۘ

ۖ
ۗ

            (3) 

 

1885



S. Stoykov, S. Margenov 

૚ࡿࡼ࢜
ൌ

ە
ۖ
۔

ۖ
ۓ ሶݑ ଴ െ ݕ ߶ሶ௭ ൅ ݖ ߶ሶ௬ ൅ ψ

ሶ௫ߠ߲
ݔ߲

ሶ଴ݒ െ ݕ sinሺߠ௫ሻ ሶ௫ߠ െ ݖ cosሺߠ௫ሻ ሶ௫ߠ
ሶݓ ଴ ൅ ݕ cosሺߠ௫ሻ ሶ௫ߠ െ ݖ sinሺߠ௫ሻ ሶ௫ۙߠ

ۖ
ۘ

ۖ
ۗ

 (4)

 

࣓૚૙ ൌ ቐ
0

ሶߴ sin ߮
ሶߴ cos ߮

ቑ (5)
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ൢ (6)

where R is the hub radios. 
The absolute acceleration can be written as 

ሷ܌ ൌ ൝
ሷݑ
ሷݒ
ሷݓ

ൡ ൌ ൝
ሷݑ ோ ൅ ሷݑ ் ൅ ሷݑ ஼
ሷோݒ ൅ ሷݒ ் ൅ ሷ஼ݒ

ሷݓ ோ ൅ ሷݓ ் ൅ ሷݓ ஼
ൡ (7)

where the subscripts R, T and C denote relative, transport and acceleration of Coriolis, respec-
tively, given by: 
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(8)
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(10)

The expression of the virtual work of internal forces remains equal to the one derived for 
non-rotating beams, i.e. the strains are expressed by Green’s strain tensor, neglecting the lon-
gitudinal displacements of second order, and the stresses are related to the strains by the 
Hooke’s law. The stresses, the strains and the absolute acceleration are functions of the dis-
placement components u, v and w and their derivatives, which are expressed by the displace-
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ments on the reference line and the rotations of the cross sections about the reference line. The 
displacements on the reference line and the rotations of the cross sections are expressed by 
shape functions and generalized coordinates: 

ە
ۖۖ
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where ξ [1..1-] א is the local coordinate. 
The shape functions used in the previous works [10, 11] are used here. The equation of 

motion is derived by the principle of virtual work, it is obtained in the following form: 
ሷܙ ۻ ൅ ሶܙ ۺ۹ ߚ ൅ ,ܙ൫܀۱ Ԃሶ ൯ ܙሶ ൅ ۺ۹ ܙ ൅ ሻܙሺۺۼ۹ ܙ ൅ ,ܙ൫܂ Ԃሶ ൯ ܙ ൌ ۴ െ ൫Ԃሶ܀ ൯ (12)

where ۻ is the mass matrix due to relative acceleration; matrix ۱܀൫ܙ, Ԃሶ ൯ is a consequence of 
Coriolis acceleration, it depends on the vector of generalized displacements, hence introduces 
a nonlinearity in the system, and linearly on the speed of rotation; ܂൫ܙ, Ԃሶ ൯ is a matrix due to 
the transport acceleration, it depends linearly on the relative displacement q (also adding non-
linear terms) and quadratically on the angular speed; ܀ is a vector that is a consequence of the 
transport acceleration, it depends quadratically on the angular speed, and it is related with the 
centrifugal forces that act on the beam due to the rotation. Two matrices represent the effect 
of elastic forces: ۹ۺ is a stiffness matrix with constant terms and ۹ۺۼ is a stiffness matrix 
that depends linearly and quadratically on the vector of generalized displacements. ۴ is the 
vector of generalized external forces. Harmonic external excitations, with the excitation fre-
quency represented by ω are considered. Stiffness proportional damping is added to the equa-
tion of motion which depends on the damping factor ߚ. The mass and the stiffness matrices 
were presented in [10], the matrices related with the rotation of the beam were presented in 
[11], for the cases of beams without considering setting angle and hub radios. For the current 
model, the setting angle appears in the matrices ܂൫ܙ, Ԃሶ ൯ and ۱܀൫ܙ, Ԃሶ ൯ and the hub radios in 
the vector ܀൫Ԃሶ ൯, they are given in the Appendix. 

2.2 Cross sectional modeling 
The cross section is assumed to be arbitrary with linearly varying thickness along the lon-

gitudinal axis. The cross sectional properties, such as the warping constant, the cross sectional 
area, the second moment of inertia are constant, for the cases of beams with constant thick-
ness and/or width and can be calculated independently of the derivation of the equation of 
motion. For beams with variable thickness and/or width, the cross sectional properties are not 
constants, they depend on the longitudinal axis, thus they are expressed as functions of the 
longitudinal axis. The equation of motion is derived by integrating over the length of the 
beam, but including the cross sectional properties in the integration. 

The warping function is obtained numerically by solving the Laplace equation with Neu-
mann boundary conditions [15]: 

ଶ߰׏ ൌ 0 in Ω 
߲߰
߲݊

ൌ ݖ ݊௬ െ ݕ ݊௭ on Γ 
(13)

where Ω denotes the cross section and Γ is the contour of the cross section. Equation (13) is 
solved by finite element method, as a result the warping and the torsional constants are ob-
tained using Gauss integration points. 
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The linearly varying thickness of the beam is taken into account by expressing all cross 
sectional properties as functions of the local coordinate ξ. Let ݂ሺߦሻ be a linear function which 
defines the thickness of the beam as a function of the local longitudinal coordinate ߦ. The 
cross sectional properties are express by their values on the left side of the beam, i.e. at ξ = -1, 
and the function ݂ሺߦሻ. For example, the area of the beam ܣሺߦሻ, which has dimension m2 and 
the warping constant ܥ௪ሺߦሻ, which has dimension m6 are expressed as: 

ሻߦሺܣ ൌ ܣ ቆ
݂ሺߦሻ

݂ሺെ1ሻ
ቇ

ଶ

 

ሻߦ௪ሺܥ ൌ ௪ܥ ቆ
݂ሺߦሻ

݂ሺെ1ሻ
ቇ

଺

 

(14)

where ܣ and ܥ௪ are the cross sectional area and the warping constant at the left side of the 
beam, ξ = -1. The expressions ܣሺߦሻ, ܥ௪ሺߦሻ plus the additional cross sectional properties are 
used for the derivation of the equation of motion. As an example, the bending matrix ۹૚ଷଷ, 
defined in [10] for constant cross sections, is obtained here on the following way: 

۹૚૜૜ ൌ ܩߣ න
࢝ࡺ݀

ݔ݀
்࢝ࡺ݀

ݔ݀
ܸ݀

௏
ൌ ܩߣ

2
݈

න ሻߦሺܣ
࢝ࡺ݀

ߦ݀
்࢝ࡺ݀

ߦ݀
ߦ݀

ଵ

ିଵ
 

(15) 

where ߣ is the shear correction factor, ݈ is the length of the beam and ܩ is the shear modulus. 
The rest of the matrices are obtained on similar way. 

3 VALIDATION 
The proposed model for tapered beams with arbitrary cross sections is first validated by 

generating a fine mesh of three-dimensional elements. The natural frequencies and the static 
deformations are compared. A thin-walled beam with rectangular cross section is used. The 
length of the beam is chosen to be 0.58 m, the left side is with dimensions 0.02 x 0.015 m and 
thickness 0.001 m and the right side is with dimensions 0.01 x 0.0075 m and thickness 0.0005 
m. The material properties are (aluminium): ܧ ൌ 7.0ଵ଴  ܰ ݉ଶ⁄ ߩ , ൌ 2778 ݇݃ ݉ଷ⁄ ߥ , ൌ 0.34. 
The beam is with clamped-free boundary conditions. The beam model presented at the pre-
vious section, is derived using 10 shape functions for each displacement, i.e. 60 DOF. 

 
Figure 2. Three-dimensional beam structure used for validation of the proposed model. 

The FEM software Elmer [16], which is suitable for large deformation problems, is used to 
validate the thin-walled beam. A fine mesh of quadratic tetrahedrons is generated using Gmsh 
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[17]. The mesh has 235914 elements which results into 462725 nodes, each node has three 
DOF, i.e. the resulting system has more than 1 million DOF. It is solved by parallel compu-
ting, using the library Mumps (MUltifrontal Massively Parallel Solver) [18] which is a paral-
lel direct sparse solver. The generated three-dimensional beam is shown on Figure 2. It was 
verified, by reducing the edges of the tetrahedrons by two, that the results obtained by the 
large-scale model are converged. 

In Table 1 are presented the natural frequencies from the derived beam model and from the 
three-dimensional software Elmer. Even though the beam is tapered, the cross section remains 
symmetric with respect to the transverse axes, thus the bending and the torsional modes re-
main uncoupled. 

For further validation of the model, static deformation due to static forces are compared of 
both models, considering geometrical type of nonlinearity. Uniformly distributed forces are 
applied along the beam sides in both transverse and longitudinal directions. The results are 
summarized in Table 2. 

The results from both tables confirm that the implemented model for thin-walled tapered 
beams gives very close results to the same beam structure modeled with three-dimensional 
finite elements. This beam model, including the rotational terms will be used in the next sec-
tion. One should note that the beam model is not suitable for large rotations of the cross sec-
tion, thus the numerical experiments will be limited within the displacements presented and 
validated in Table 2. 

 
Mode Beam model Elmer Mode shape Difference % 
1 409.65 409.78 Bending xz 0.032 
2 514.74 514.97 Bending xy 0.045 
3 1725.87 1720.67 Bending xz 0.302 
4 2164.70 2160.70 Bending xy 0.185 
5 4266.60 4229.38 Bending xz 0.880 
6 5335.58 5304.70 Bending xy 0.582 
7 8004.81 7869.62 Bending xz 1.718 
8 9969.86 9857.35 Bending xy 1.141 
9 11449.33 11447.27 Torsion 0.018 
10 12913.34 12549.35 Bending xz 2.900 

Table 1: First 10 natural frequencies (rad/s) of thin-walled tapered cantilever beam, comparison of the beam 
model with Elmer. 

Total force [N] 
,௨ܨ) ,௩ܨ  ௪ሻܨ

Beam model Elmer model Difference %
v w v w v w 

(0, 0, 500) 0.0 0.104911 0.0 0.102897 - 1.92 
(0, 500, 500) 0.066618 0.105105 0.065180 0.102138 2.16 2.82 
(100, 0, 500) 0.0 0.089321 0.0 0.088223 - 1.23 
(100, 500, 500) 0.059885 0.089431 0.058982 0.087738 1.51 1.89 
(200, 0, 500) 0.0 0.078108 0.0 0.077448 - 0.84 
(200, 500, 500) 0.054517 0.078176 0.053776 0.077114 1.36 1.36 

Table 2: Comparison of static deformation (meters) on the free end of the cantilever beam, the applied force is 
uniformly distributed along the beam’s sides, v – transverse displacement in y direction, w – transverse dis-

placement in z direction. 
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4 NUMERICAL RESULTS 
In this section the numerical results of the thin-walled tapered beam rotating at constant 

speed are presented. First, the influence of the setting angle and the speed of rotation of the 
natural frequencies and mode shapes is discussed and then the nonlinear forced vibrations at 
time domain are presented. 

4.1 Free vibrations of rotating beams 
It is well known that the speed of rotation makes the beam stiffer and increases the natural 

frequencies [1-3], as well that the hub radios increases the natural frequencies of rotating 
beams. In this subsection, special attention is given to the influence of the setting angle on the 
natural frequencies. On Figure 3 is presented the variation of the first and second natural fre-
quencies with the speed of rotation and the setting angle. 

It should be pointed out that the transverse displacements ݒ଴ and ݓ଴ couple in the linear 
modes of rotating beams when the setting angle is different from zero or ݇ߨ 2⁄ , ݇ א Ժ (even 
though the cross section is symmetric). The coupling comes from the transport acceleration, 
i.e. from sub-matrices ܂ଶଷ and ܂ଷଶ, which are non-zero if the setting angle is different from 
ߨ݇ 2⁄ , ݇ א Ժ. On Figure 4 are presented the transverse components of the first linear mode of 
rotating beam with angular velocity ߴሶ ൌ 100 rad/s, for different setting angles. For value of 
the setting angle ߮ ൌ 0 rad or ߮ ൌ -଴ is excited and the vibraݓ rad, only the component of ߨ2
tion is perpendicular to the plane of rotations. i.e. the mode is flapwise. For setting angel 
߮ ൌ  ଴ is excited, but now it vibrates in the plane parallelݓ rad, also only the component of ߨ
to the plane of rotation i.e. it is lagwise mode. For all other values of the setting angel ߮, both 
components of the transverse displacements ݒ଴ and ݓ଴ are excited and the vibration is not 
fixed in a plane parallel or perpendicular to the plane of rotation. 

 

(a) (b) 

Figure 3. Variation of the (a) first and (b) second natural frequency with the speed of rotation and setting angle. 

ሶߴ ߮  

߱ଶ߱ଵ 

ሶߴ ߮
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(a) (b) 

Figure 4. Linear mode shapes of the beam rotating at angular speed 100 rad/s for various setting angles, (a) 
component of transverse displacement ݓ଴ , (b) component of transverse displacement ݒ଴ , ▬ ߮ ൌ 0, ߨ 2⁄ ,       ;ߨ
▬ ߮ ൌ േ ߨ 8⁄ , ▬ ߮ ൌ േ ߨ 4⁄ , ▬ ߮ ൌ േ ߨ3 8⁄ , negative setting angle results into component of transverse dis-
placement ݒ଴ with negative amplitude. 

4.2 Forced vibrations of rotating beams 
Forced vibrations in time domain due to harmonic excitations are presented and investi-

gated in this section for beams rotating with constant speed Ԃሶ ൌ 100 rad/s. An external force 
with amplitude 50 000 N and excitation frequency 425.25 rad/s is applied in Z direction of the 
fixed coordinate system, i.e. the force is perpendicular to the plane of rotation. A damping 
proportional to the linear stiffness matrix with ߚ ൌ 0.0001 is considered. The steady-state 
responses of the transverse displacements of the beam are presented for different setting an-
gles. 

(a) (b) 

Figure 5. Steady-state forced responses of the transverse displacements of the beam on the free end due to ex-
ternal force ܨ௓ ൌ 50000 cosሺ425.25 ݐሻ, ▬ ߮ ൌ 0, ▬ ߮ ൌ ߨ 8⁄ , ▬ ߮ ൌ π 4⁄ , Ԃሶ ൌ 100 rad/s, t – time, T – pe-
riod of vibration. 

On Figure 5, are shown the forced responses of the beam for three different setting angles: 
ߨ ,0 8⁄  and ߨ 4⁄ . It is noted that with changes of the setting angle, the force remains in the 

 ߦ ߦ

 ଴ݓ
଴ݒ

 ଴ݒ ଴ݓ

ݐ ܶ⁄ ݐ  ܶ⁄  
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same direction (perpendicular to the plane of rotation), and changes of the setting angle spread 
the external force in y and z directions in the transport coordinate system. It can be seen that 
for the three different setting angles, the amplitudes of vibration change slightly. Also, in the 
case of zero setting angle, φ ൌ 0, i.e. when the transverse force is applied only in z direction 
of the beam, the transverse displacement ݒ଴ is excited with amplitude similar to the transverse 
displacement ݓ଴. One could expect that for that case, φ ൌ 0, the transverse displacement ݒ଴ 
will be excited due to acceleration of Coriolis and it will vibrate with smaller amplitude in 
comparison to ݓ଴. Nevertheless, Figure 5 shows that the response amplitude of ݒ଴ is similar 
to the amplitude of ݓ଴. 

Further, to investigate the influence of the acceleration of Coriolis, the responses at time 
domain of the same example,  φ ൌ 0, but without Coriolis forces, were obtained and shown in 
Figure 6. The difference between the responses of the models with and without Coriolis forces 
is significant (Figure 6 (a)), it is also verified that the transverse displacement ݒ଴ is not ex-
cited, in the absence of Coriolis forces. It is concluded that the big amplitudes of the trans-
verse displacement ݒ଴, on Figure 5 (b) are related with loose of stability of the beam, due to 
interaction of both transverse modes. Even though when the external force is applied only in z 
direction (in the case φ ൌ 0), the transverse displacement ݒ଴ is excited, if there is small dis-
turbance (Figure 6 (b)). This phenomenon is due to symmetry-breaking bifurcation point, sim-
ilar bifurcation point, but for clamped-clamped beams was presented in [19]. In Figure 5, the 
small excitation of ݒ଴ comes from the Coriolis forces. Thus, the solution obtained when the 
acceleration of Coriolis is neglected on Figure 6 (a), corresponds to the unstable solution, 
which presents vibration in one plane (ݒ଴ is not excited). An unstable solution is obtained 
with time integration method, such as Newmark, because ݒ଴ is not excited and there is no 
coupling between both transverse displacements, and the problem to solve is two dimensional, 
where the symmetry-breaking bifurcation point does not exists. It was also verified that, for 
the current case, the Coriolis forces slightly change the response –Figure 6 (b). The significant 
difference of the phase of the transverse displacement ݒ଴ for φ ൌ 0, in comparison with the 
rest cases of the setting angle (Figure 5 (b)), is explained by the two stable branches which 
arise from the symmetry-breaking bifurcation point. 

(a) (b) 

Figure 6. (a) Steady-state forced responses of the transverse displacement ݓ଴ of the beam on the free end due 
to external force ܨ௓ ൌ 50000 cosሺ425.25 ݐሻ, ߮ ൌ 0, Ԃሶ ൌ 100 rad/s,  ▬ with Coriolis forces, ▬ without Cori-
olis forces, ▬ without Coriolis forces, but with initial disturbance of ݒ଴, (b) zoom of (a), t – time, T – period of 
vibration. 

 ଴ݓ ଴ݓ

ݐ ܶ⁄ ݐ  ܶ⁄  

zoom 
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Finally, a discussion about the equality of the amplitudes of vibration for the different set-
ting angles is presented. One could expect that increasing the setting angle will decrease the 
amplitude of ݓ଴ and will increase the amplitude of ݒ଴, because the external force is decreased 
in z direction and it is increased in y direction (for 0 ൑ ߮ ൑ ߨ 2⁄ ). However, the amplitudes 
remain similar. It is because of the nonlinear terms and the fact the excitation frequency re-
mains the same, i.e. in nonlinear vibrations the amplitude depends on the frequency of vibra-
tion [20]. This is not true for linear vibrations and the influence of the setting angle on the 
amplitude of vibration can be seen on Figure 7. 

(a) (b) 

Figure 7. (a) Steady-state forced responses of the transverse displacements ݓ଴ and ݒ଴ of the linear beam 
model on the free end due to external force ܨ௓ ൌ 50000 cosሺ425.25 ݐሻ, Ԃሶ ൌ 100 rad/s, ▬ ߮ ൌ 0, ▬ ߮ ൌ ߨ 8⁄ , 
▬ ߮ ൌ π 4⁄ , t – time, T – period of vibration. 

5 CONCLUSION 
Nonlinear vibrations of rotating beams due to harmonic excitations were investigated. First 

a model of 3D beams rotating at constant speed about a fixed axis was presented, a setting 
angle and hub radios ware included in the model. The equation of motion was derived in the 
rotating coordinate system, and the rotation was taken into account by the inertia forces. Then, 
it was shown how the cross section was modeled and the tapered ratio considered in the equa-
tion of motion. 

The beam model was validated by generating an equivalent beam structure with three-
dimensional finite elements. The natural frequencies and the static deformations, of non-
rotating beam, were compared and it was demonstrated that the reduced model gives results in 
agreement with the large-scale model. It should be outlined, that the reduced model is suitable 
for problems where the cross section does not change in its own plane and the rotations of the 
cross section about the transverse axes are moderate. 

Thin-walled box beams with linearly varying thickness and width were investigated. The 
influence of the speed of rotation and the setting angle on the natural frequencies was pre-
sented. It was shown that in linear free vibrations, both transverse displacements are coupled, 
for values of the setting angle different from zero, due to the inertia forces, which result from 
the rotation. 

Nonlinear forced steady-state responses were examined for different setting angles. The 
amplitude of vibration changes slightly with the setting angle, due to the geometrical nonli-
near terms, while in linear models this change is significant. Steady-state responses which 

଴ݒ ଴ݓ

ݐ ܶ⁄ ݐ  ܶ⁄  
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correspond to the stable branches which arise from symmetry-breaking bifurcation point were 
obtained and presented. 
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APPENDIX 
In this appendix the matrices and vectors that result from the transport acceleration and ac-

celeration of Coriolis are presented. The transport acceleration results in the following matrix 
and vector: 

,ܙ൫܂ Ԃሶ ൯ ൌ

ۏ
ێ
ێ
ێ
ێ
ۍ
૚૚܂ ૙ ૙ ૙ ૙ ૙
૙ ૛૛܂ ૛૜܂ ૙ ૙ ૙
૙ ૜૛܂ ૜૜܂ ૙ ૙ ૙
૙ ૙ ૙ ૝૝܂ ૙ ૙
૙ ૙ ૙ ૙ ૞૞܂ ૙
૙ ૙ ૙ ૙ ૙ ے૟૟܂

ۑ
ۑ
ۑ
ۑ
ې

 

൫Ԃሶ܀ ൯ ൌ

ە
ۖ
۔

ۖ
ۓ

૚܀
૙
૙

૝܀
૙
૙ ۙ

ۖ
ۘ

ۖ
ۗ

 

where 

૚૚܂ ൌ െԂሶ ሺݐሻଶ ߩ න ܸ݀ ܝۼ Tܝۼ
௏

 

૛૛܂ ൌ െԂሶ ሺݐሻଶ ߩ cos ߮ଶ න ܸ݀ ܞۼ Tܞۼ
௏

 

૛૜܂ ൌ Ԃሶ ሺݐሻଶ ߩ cos ߮ sin ߮ න ܸ݀ ܟۼ Tܞۼ
௏

 

૜૛܂ ൌ Ԃሶ ሺݐሻଶ ߩ cos ߮ sin ߮ න ܸ݀ ܞۼ Tܟۼ
௏

 

૜૜܂ ൌ െԂሶ ሺݐሻଶ ߩ sin ߮ଶ න ܸ݀ ܟۼ Tܟۼ
௏

 

૝૝܂ ൌ Ԃሶ ሺݐሻଶ ߩ ሺcos ߮ଶ െ sin ߮ଶሻ නሺݕଶ െ ܠીۼ ଶሻݖ
T

ܸ݀ܠીۼ 
௏

൅ 

൅Ԃሶ ሺݐሻଶ ߩ cos ߮ sin ߮ නሺݖଶ െ ܠીۼ ଶሻݕ
T

ܸ݀ ௫ߠ ܠીۼ 
௏

െ Ԃሶ ሺݐሻଶ ߩ න ߰ଶ dۼીܠ
T

dݔ
dۼીܠ

dݔ
ܸ݀

௏
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૞૞܂ ൌ െԂሶ ሺݐሻଶ ߩ න ܡ૖ۼ ଶݖ 
T

ܸ݀ ܡ૖ۼ
௏

 

૟૟܂ ൌ െԂሶ ሺݐሻଶ ߩ න ܢ૖ۼ ଶݕ 
T

ܸ݀ ܢ૖ۼ
௏

 

૚܀ ൌ Ԃሶ ሺݐሻଶ ߩ නሺܴ ൅ ܸ݀ Tܝۼ ሻݔ
௏

 

૝܀ ൌ Ԃሶ ሺݐሻଶ ߩ cos ߮ sin ߮ නሺെݕଶ ൅ ܠીۼ ଶሻݖ
T

 ܸ݀
௏

 

The acceleration of Coriolis results in the following matrix: 

,ܙ൫܀۱ Ԃሶ ൯ ൌ

ۏ
ێ
ێ
ێ
ێ
ۍ

૙ ૚૛܀۱ ૚૜܀۱ ૙ ૙ ૙
૛૚܀۱ ૙ ૙ ૙ ૙ ૙
૜૚܀۱ ૙ ૙ ૙ ૙ ૙

૙ ૙ ૙ ૙ ૝૞܀۱ ૝૟܀۱
૙ ૙ ૙ ૞૝܀۱ ૙ ૙
૙ ૙ ૙ ૟૝܀۱ ૙ ૙ ے

ۑ
ۑ
ۑ
ۑ
ې

 

where 

૚૛܀۱ ൌ െ2 Ԃሶ ሺݐሻ ߩ cos ߮ න ܸ݀ ܞۼ Tܝۼ
௏

 

૚૜܀۱ ൌ 2 Ԃሶ ሺݐሻ ߩ sin ߮ න ܸ݀ ܟۼ Tܝۼ
௏

 

૛૚܀۱ ൌ 2 Ԃሶ ሺݐሻ ߩ cos ߮ න ܸ݀ ܝۼ Tܞۼ
௏

 

૜૚܀۱ ൌ െ2 Ԃሶ ሺݐሻ ߩ sin ߮ න ܸ݀ ܝۼ Tܟۼ
௏

 

૝૞܀۱ ൌ െ2 Ԃሶ ሺݐሻ ߩ cos ߮ න ܠીۼ  ଶݖ
T

ܸ݀ ܡ૖ۼ 
௏

൅ 2 Ԃሶ ሺݐሻ ߩ sin ߮ න ܠીۼ  ଶݖ
T

ܸ݀ ௫ߠ ܡ૖ۼ 
௏

 

૝૟܀۱ ൌ 2 Ԃሶ ሺݐሻ ߩ sin ߮ න ܠીۼ  ଶݕ
T

ܸ݀ ܢ૖ۼ 
௏

൅ 2 Ԃሶ ሺݐሻ ߩ cos ߮ න ܠીۼ  ଶݕ
T

ܸ݀ ௫ߠ ܢ૖ۼ 
௏

 

૞૝܀۱ ൌ 2 Ԃሶ ሺݐሻ ߩ cos ߮ න ܡ૖ۼ ଶݖ
T

ܸ݀ ܠીۼ 
௏

െ 2 Ԃሶ ሺݐሻ ߩ sin ߮ න ܡ૖ۼ ଶݖ
T

ܸ݀ ௫ߠ ܠીۼ 
௏

 

૟૝܀۱ ൌ െ2 Ԃሶ ሺݐሻ ߩ sin ߮ න ܢ૖ۼ ଶݕ
T

ܸ݀ ܠીۼ 
௏

െ 2 Ԃሶ ሺݐሻ ߩ cos ߮ න ܢ૖ۼ ଶݕ
T

ܸ݀ ௫ߠ ܠીۼ  
௏
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