
COMPDYN 2013 
4th ECCOMAS Thematic Conference on 

Computational Methods in Structural Dynamics and Earthquake Engineering 
M. Papadrakakis, V. Papadopoulos, V. Plevris (eds.) 

Kos Island, Greece, 12–14 June 2013 

ON OPTIMUM DESIGN AND PERIODICITY OF BAND-GAP 
STRUCTURES 

Niels Olhoff1, Bin Niu1, and Gengdong Cheng2 

1 Department of Mechanical and Manufacturing Engineering, Aalborg University,  
Fibigerstraede 16, DK-9220 Aalborg East, Denmark 

e-mail: {no, bni}@m-tech.aau.dk 

2 State Key Laboratory of Structural Analysis for Industrial Equipment,  
Dalian University of Technology, 116024 Dalian, China 

chenggd@dlut.edu.cn 

Keywords: Band-gap Structures, Optimum Eigenfrequency Gap, Periodic Structures. 

Abstract. A band-gap structure usually consists of a periodic distribution of elastic materials 
or segments, where the propagation of waves is impeded or significantly suppressed for a 
range of external excitation frequencies. Maximization of the band-gap is therefore an obvi-
ous objective for optimum design. This problem is sometimes formulated by optimizing a pa-
rameterized design model which assumes periodicity in the design. However, it is shown in 
the present paper that such an a priori assumption is not necessary since, except for regions 
adjacent to the structural boundaries, the maximization of the band-gap alone, generally 
leads to significant design periodicity. 

 This paper extends earlier optimum shape design results for transversely vibrating Ber-
noulli-Euler beams by determining new optimum band-gap beam structures for (i) different 
combinations of classical boundary conditions, (ii) much larger values of the orders n (n>1) 
and n-1 of adjacent upper and lower eigenfrequencies of maximized band-gaps, and (iii) dif-
ferent values of a minimum beam cross-sectional area constraint. 

In the present paper, instead of maximizing band-gaps between frequencies of propagat-
ing waves or forced vibrations excited by external time-harmonic loads, the closely related 
problem of maximizing the gap between two adjacent eigenfrequencies ωn and ωn-1  of any 
given consecutive orders n (n>1) and n-1, is considered. This is justified by the fact that ex-
ternal time-harmonic dynamic loads cannot excite resonance with high vibration levels of 
standing waves, if the eigenfrequencies of the structure are moved outside the range of the 
external excitation frequencies by the optimization. 

Finally, the present study shows that if an infinite beam structure is constructed by re-
peated translation of an inner beam segment obtained by the aforementioned frequency gap 
optimization, then a band-gap of traveling waves in this infinite beam is found to correlate 
almost perfectly with the maximized frequency gap in the finite structure. 
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1 INTRODUCTION 
A band-gap structure can quench vibrations and significantly suppress the propagation of 

waves for a certain range of frequencies. Such a frequency range is termed a band-gap or 
stop-band. The phenomenon may occur for elastic, acoustic or electromagnetic waves, see 
Refs. [1-6]. Except for regions close to the boundaries, a band-gap structure usually consists 
of a periodic distribution of different elastic materials, or repeated identical segments if a 
single elastic material is prescribed for the structure. Due to a wealth of potential applications 
in vibration protection, noise isolation, waveguiding, etc., the study and development of band-
gap rod, mass-spring, beam, grillage, disk and plate structures, in most cases by topology 
optimization, have attracted increasing attention in recent years, see e.g. [5,7-18]. 
Elastodynamics of finite or infinite periodic 1D rod or beam structures has been studied in [6, 
19-21]. Comparisons between Floquet theory ([1]) based unit cell analysis of a band structure 
and the vibration response analysis of the corresponding finite periodic structure, are present-
ed in [22] for one-dimensional diatomic chains of uncoupled spheres and in [14] for 1D rod 
structures, respectively.  

The problem of design optimization of various types of structures for maximum value of 
a natural frequency or maximum gap between two adjacent natural frequencies is extensively 
studied, see, e.g., [23-27] for shape optimization of beam structures, and reference may be 
given to, e.g., [12,15,16,28,29] for topology optimization of continuum structures, and to [30] 
for two-scale topology optimization of continuum structures with microstructures. An abun-
dance of other references is available in the exhaustive textbook [31]. The problem of 
minimization of forced vibration response of structures subjected to external time-harmonic 
loading has been studied in, e.g., [7,17,29,32-34]. 

The present paper is based on recent work [35]. Instead of maximizing band-gaps 
between frequencies of propagating waves or forced vibration excited by external time-
harmonic loads, we shall consider the closely related problem of maximizing the gap (also 
called the separation or difference) between two adjacent natural frequencies (synonym: 
eigenfrequencies) of free vibration modes (synonym: eigenmodes) of appropriate orders. Note 
that external time-harmonic dynamic loads cannot excite resonance phenomena with high 
vibration levels associated with standing waves, if the eigenfrequencies of the structure are 
moved outside the range of the excitation frequencies of the dynamic loading by the design 
optimization. We demonstrate that maximization of the frequency gap leads to significant 
design periodicity. Moreover, the present paper also shows that if an infinite beam structure is 
constructed by repeated translation of an inner beam segment obtained in the frequency gap 
optimization above, a band-gap of traveling waves within this infinite periodic beam matches 
very well with the maximized frequency separation. Thus, the problem of maximizing band-
gaps between frequencies of standing or propagating waves can be solved by considering the 
problem of maximizing the separation between two adjacent eigenfrequencies of free 
vibration modes of given order. 

To the authors’ best knowledge, Refs. [24,26,27] were the first publications on problems 
of optimizing vibrating structures for maximum frequency gap – albeit the term difference (or 
separation) between adjacent natural frequencies (eigenfrequencies) was used rather than the 
term frequency gap in these papers. 

As in the current paper, the structures considered in the papers just cited are thin, elastic, 
transversely vibrating Bernoulli-Euler beams without damping, and the problems are 
considered in non-dimensional form. The beams are subjected to shape optimization with the 
cross-sectional area function as design variable, and no assumption of periodicity is imposed. 
The cross-sections are assumed to be geometrically similar (e.g. circular), and the total 
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volume, length and boundary conditions of the beams are assumed to be given. 
In fact, Ref. [24] considers the problem of optimizing Bernoulli-Euler beams with any 

combination of free, simply supported or clamped ends for maximum value of an 
eigenfrequency nω  of any prescribed order n, n = 1, 2, 3, …., (see also Section 2), without 
specifying a minimum constraint for the variable cross-sectional area, thereby allowing 
vanishing cross-section of the optimized beams. The latter implies that a beam optimized with 
respect to a higher-order eigenfrequency nω  (n >1) will turn out to possess n-1 degrees of 
inner kinematic freedom to perform rigid-body motions due to the formation of points of 
vanishing beam cross-section. At these points, either inner beam separations with both zero 
shear force and bending moment, or inner hinges of zero bending moment (but finite shear 
force) are created in such a way that all the n-1 rigid-body eigenfrequencies 1ω ,…., 1−nω  
below the maximized n-th eigenfrequency nω  reduce to zero. 

Thus, without the specification of a minimum cross-sectional area constraint, [24] 
presents results that simultaneously constitute solutions to the problem of maximizing the n-th 
eigenfrequency nω  and the problem of maximizing the gap nω - 1−nω  between the n-th and the 
(n-1)-th eigenfrequencies of the beams. It should be borne in mind that these solutions must 
be considered as optimum, limiting solutions from the point of view of practical design. 

In [24], the governing equations are derived by the calculus of variations and solved 
numerically by a successive finite difference technique based on a formal integration of the 
problem for relatively low values of the given order n of the eigenfrequency nω . For any 
higher value of n, the inner beam separations make it possible to solve very easily the 
maximum nω  and the maximum nω - 1−nω  problems (including the determination of the 
corresponding optimum beam designs) with the aid of a very simple quasi-analytical method 
of “Scaled Optimum Beam Elements” developed in [24]. Thus, it may be stated that for 
beams with any combination of the classical beam end boundary conditions mentioned above, 
the optimum solutions corresponding to any given value of n are presented in [24]. These 
early frequency gap beam results clearly show that already starting at moderate values of n, 
say n=5, the optimum beam designs exhibit a periodicity that increases significantly with 
increasing values of n. 

In contrast to the paper just discussed, a minimum cross-sectional area constraint 
(prohibiting creation of inner beam separations and hinges), was taken into account in the 
follow-up papers [26,27] which present two slightly different mathematical formulations of 
the problem of directly maximizing the eigenfrequency gap nω - 1−nω  for cantilever beams. 
The beams are optimized with and without attached non-structural masses, and numerical 
results are presented for values of n up to 5. 

The present paper aims to highlight and extend design results obtained in [24, 26,27] by 
determining and presenting new optimum frequency gap beam structures in non-dimensional 
form for (i) different combinations of classical boundary conditions, (ii) much larger values of 
the orders n and n-1 of the adjacent upper and lower eigenfrequencies of maximized 
frequency gaps, and for (iii) different values of a positive minimum cross-sectional area 
constraint. The new results are obtained by finite element and gradient based optimization 
using analytical sensitivity analysis. The new solutions are compared with corresponding 
limiting optimum solutions obtained without minimum cross-sectional area constraint by 
usage of the aforementioned method of “Scaled Optimum Beam Elements” developed in [24]. 

The remainder of this paper is organized as follows. First, the optimization formulation of 
maximizing gaps between adjacent eigenfrequencies is presented in Section 2. Section 3 
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presents sensitivity analysis results and an incremental numerical procedure for solutions of 
the optimization problems. In Section 4, several numerical examples are presented and 
discussed. Section 5 contains a discussion of interesting characteristics of the problem when 
considered in geometrically unconstrained form. In Section 6, a repeated inner segment of the 
optimized beam is analyzed via Floquet theory and the waveguide finite element (WFE) 
method to identify the pass-bands and stop-bands of traveling waves. Subsequently, forced 
vibration of the optimized beam subjected to an external time-harmonic excitation is 
performed to study the vibration filter effect of the optimized periodic beam. Finally, 
observations and conclusions are drawn based on the optimization results. 

2 FORMULATION FOR MAXIMIZING GAPS BETWEEN ADJACENT 
EIGENFREQUENCIES FOR BEAM STRUCTURES 

Bernoulli-Euler beams of given length L, and volume V  are considered for the frequency 
gap optimization problem, where only free, transverse vibration frequencies (eigenfrequencies) 
and associated modes (eigenvectors) are included. The beams are made of a linearly elastic 
material with Young’s modulus E  and mass density γ , and have variable, but geometrically 
similar (e.g., circular) cross-sections with the relation 2I cA=  between the area moment of 
inertia I  and the cross-sectional area A . The constant c  is given by the cross-sectional 
geometry. 

By introducing a dimensionless coordinate , 0 1x X L x= ≤ ≤  and cross-sectional area 
function ( ) ( )x A x L Vα =  along the beam, the dimensionless n-th eigenvalue nλ  ( 2

n nλ ω= , 

where nω  is the dimensionless circular eigenfrequency) associated with free, transverse 
vibrations takes the form [24]  
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n n
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where nω  is the dimensional n-th circular eigenfrequency of the given beam. 
In a dimensionless finite element setting where the non-dimensional length and volume 

of the beam are both assigned unit value, the problem of design optimization with the 
objective of maximizing the gap between two adjacent frequencies  nω  and 1nω −  of given 
orders n and n-1, can be formulated as follows:  
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Here, jω  and jφ  are the dimensionless j-th eigenfrequency and corresponding eigenvector, 

respectively, and ( )2ω∆  is the difference between the squares of two consecutive 
eigenfrequencies of given orders n and n-1 (n = 2, 3, …). In Eq. (2b), K  and M  are 
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symmetric positive definite global stiffness and mass matrices (with corresponding element 
matrices available in [36]) of the generalized structural eigenvalue problem for the vibrating 
beam structure. Thus, the J candidate eigenfrequencies ( J n> ) considered in the optimization 
problem will all be real and can be ordered as follows by magnitude:  

 1 20 Jω ω ω< ≤ ≤ ≤  (3) 

Eq. (2c) imposes the conditions of M  orthonormalization of the corresponding eigenvectors, 
where jkδ  denotes Kronecker’s delta. 

The dimensionless optimization problem (2) is discretized by subdividing the beam into 
EN  finite elements of equal lengths el = 1/ EN  with individual cross-sectional areas 

( )1, ,e Ee Nα =  , which play the role as design variables of the discretized problem. Hence, 
Eq. (2d) expresses the non-dimensional (unit) volume constraint for the problem, and in Eq. 
(2e) a positive minimum cross-sectional area constraint value minα  is prescribed for the design 
variables ( )1, ,e Ee Nα =  . The value of minα is to be chosen less than the mean (unit) value 
of the cross-sectional area of the dimensionless beam, and larger than zero to avoid singularity 
of the stiffness matrix. 

Using an extended bound formulation, cf. [37,38,12], the original optimization problem 
in Eq. (2) can be reformulated as in Eq. (4) where two scalar variables 1β  and 2β  are 
introduced. These scalar variables denote the upper and lower bound parameters in the 
constraint equations (4b) and (4c), respectively, and at the same time the difference between 
them in the objective function will be maximized.  
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,  (4) 

It is emphasized that the two bound variables 1β  and 2β  serve as design variables 
together with the cross-sectional areas. The bound formulation is convenient for handling of 
difficulties concerning multiple eigenfrequencies. To accommodate the possibility of 
existence or creation of multiple eigenfrequencies, sensitivity results for multiple 
eigenfrequencies are needed (see, e.g., [15,39] for an overview and papers cited therein), and 
the results will be briefly presented in the next section. 
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3 INCREMENTAL FORMULATION BASED ON SENSITIVITY RESULTS FOR 
SIMPLE AND MULTIPLE EIGENFREQUENCIES 
The following brief account lends itself to Refs. [15,16]. 

3.1 Sensitivity results for simple eigenfrequencies 

If the j-th eigenfrequency is simple (unimodal), the corresponding eigenvector jφ  is 
unique (up to a multiplying factor) and the eigenfrequency will be differentiable with respect 
to the design variables eα . The derivative of the j-th eigenvalue 2

j jλ ω=  with respect to a 

design variable eα  is given in [40], 

 , 1, ,j T
j j j E

e e e

e N
λ

λ
α α α
∂  ∂ ∂

= − = ∂ ∂ ∂ 

K M
φ φ . (5) 

Here the derivatives of the dimensionless, global matrices K  and M  can be calculated 
explicitly from the element stiffness and mass matrices in [36]. If all the design variables are 
changed simultaneously, the linear increment jλ∆  of the simple eigenvalue 2

jj ωλ =  is given 
by the scalar product 

 T
j jλ λ∆ = ∆∇ α , (6) 

where { }1, ,
E

T

Nα α∆ = ∆ ∆α   is the vector of changes of the design variables 

( )1, ,e Ee Nα =   and  
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K M K M
∇ φ φ φ φ , (7) 

is the vector of sensitivities (or gradients) of the eigenvalue jλ  with respect to the design var-
iables. 

3.2 Sensitivity results for multiple eigenfrequencies 
If eigenfrequencies are multiple, they are not differentiable with respect to design 

variables in the usual sense. The difficulty is that any linear combination of the eigenvectors 
corresponding to a multiple eigenfrequency will satisfy the generalized eigenvalue problem 
(2b) and (4d), which implies that the eigenvectors are not unique. Hence, Eqs. (5)-(7) are not 
valid for multiple eigenfrequencies, and the derivation of design sensitivities of such 
eigenvalues is much more cumbersome, see, e.g. [15,16,39,41]. 

Our interest in multiple eigenfrequencies in the present context is due to the possibility 
that, as accounted for by the bound technique in Eqs. (4a-c), the upper eigenfrequency nω and 
lower eigenfrequency 1−nω  of the gap nω - 1−nω  may be increased and decreased, respectively, 
to such an extent that one or both of them become multiple. 

Thus, let us assume that the solution to the generalized, M-orthonormalized eigenvalue 
problem, Eqs. (2b,c) and Eqs. (4d,e) included in the optimization problems (2) and (4), yields 
a N-fold multiple eigenfrequency as the upper eigenfrequency of the gap to be maximized. 
The corresponding eigenvalue λ~ , 
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 1,,,~ 2 −+=== Nnnjjj ωλλ  (8) 

will then be associated with the N (N > 1) eigenfrequencies jω with the lowest subscripts j 
appearing in the bound constraint (4b) in terms of 2β  which will be active for each of the 
above values of  j  =  n, …, n + N – 1.  In Eqs. (4) and (8) we shall assume JNn <−+ 1 , i.e., 
that the total number J of eigenfrequencies (counted with multiplicity) considered in problem 
(4) is chosen such that the J-th eigenfrequency Jω  is larger than the multiple eigenfrequency 

corresponding to λ~  in Eq. (8). 
Analogously, the orthonormalized eigenvalue problem (2b,c) and (4d,e) contained in 

problems (2) and (4) may yield an R-fold multiple eigenfrequency as the lower 
eigenfrequency of the gap. The corresponding eigenvalue λ̂ , 

      1,,,ˆ 2 −−=== nRnjjj ωλλ , (9) 

is then associated with the R (R>1) eigenfrequencies jω  with the largest subscripts  j  includ-
ed in the bound constraint (4c) in terms of 1β  which will be active for each of the values of  j  
=  n - R, …, n – 1 in Eq. (9). In this case we shall assume that Rn −≤1 . 

Now, following [15,16,39] one finds that both for the upper (possibly N-fold) and lower 
(possibly R-fold) eigenfrequency of the gap, the increments 2( )j jλ ω∆ = ∆  of the N and R 

members jλ  of the multiple eigenvalue  λ~  in Eq. (8) and λ̂  in Eq. (9), respectively, are given 
by the N- respectively R-dimensional algebraic sub-eigenvalue problem 

 2det Δ( ) 0T
sk skδ ω ∆ − = f α , (10) 

where δsk is Kronecker’s delta, and fsk denote generalized gradient vectors of the form 

 
1 1

, ,
E E

T T T
sk s j k s j k

N N

λ λ
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K M K Mf φ φ φ φ . (11) 

Note that both in Eqs. (10) and (11), , , , 1s k n n N= + −  relate to a N-fold upper 
eigenfrequency of the gap, cf. Eq. (8),  and , , , 1s k n R n= − −  pertain to an R-fold lower 
eigenfrequency of the gap, see Eq. (9). 

According to the definition in Eq. (11), each fsk is a NE-dimensional vector, and T
sk∆f α  in 

Eq. (10) is a scalar product for each s,k = n, …, n + N – 1 in the N-dimensional, and each 
, , , 1s k n R n= − −  in the R-dimensional, matrix in Eq. (10).  The label ‘generalized gradient 

vector’ for fsk becomes apparent when comparing Eq. (11) with the expression for the gradient 
vector jλ∇  of a simple eigenvalue jλ  in Eq. (7). Note also that fsk = fks due to the symmetry 
of the matrices K and M, and that the two subscripts s and k refer to the orthonormalized 
eigenvectors from which fsk is calculated. 

As one may expect, for N = 1, i.e., j = s = k = n, Eqs. (8) and (10) verify that the upper 
eigenfrequency of the gap corresponds to the simple (unimodal) eigenvalue 2

nn ωλ = . In this  
case, Eq. (10) reduces to the simple algebraic equation 

 Δ 0T
nn nλ∆ − =f α , (12) 

where, according to Eqs. (6),  (11) and (7), we have 
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 nn nλ=f ∇ , (13) 

i.e., nnf  is simply the vector of sensitivities of the unimodal eigenvalue 2
nn ωλ =  with respect 

to the design variables eα , e = 1, …, NE, cf. Eqs. (5) and (7). 
Analogously, for R=1, i.e., j = s = k = n – 1, Eqs. (9) and (10) verify that the lower 

eigenfrequency of the gap corresponds to the simple eigenvalue 2
1 1n nλ ω− −= . 

These observations have the important implication that the computational procedure 
delineated in the sequential sub-section is applicable independently of whether the upper 
and/or lower eigenfrequencies that define the gap, are members of a multiple eigenfrequency 
or are just a simple eigenfrequency. 

3.3 Incremental formulation of the optimization problem 
Based on the sensitivity analysis results in Sub-sections 3.1 and 3.2, the bound 

formulation of the optimization problem in Eq. (4) can be written in the following incremental 
form: 
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(14) 

Referring to the algebraic sub-eigenvalue problem in Eq. (10), the solutions of Eqs. 
(14f,g) correspond to the increments of the upper (possibly N-fold) and lower (possibly R-
fold) eigenfrequency of the gap, respectively. These increments 2( )jω∆  will enter respectively 
the upper and lower bound constraints Eqs. (14c,d) for the incremented multiple 
eigenfrequencies. In fact, Eqs. (14f,g) establish a relation between the independent variable 
increment vector ∆α  and the dependent variables 2( )jω∆ . The incremental formulation in Eq. 
(14) solves a sub-optimization problem that furnishes optimum values of increments of the 
design variables. Then, the design variables are updated by iterative addition of the 
increments obtained until convergence, see [15] with a publisher’s erratum [16] for further 
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details on this two-loop iterative procedure. 
With the sensitivity results, the sub-optimization problem in Eq. (14) can be solved by 

using a mathematical programming method, e.g., MMA (see Ref. [42]). Alternatively, instead 
of the constraints in Eqs. (14f,g), ( )1 2N N −  and ( )1 2R R −  constraints 0,T

sk s k∆ ≠f =α , 
respectively, may be introduced for the 2β - and 1β -bound constraints, such that it is possible 
to compute the linear increments of both simple and multiple eigenvalues by the same, simple 
expression  

 ( )2 T
j jjω∆ = ∆f α , (15) 

where , , 1j n n N= + −  for active 2β -bound constraints, and , , 1j n R n= − −  for active 

1β -bound constraints. In the present paper, the approach of introducing the constraints 
0,T

sk s k∆ ≠f =α  is used for solving the sub-optimization problem. Further details of this 
approach are available in [43].  

As mentioned in the end of the preceding sub-section, the formulation in Eq. (14) is 
applicable for problems with any mix of multiple and simple eigenfrequencies. Notice that if 
N and R are equal to unity, Eqs. (14f,g) reduce to the pertinent single algebraic equation for 
the increment of a simple eigenfrequency. 

4 NUMERICAL EXAMPLES 

4.1 Cantilever beams 
Here, examples of cantilever beam designs for maximized higher order natural frequency 

(eigenfrequency) gaps ( )3 3 2ω ω ω∆ = − , ( )4 4 3ω ω ω∆ = − , ( )9 9 8ω ω ω∆ = − , 

( )10 10 9ω ω ω∆ = − , ( )19 19 18ω ω ω∆ = −  and ( )20 20 19ω ω ω∆ = −  will be presented. For reasons 
of accuracy, an initial finite element study was carried out to ensure that calculated natural 
frequencies were convergent with respect to the number of elements applied along the length 
of the beam. Based on this study, 200 elements were adopted for the first two beam designs, 
and 1000 elements for the last four designs where relatively higher order natural frequencies 
are considered. The optimized beam designs are shown in Figs. 1, 2, 3(b), 4(d), 6(b) and 7(b). 
Each of these and subsequent designs in this paper are illustrated to suitable scale by their 
shape (contour) curves ( )xα± , 0 1x≤ ≤ , after calculation of their linear dimensions eα±  

perpendicular to the beam axis. A lower limit minα =0.05 is prescribed for the non-dimensional 
cross-sectional area in all the examples presented in the present and the two sequential sub-
sections.  

In order to have a convenient reference for evaluation and discussion of the optimization 
results, we choose a non-dimensional comparison beam with uniform cross-section and the 
same material, boundary conditions, (unit) volume, (unit) length, and cross-section parameter 
c as the optimized non-dimensional beams. The gap between the n-th and (n-1)-th natural 
frequencies of this uniform beam is denoted as u

nω∆ , and for the frequency gaps to be 
considered here, we find that 3

uω∆ =39.66, 4
uω∆ =59.20, 9

uω∆ =157.91, 10
uω∆ =177.65, 

19
uω∆ =355.31, and 20

uω∆ = 375.04. 
The corresponding frequency gaps obtained by optimization are significantly larger. Thus, 

the optimized cantilever beam designs in Figs. 1, 2, 3(b), 4(d), 6(b) and 7(b) have the 
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following frequency gaps, 3ω∆ =129.72, 4ω∆ =195.15, 9ω∆ =1144.81, 10ω∆ =1332.25, 

19ω∆ = 5141.39 and 20ω∆ = 5542.40. 
The designs optimized for maximum frequency gaps 3ω∆ and 4ω∆ subject to minα =0.05 

in Figs. 1 and 2, respectively, are almost indistinguishable from optimum designs obtained 
and illustrated in Ref. [24] for the similar problems of maximizing the higher order natural 
frequencies 3ω  and  4ω  without a minimum constraint for the cross-sectional area of the 
beams; compare Figs. 1 and 2 in the present paper with Figs. 5 and 6 in [24], where the latter 
type of problem is treated. The designs in Figs. 1 and 2 are both obtained by using the 
uniform comparison beam as an unbiased initial design. 

As a matter of fact, the number of local optimum designs increases with increasing values 
of the orders n and n-1 of the eigenfrequencies that define the frequency gap to be maximized, 
and with the small lower limit minα =0.05 prescribed for the cross-sectional area in the current 
examples, it turned out that for values of n > 4, possible optimum designs could no longer be 
obtained by using the uniform comparison beam as an initial design for the iterative 
computational procedure. Now, in order to obtain presumed optimum designs maximizing the 
frequency gap nω∆ , for given values of n > 4, we assumed  – as was found for the cases of 
maximizing the frequency gaps 3ω∆ and 4ω∆ described above – that the design subject to the 
minimum allowable cross-sectional area minα =0.05 would be very similar to the design solu-
tion to the problem of maximizing the higher order natural frequency nω  without specifica-
tion of a minimum cross-sectional area constraint (which, in the current context, corresponds 
to setting minα =0). As already indicated in the Introduction, the latter type of problem is quite 
extensively covered in Ref. [24], and in Section 5 of the present paper it is briefly described 
how the “Method of Scaled Optimum Beam Elements” developed in [24] may be used to de-
termine the design of a vibrating cantilever beam that maximizes an eigenfrequency of given, 
higher order when minα =0. 

We shall now present examples of optimizing cantilever beam designs for maximum val-
ues of the natural frequency gaps 9ω∆ , 10ω∆ , 19ω∆  and 20ω∆  subject to the minimum cross-
sectional area constraint value minα =0.05, i.e., examples where the possible optimum beam 
designs could not be obtained by applying the uniform comparison beam as an initial design 
in the iterative computational procedure presented in this paper. 

Thus, in order to obtain the presumed optimum design maximizing the frequency gap 
9ω∆  subject to minα =0.05, shown in Fig. 3(b), we applied a biased initial design which was 

very similar to the optimized design obtained by application of the “Method of Scaled Opti-
mum Beam Elements” [24] as described in Section 5 by way of the example of maximizing 
the 9-th natural frequency of a transversely vibrating cantilever with inner points of zero 
cross-sectional area and beam separation (due to minα =0). The design obtained by this ap-
proach was only modified by changing the cross-sectional area to be nowhere less than the 
value of minα , i.e., minα =0.05, before it was applied as a biased initial design for the maximiza-
tion of 9ω∆  subject to this constraint value. 

The resulting optimized design in Fig. 3(b) distinctly exhibits periodicity. The two natural 
frequencies defining the gap 9ω∆  are both unimodal, but very close to neighbouring 
frequencies. The maximized frequency gap 9ω∆  of the design, cf. the caption of Fig. 3(b), is 
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found to be substantially larger than the corresponding frequency gap obtained when using the 
uniform comparison beam as an initial design for the optimization. This may indicate that the 
design in Fig. 3(b) is the “best” optimum solution to the problem considered. Fig. 3(a) shows 
to suitable scale the free vibration modes ( )9 xφ  and ( )8 xφ  corresponding to the normalized 
and mutually orthogonal mode shape vectors 9φ  and 8φ  associated with the eigenfrequencies 

9ω and 8ω  that define the maximized frequency gap ( )9 9 8ω ω ω∆ = −  of the presumed opti-
mum design in Fig. 3(b). 

 

 
Figure 1: Cantilever with maximized frequency gap 3ω∆ = 129.72. 3

uω∆ =39.66 for the comparison design 

 
Figure 2: Cantilever with maximized frequency gap 4ω∆ =195.15. 4

uω∆ =59.20 for the comparison design 

 
(a) 

 
(b)   

Figure 3: Cantilever with maximized frequency gap 9ω∆ =1144.81. 9
uω∆ =157.91 for the comparison design. (a) 

Mode shapes, (b) Optimized design 

 
With a view to obtain a physical understanding of the frequency gap mechanism, we take 

a closer look at the variations of the vibration modes ( )9 xφ , ( )8 xφ  and beam shape 

( )xα± along the length 0 1x≤ ≤  of the optimized dimensionless beam in Fig. 3. Since 

( )9 xφ  and ( )8 xφ  are normalized eigenfunctions associated with the eigenfrequencies 9ω  and 

8ω  for the beam with the cross-sectional area function ( )xα , then, according to Rayleigh’s 
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principle, the two eigenfrequencies are given by 

 ( )1 22 2 ' '

0i i dxω α φ= ∫ , 8, 9i = . (16) 

In this equation, the integral is proportional to the elastic bending energy corresponding to the 
mode ( )i xφ . 

 
 

 
(a)  10ω∆ = 1329.66 

 
(b)  10ω∆ = 1325.71 

 
(c)  10ω∆ = 1325.41 

 
(d)  10ω∆ = 1332.25 

 
Figure 4: Cantilevers with maximized frequency gaps 10ω∆ . 10

uω∆ =177.65 for the comparison design. (a), (b) 
and (c) Local optimum solutions. (d) Presumed global optimum solution 

 
 

 
 

Figure 5: Local optimum cantilever associated with frequency gap 10ω∆ =901.09 
 

The physical mechanism behind the maximized gap between the natural frequencies 
9ω and 8ω is as follows. When vibrating with the mode 9φ , see Fig. 3(a), a large value of the 

associated frequency 9ω  is obtained by absorption of large elastic bending energy in the seg-
ments with the larger, non-uniform cross-sectional areas, cf. Eq. (16), whereas negligible 
bending energy is absorbed in the small, uniform segments with high flexibility. When the 
beam vibrates with the mode 8φ , see Fig. 3(a), the associated frequency 8ω  becomes very 
small (and the frequencies of lower order even smaller) because only the beam segment adja-
cent to the clamped beam end receives a small amount of bending energy. However, the nota-
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ble feature is that each of the other segments of the beam essentially perform rigid body mo-
tions in a piecewise linear mode without bending, and therefore support a low value of 8ω . 
The bending energy from the curvatures of the “kinks” of mode 8φ  is negligible in Eq. (16) 
because the kinks occur in the small, uniform segments with high flexibility.   

Figs. 4(a)-(d) depict four design solutions obtained for the problem of maximizing the 
natural frequency gap 10ω∆ . Although the values of the frequency gaps 10ω∆  given for the 
designs in Fig. 4 are very close to each other, the four designs are seen to be distinctly 
different, and the eigenfrequencies defining the gaps 10ω∆  are all found to be unimodal. Since 
the values of the frequency gaps 10ω∆ are smaller for the designs in Figs. 4(a-c) than the value 
of the gap 10ω∆ for the design in Fig. 4(d), the designs in Figs 4(a-c) must be considered to be 
local optimum designs, and we presume that the design in Fig. 4(d) is the global optimum de-
sign for the current problem. We managed to obtain the four different designs by applying a 
biased initial design for each of them that was very similar to one of four alternative, pre-
sumed global optimum designs available in [24] for the problem of maximizing the 10-th nat-
ural frequency when inner points of vanishing cross-sectional area are allowed. 

Fig. 5 shows the design that resulted from applying the uniform comparison beam as an 
unbiased initial design when attempting to maximize the frequency gap 10ω∆ . As is seen 
from the caption of Fig. 5, the value of the frequency gap 10ω∆  for this distinctly different 
design is much lower than that of the design in Fig. 4(d), so the design in Fig. 5 is only a local 
optimum solution. 

Next, we present examples of cantilever beams with maximized gaps between adjacent 
frequencies of higher orders, i.e., ( )19 19 18ω ω ω∆ = −  and ( )20 20 19ω ω ω∆ = − . The optimized 
designs are shown in Figs. 6(b) and 7(b). Both beam designs are distinct, and the 
eigenfrequencies defining the maximized frequency gaps of the designs are both found to be 
unimodal, albeit very close to neighbouring eigenfrequencies. 
Figs. 6(b) and 7(b) clearly show the important result that except for beam segments adjacent 
to the beam ends (whose designs are characteristic for the specific boundary conditions 
considered), the entire inner part of each of the optimum beam designs exhibit a significant 
periodicity in terms of repeated beam segments of the same type. By comparing the optimized 
designs in Figs. 6(b) and 3(b) and in Figs. 7(b) and 4(d), respectively, it may be concluded 
that the degree of this inner periodicity increases with increasing values of the orders n and n-
1 of the natural frequencies that define the frequency gap subjected to maximization. The free 
vibration modes 19φ and 18φ are drawn on the basis of the mode shape vectors 19φ and 18φ  corre-
sponding to the natural frequencies 19ω and 18ω that define the frequency 

gap ( )19 19 18ω ω ω∆ = − , and are shown in Fig. 6(a). Similarly, the free vibration modes 20φ and 

19φ corresponding to the natural frequencies 20ω  and 19ω  defining the gap ( )20 20 19ω ω ω∆ = −  
are shown in Fig. 7(a). Here, it is interesting to study the influence on the modes of the inner 
“dip” in the (new) beam segment at the free end of the design in Fig. 7(b). Note finally that it 
is obvious from Figs. 6 and 7 that the physical frequency gap mechanism described in connec-
tion with Fig. 3, also manifests itself in the current examples.  
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(a)  

 
(b)  

 
Figure 6: Cantilever with maximized frequency gap 19ω∆ = 5141.39. 19

uω∆ =355.31 for the comparison design. (a) 
Mode shapes, (b) Optimized design 

 
 

 
(a)  

 
(b) 

 
Figure 7:  Cantilever with maximized frequency gap 20ω∆ = 5542.40. 20

uω∆ =375.04 for the comparison design. 
(a) Mode shapes, (b) Optimized design 

 
 

4.2 Clamped-clamped beams 
Here, we present a few examples of optimizing clamped-clamped Bernoulli-Euler beams, 

still assuming a lower limit minα =0.05 to be prescribed for the non-dimensional cross-
sectional area of the beams. The frequency gaps considered are 4ω∆ , 9ω∆  and 10ω∆ , and 
their maximized values are found to be 4ω∆ =309.74, 9ω∆ =1411.34 and 10ω∆ =1617.91,  
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Figure 8: Clamped-clamped beam with maximized frequency gap 4ω∆ =309.74. 4

uω∆ =78.96 for the comparison 
design 

 
 

 
Figure 9:  Clamped-clamped beam with maximized frequency gap 9ω∆ =1411.34.  9

uω∆ =177.65 for the compar-
ison design 

  
 

 
Figure 10: Clamped-clamped beam with maximized frequency gap 10ω∆ =1617.91. 10

uω∆ =197.39 for the com-
parison design 

 
which are significantly larger than the corresponding values 4

uω∆ =78.96, 9
uω∆ =177.65, and 

10
uω∆ =197.39 for the uniform, clamped-clamped comparison beam. 
The optimized beam designs are shown in Figs. 8, 9 and 10, and it is interesting to com-

pare the design in Fig. 8 in the present paper with that in the bottom of Fig. 13 in Ref. [24]. 
We note that – as in Figs. 3(b) and 4(d) – it is seen in Figs. 9 and 10 that periodicity, i.e., repe-
tition of segments of the same type, already appears in the inner part of the beam designs with 
maximized frequency gaps that correspond to relatively low orders of the respective natural 
frequencies. However, the segments adjacent to the beam ends are generally different due to 
different characteristics of the specific boundary conditions considered. 

4.3 Clamped-simply supported beams 
In this section, a few examples of Bernoulli-Euler beams clamped at one end and simply 

supported at the other end will be optimized. The same lower limit minα =0.05 as above is 
prescribed. The frequency gaps considered are 4ω∆ , 9ω∆  and 10ω∆ , and their maximized 
values are found to be 4ω∆ =274.72, 9ω∆ =1226.18 and 10ω∆ =1541.79, i.e., they are 
significantly larger than the corresponding values 4

uω∆ =74.02, 9
uω∆ =172.72, and 10

uω∆ = 
192.46  for the uniform, clamped-simply supported comparison beam. 

The optimized beam designs are shown in Figs. 11, 12 and 13. Periodicity can be 
observed in the inner part of the beam designs with maximized band-gaps 9ω∆  and 10ω∆ , see 
Figs. 12 and 13. The segments adjacent to the simply supported end are generally different 
from those adjacent to the free or clamped end. Two different kinds of segments adjacent to 
the simple end support are seen in Figs. 12 and 13 that depict the beams maximizing the fre-
quency gaps 9ω∆  and 10ω∆ , respectively. This point will be discussed in Section 5. 
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Figure 11: Clamped-simply supported beam with maximized frequency gap 4ω∆ =274.72. 4

uω∆ =74.02 for the 
comparison design 

 

 
Figure 12: Clamped-simply supported beam with maximized frequency gap 9ω∆ =1226.18. 9

uω∆ = 172.72 for the 
comparison design 

 
 

 
Figure 13: Clamped-simply supported beam with maximized frequency gap 10ω∆ = 1541.79. 10

uω∆ = 192.46 for 
the comparison design 

 

4.4 Optimum design with larger minimum area constraint value 

Figs. 14, 15 and 16 depict the designs obtained by maximizing the frequency gap 9ω∆  of 
a cantilever, a clamped-clamped, and a clamped-simply supported Bernoulli-Euler beam 
when applying a larger cross-sectional area constraint value, namely minα =0.5. The values of 
the frequency gaps 9ω∆  for the optimized beams and the gaps 9

uω∆  for the corresponding 
uniform comparison beams are given in the captions of Figs. 14, 15 and 16. 

When comparing the optimized beams in Figs. 14, 15 and 16 with the corresponding ones 
(same order of frequency gap and same boundary conditions) in Figs. 3(b), 9 and 12, 
respectively, we make the important observation that pronounced repetitions of similar 
segments are found in the inner parts of all these beams, and that the same degrees of 
periodicity in the beams in Figs. 3, 9 and 12 are obtained in the beams in Figs. 14, 15 and 16, 
although the latter are optimized with the considerably larger value minα =0.5 of the minimum 
cross-sectional area constraint. 

By the comparison of the above-mentioned figures, we also verify that due to their larger 
design freedom, the beams optimized with the small value minα =0.05 of the lower cross-
sectional area limit, are associated with significantly larger increases of the maximized 
frequency gaps. 
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Figure 14: Cantilever with maximized frequency gap 9ω∆  =377.91 subject to a minimum cross-sectional area 

constraint value 0.5. 9
uω∆ =157.91 for the comparison design 

 

 
Figure 15: Clamped-clamped beam with maximized frequency gap 9ω∆ =460.64 subject to a minimum cross-

sectional area constraint value 0.5. 9
uω∆ =177.65 for the comparison design 

 
 

 
Figure 16: Clamped-simply supported beam with maximized frequency gap 9ω∆ = 431.06 subject to a minimum 

cross-sectional area constraint value 0.5. 9
uω∆ = 172.72 for the comparison design 

 

5 DISCUSSION 
Up to now, we have considered optimum design of Bernoulli-Euler beams with the objec-

tive of maximizing, for a specified value of n, the separation (gap) between the (higher-order) 
n-th and (n-1)-th eigenfrequencies, subject to a prescribed positive value of a non-dimensional 
minimum allowable cross-sectional area minα  which has been chosen as minα =0.05 in Sub-
sections 4.1, 4.2 and 4.3, and minα =0.5 in Sub-section 4.4. 

In this section, we shall briefly discuss the characteristics of this eigenfrequency gap 
optimization problem in the limiting case where the cross-sectional area function is 
geometrically unconstrained (except for the given volume). This means that no minimum 
constraint is specified for the cross-sectional area of the beam, i.e., the cross-sectional area is 
allowed to attain zero value in discrete points on the beam axis. In this special case (that cor-
responds to minα = 0 in the context of this paper), the solutions to our problem of maximizing 
the gap between the eigenfrequencies nω and 1−nω  are the same as the solutions to the 
problem of maximizing a single, higher order eigenfrequency nω  of given order n for 
specified volume, length, and boundary conditions of the beam. The latter problem is treated 
in Ref. [24], where a large number of optimum designs are available. 

The reason why the two different beam optimization problems have identical solutions, 
may be explained as follows. When a single eigenfrequency nω  of given higher order n is 
maximized without specification of a minimum constraint on the cross-sectional area, the 
optimized beam turns out to possess n-1 degrees of kinematic freedom to perform rigid 
motions, since the cross-section vanishes at inner singular points of the beam. At these points, 
either inner hinges of zero bending moment and finite shear force, or, predominantly, inner 
separations with both zero bending moment and zero shear force, are created by the 
optimization of the n-th eigenfrequency. This has the effect that simultaneously with the 
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maximization of the n-th eigenfrequency, the n-1 degrees of kinematic freedom of the beam 
turn all the n-1 modes associated with the lower order eigenfrequencies into rigid body 
motions, and all these  frequencies (including that of order n-1) are therefore equal to zero. 

Thus, besides maximizing the n-th eigenfrequency of the beam, the problem formulation 
in Ref. [24] covers the current problem of maximizing the difference (gap) between the n-th 
and the (n-1)-th eigenfrequencies of the beam, if minα = 0. 

The optimized beams associated with the small minimum cross-sectional area constraint 
value minα =0.05 in Sub-sections 4.1, 4.2, and 4.3 strongly indicate the locations of formation 
of inner hinges and inner separations in the limiting case of minα = 0. In Fig. 1, for example, 
the comparatively large inner beam segment with active minimum cross-sectional area 
constraint will shrink to a single point with the formation of an inner separation between the 
two parts of the beam in the limiting case of minα = 0. In Fig. 2, the narrow “dip” in the cross-
sectional area function indicates a point where an inner hinge with zero bending moment will 
be created in the case of minα = 0. A large number of similar points with formation of inner 
beam separations and hinges in the case of minα = 0 are easily identified in the figures. It is 
worth noting that in each of the optimum designs shown, there is no more than a single inner 
point with a narrow “dip” in the area function indicating formation of an inner hinge in the 
case of minα = 0, but an increasing number of points that indicates creation of inner 
separations, when the given order of the frequency gap is increased. An exception is the 
design in Fig. 5 which contains several narrow “dips”, but this is a local, and not global 
optimum solution.  

In the optimum designs with one end clamped and the other end simply supported, see 
Figs. 12 and 13, we observe two kinds of segments adjacent to the simply supported end. 
Quite surprisingly, for the design shown in Fig. 12, the beam segment at the simply supported 
end will shrink to a separation in the limiting case of minα = 0, where both the bending 
moment and shear force are zero at the end point of the beam. Hence, as is discussed in [24], 
the beam disconnects from the support, i.e., the separation makes the simple support 
superfluous. This implies that the optimum solution in the limiting the case of minα = 0 will be 
the same as that with a free end instead of the original simply supported end. Contrary to this, 
the beam segment adjacent to the simply supported end in Fig. 13 will not shrink to a 
separation in the limiting case of minα = 0, but remain connected to the hinge at the end point. 
Thus, in this case, the optimum solution behaves as expected and takes advantage of the 
simple support. 

In Ref. [24], the dimensionless beam optimization problem is first solved for small values 
of n for various combinations of classical boundary conditions. This is done by successive 
iterations based on a numerical integration of the governing equations, where singularities in 
the n-th eigenmode and its derivatives are isolated at points of zero beam cross-sectional area 
for reasons of accuracy and convergence. Hereby a small number of different types of 
optimally designed, non-dimensional beam elements are produced. By proper scaling, these 
beam elements can be used as building blocks for optimum beams associated with much 
larger values of the prescribed order of their n-th eigenfrequency. 

Since, as mentioned above, at most one inner hinge will appear in a global optimum 
beam with minα = 0, and an inner hinge can be included in optimized non-dimensional beam 
elements mentioned above, then all other inner points of vanishing cross-sectional area in an 
optimum beam associated with a sufficiently large value of n, will be inner separations 
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between optimized beam elements. This is very important because the inner separations 
provide the means to solve very easily the optimization problem for a sufficiently large value 
of n by an optimum scaling of the optimized non-dimensional beam elements by means of 
very simple analytical formulas derived in [24]. 

As an example, let us consider the approach of determining the design of a vibrating can-
tilever beam that maximizes, say, the 9-th eigenfrequency 9ω and hence the frequency gap 

( )9 9 8ω ω ω∆ = − of the beam with minα =0. (Note that the optimized beam with minα = 0.05 is 
shown in Fig. 3.) The first step of the method consists in applying Table 2 and Eq. (30) in Ref. 
[24] which easily yields that the optimum cantilever design associated with n=9 will have four 
inner separations and be composed of (or assembled as) five dimensionless, optimized ele-
ments (or segments) along the length of the beam: an element “a” consisting of a cantilever 
optimized for n=1 (see Fig. 1 in Ref. [24]), followed by four elements “c” (see Fig. 11 in the 
reference), each consisting of a free-free beam optimized for n=3 (the order of the lowest non-
vanishing eigenfrequency for such a beam). The four (identical) “c” elements will endow the 
resulting optimum beam design with periodicity. The beam elements “a” and “c”, together 
with no more than four other elements, are necessary for the optimization of non-dimensional 
Bernoulli-Euler beams for any value of n and any combination of classical boundary condi-
tions. These elements are all optimized with their designs shown in the first part of Ref. [24], 
and the elements are listed together with their optimum characteristics in Table 1 of the refer-
ence. Finally, very simple explicit algebraic expressions [(30), (57) (63) and (64)] are derived 
and presented in the reference, for computation of the maximum value of the n-th eigenfre-
quency (in the current example 9ω ), of the optimized, assembled beam, and for the proper 
scaling of the lengths and volumes of the individual, optimized beam elements, such that each 
of these elements will vibrate at the same frequency as the assembled, optimum beam. 

The approach is coined the “Method of Scaled Optimum Beam Elements” [24], and it 
should be mentioned that for Bernoulli-Euler beams subject to any combination of clamped, 
simply supported and free end boundary conditions, the geometrically unconstrained optimum 
solutions to the problem of maximizing the n-th eigenfrequency or frequency band-gap 
corresponding to any value of n are available in Ref. [24]. 

6 FREE WAVE PROPAGATION AND FORCED VIBRATION IN THE 
OPTIMIZED PERIODIC BEAM STRUCTURE 
It is interesting to examine the transverse wave propagation and vibration filter effect in 

the optimized periodic beam structures obtained in the preceding sections. First, the wave 
propagation in an infinitely long periodic beam is analyzed, where the infinite beam is 
constructed by repeated translation of an inner beam segment obtained in the frequency gap 
optimization above. Subsequently, as an example, a frequency response analysis is conducted 
for the optimized beam in Fig. 6(b), when the beam is subjected to an external time-harmonic 
excitation with a view to investigate the attenuation levels in the frequency gap 

19 19 18ω ω ω∆ = − . 
From the Floquet theory (see [1]) and waveguide finite element (WFE) method [44], the 

wave propagation through the entire infinite periodic beam mentioned above can be deter-
mined by analyzing the wave motion within a single repeated beam segment, which is called a 
unit cell. The band-gaps can be explored by analyzing the unit cell. The transfer matrix T  of 
the unit cell can be defined from the dynamic stiffness matrix of the conventional finite 
element analysis. Detailed derivation of the transfer matrix is available in [44]. The 
eigenvalues λ  of the transfer matrix T  are defined by the propagation constant K  (Bloch 

2196



Niels Olhoff, Bin Niu and Gengdong Cheng 

parameter) as [3,45] 

 ( ) ( )( )Im Re Im Re Recos siniK K iK Ke e e e K i Kλ − −= = = + , (17) 

where  ReK  and ImK  represent the real and the imaginary parts of K , respectively. A stop 
band is found when all eigenvalues λ  of T  fulfil the condition 1λ ≠ , i.e., Im 0K ≠ . In this 
stop band, free wave propagation is prohibited. Due to two degrees of freedom at each end 
node of the unit cell, there are four eigenvalues 1λ , 2λ , 3λ , and 4λ  of the transfer matrix. 

One of the inner repeated segments in Fig. 3(b) is analyzed as a unit cell in the infinite 
periodic beam. The magnitude λ  of eigenvalues is plotted as a function of the non-
dimensional circular frequency defined in Eq. (1), as shown in Fig. 17, where three stop bands 
can be identified from the frequency range with 1λ ≠ , indicated by three grey domains in 
Fig. 17. The 8th and 9th non-dimensional circular eigenfrequencies of the uniform, comparison 
beam and the optimized beam are also shown in Fig. 17. As is well known, no stop band 
exists in the infinite uniform beam in absence of damping. However, a relatively large stop 
band for the infinite periodic beam is observed, where bending waves cannot propagate. Simi-
larly, stop bands can be seen in Figs. 18 and 19 for two other examples. These figures demon-
strate that there is almost perfect correlation between the band-gap size/location of the 
emerging band structure and the size/location of the corresponding maximized natural fre-
quency gap in the finite structure. 

 
 

 
 

Figure 17: Variation of λ  versus excitation frequency obtained by employing Floquet theory for an inner re-

peated segment in Fig. 3(b), where the frequency gap 9 9 8ω ω ω∆ = −  of the cantilever beam is maximized. The 
grey domains indicate Floquet-predicted stop bands. The 8th and 9th eigenfrequencies 8

uω  and 9
uω  of the compar-

ison beam with uniform cross-section, and 8ω  and 9ω  of the optimized beam are shown in the figure. 
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Figure 18: Variation of λ  versus excitation frequency obtained by employing Floquet theory for an inner re-

peated segment in Fig. 6(b), where the frequency gap 19 19 18ω ω ω∆ = −  of the cantilever beam is maximized. The 
grey domains indicate Floquet-predicted stop bands. The 18th and 19th eigenfrequencies 18

uω  and 19
uω  of the com-

parison beam with uniform cross-section, and 18ω  and 19ω  of the optimized beam are shown in the figure. 
 
 

 
Figure 19: Variation of λ  versus excitation frequency by employing Floquet theory for an inner repeated seg-

ment in Fig. 9, where the frequency gap 9 9 8ω ω ω∆ = −  of the clamped-clamped beam is maximized. The grey 
domains indicate Floquet-predicted stop bands. The 8th and 9th eigenfrequencies 8

uω  and 9
uω  of the comparison 

beam, and 8ω  and 9ω  of the optimized beam are shown in the figure. 
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Figure 20: Displacement response at the right hand end from the flexural vibration of the optimized beam in Fig. 
6(b) when the beam is subjected to time-harmonic base excitation in the transverse direction at the left hand end. 
No damping is assumed. The 18th and 19th eigenfrequencies 18ω  and 19ω  of the optimized beam are indicated in 
the figure. 
 

It has been demonstrated in many papers, see e.g. [5,45], that a structure with a finite 
number of repeated unit cells may significantly suppress propagation of waves with 
frequencies in the stop band. Fig. 20 shows the displacement response at the right hand end of 
the optimized beam shown in Fig. 6(b), when the beam is subjected to a time-harmonic base 
excitation in the transverse direction at the left hand end. The base motion is prescribed with a 
given displacement amplitude 0u  relative to the fixed reference axis. The transverse 

displacement u  at the right hand end is indicated in Fig. 20 in the form 
2

10 2
0

10 log u
u

 dB.  

It is seen from Fig. 20 that there is a large drop in the response in the stop band frequency 
range. The stop band calculated from the corresponding unit cell is given in Fig. 18. It 
demonstrates that the stop band may exist in the optimized beam obtained by maximization of 
a frequency gap. It is observed from Figs. 18 and 20 that there is a correlation between the 
value of λ  representing the strength of attenuation in a band gap, and the level of attenuation 
in the frequency response function for a finite structure composed of the same periodic unit 
cell. The many resonance peaks observed in Fig. 20 are due to the fact that no damping is 
included. The resonance peaks can be removed or reduced by including some damping, and 
we also found that there is no significant change of the band-gap behavior for relatively small 
damping. The effect of smoothing by including damping is often used in the topology 
optimization of band-gap structures [7].  

7 CONCLUSIONS 
Maximizing gaps between two adjacent natural frequencies (eigenfrequencies) of free 

transverse vibrations of prescribed order is investigated in this paper. The results are obtained 
by finite element and gradient based optimization using analytical sensitivity analysis. An 
incremental optimization formulation with consideration of multiple eigenvalues is applied, 
which can be used for problems with any mix of multiple and simple eigenfrequencies. Non-
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dimensional optimum solutions are presented for different classical boundary conditions, 
different orders of the upper and lower eigenfrequencies of maximized gaps, and values of a 
minimum cross-sectional area constraint. However, geometrically unconstrained optimum 
solutions obtained in Ref. [24] are also discussed and utilized in this paper. The results show 
that, except for beam segments adjacent to the beam ends whose designs are characteristic for 
the specific boundary conditions considered, all the inner part of the optimum beam designs 
exhibits a significant periodicity in terms of repeated beam segments, the number of which 
increases with increasing orders of the upper and lower frequencies of the maximized gaps. 

When small values of the minimum cross-sectional area are prescribed, solutions to the 
current problems are very close to corresponding solutions obtainable by simple non-
dimensional analytical expressions for limiting optimum solutions that were derived earlier by 
a “method of scaled beam elements” [24] in which inner points of vanishing cross-sectional 
area in the beams were allowed and exploited. 

In wave propagation problems, band-gap is found in an infinite beam structure 
constructed by repeated translation of an inner beam segment obtained by eigenfrequency gap 
optimization. The band-gap size/location of the emerging band structure is matching very well 
with the size/location of the corresponding maximized natural frequency gap in the finite 
structure. For the optimized structures composed of a finite number of repeated segments in 
the inner part, the motion transmitted from one end will be significantly suppressed by the 
periodic segments. For the beam structures studied here, it can be concluded that the optimum 
design maximizing the gap between two adjacent eigenfrequencies of free transverse vibration 
of given higher order is periodic. It is also demonstrated that the approach tailors a band-gap 
which is matching very well the maximized frequency gap in the periodic structure 
characterizing elastic or acoustic wave propagation.  
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