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Abstract. This work proposes an analytical technique for the analysis of the effects of axial 
loads on the dynamic behaviour and seismic response of tall and slender bridge piers. The 
pier is modeled as a linear elastic Euler-Bernoulli cantilever beam with uniformly distributed 
mass, representing the pier mass, and a tip mass at the free end, representing the deck mass. 
The beam is subjected to the reaction due to deck loads, and to the pier self weight. 

The seismic problem is described by a linear partial differential equation of seismic motion 
with variable coefficients. This equation is decoupled by using the exact vibration modes 
which are obtained by applying the Frobenius method. By this way, the seismic response can 
be evaluated in terms of superposition of modal contributions. 

The proposed formulation is applied to the seismic analysis of a realistic slender bridge pier. 
The results of the study permit to shed light on the effect of axial load on the various vibration 
modes that contribute to the seismic response and to evaluate the suitability of amplification 
factors commonly used by seismic codes to account for axial load effects. 
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1 INTRODUCTION 
A large number of bridges over mountain areas and deep valleys are built on tall piers. Be-

cause of the rugged topography of these areas, the height of bridge piers could even reach 200 
m. The seismic assessment and design of slender piers usually differs from that of short piers 
because of the influence of axial load effects on the dynamic behaviour.  

It is well known that axial load effects induce in general a reduction of the transverse bend-
ing stiffness and this may have different consequences on the transverse structural response 
depending on the type of loading experienced by the system. In the case of static loadings, the 
axial load effects usually increase the response beyond the values obtained by first order 
analysis. On the other hand, in the case of dynamic loadings such as earthquake-induced load-
ings, the interaction between axial loads and transverse displacements induces changes in the 
system dynamic properties and elastic periods elongation [1, 2], which in turn may result on 
either a decrease or an increase of displacements and internal action demands. 

In bridge engineering-design practice, the axial-load effects are usually taken into account 
in a simplified manner by introducing an amplification factor for the piers seismic moments 
 [3] evaluated via first-order analysis. Many studies in past years have been devoted to the 
calibration of expressions for the amplification factor [1, 4-9], on the basis of simple single-
degree-of-freedom (SDOF) models. These models often consisted in a rigid inverted pendu-
lum with an elasto-plastic rotational restraint at the base, and a tip mass at the free end with a 
concentrated weight force. Recent works [10, 11] extended the application of the amplifica-
tion factor method also to the direct displacement based design of bridge piers. Other alterna-
tive methods were defined to account for axial load effects in a simplified way, without 
recourse to the amplification factor. In this context, the method proposed in  [12] introduced 
the concepts of effective height and yield point spectra for the design of piers behaving as 
SDOF system.  
The main limitation of the SDOF model employed in these studies is that it is adequate to rep-
resent only short bridge piers, for which the inertia is concentrated at the top whereas the dis-
tributed pier mass and the relevant variation of axial loads can be neglected. Slender piers, as 
those considered in this study, are on the contrary characterized by significant distributed 
masses and the analysis of their dynamic behavior should also consider higher modes effects 
 [13]. Only few studies analyzed the axial-load effects on slender piers by employing refined 
multi-degree-of- freedom (MDOF) models. In this context are the work of   [14] and  [15], ana-
lyzing the evolution of plastic hinges formation in tall piers, and the works of  [16] and  [17], 
focusing more on the nonlinear modeling of the problem. 

In this paper, an analytical continuous model is specifically developed to analyze the dy-
namic and seismic response of slender bridge piers by including axial load effects and higher 
mode effects as induced by masses distributed along the pier length. The model consists of a 
linear-elastic Euler-Bernoulli cantilever beam with a concentrated mass at the pier top and a 
uniform distributed mass, prestressed by a linearly varying axial load representing the deck 
loads and the pier self weight. The choice of employing a continuous model instead of a dis-
crete model is motivated by the fact that the former permits to derive an exact solution of the 
dynamic and seismic problem, by making explicit the characteristic parameters that control 
the behaviour of the system. This is also convenient for performing parametric studies and for 
developing and validating more efficient and accurate numerical methods. It is noteworthy 
that the model considered in this paper is linear elastic. Although bridge piers can be designed 
to yield in order to dissipate the seismic energy  [3], the high flexibility of slender piers is such 
that the displacement demand imposed by the seismic excitation is very unlikely to induce 
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inelastic deformations. Therefore, the linear elastic model appears adequate for slender piers 
under moderate seismic excitations. 

In this paper, the equation of perturbed motion in the neighborhood of the axially loaded 
configuration of the pier is derived by applying the D’Alembert principle. The seismic re-
sponse is expressed in terms of superposition of the contributions from the exact vibration 
modes of the system. In order to decouple the equation of motion, the exact orthogonality 
conditions for the vibration modes are derived. It is noted that the eigenvalue problem that 
needs to be solved to determine the vibration modes of the systems involves a differential 
equation with variable coefficients. The solution of this problem is obtained by extending 
previous formulations and results for similar problems [2, 18-21], in particular by application 
of the Frobenius method  [19].  

The proposed formulation and analysis technique are applied to a case study consisting of 
slender RC piers belonging to a three-span bridge. The followed approach, based on exact 
mode superposition, permits to evaluate the effect of axial loads separately on each mode con-
tributing to the seismic response.  

2 ANALYTICAL MODEL AND FORMULATION  
The slender pier is modeled (Fig. 1) as an Euler-Bernoulli cantilever beam with stiffness 

b(x), mass per unit length m(x), and with a tip mass M at the top. In the reference configura-
tion, the beam is subjected to a concentrated compression force, P, at the free end, and to a 
distributed compressive load, m(x)g, corresponding to the pier self weight, producing an in-
ternal compressive action  N x  expressed as (positive if compressive): 

    
H

x

N x P m gd       (1) 

The concentrated mass and force at the pier top represent the contribution respectively to 
loads and inertia of the portion of the deck sustained by the pier. In general, P may  differ 
from Mg. 

H

P

M 

 m(x) 

u(x,t)

H 

M 

 b(x) 

 x 
 y

  
Fig. 1. a) Geometry of the problem and pier model, b) deformed pier configuration. 

 Let         2 : 0 0 0V v x L v v      be the space of transverse displacement func-

tions defined along the spatial interval  0, H   and satisfying the kinematic (essential) 
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boundary conditions, and     2
0 1, ; ,u x t U C V t t   be the motion (Fig. 1), defined in the 

time interval considered  0 1,t t . The known functions  xb ,  xN ,  xm  are continuous, 

bounded and positive. The differential dynamic problem can be derived from the D'Alembert 
principle. This variational principle states that the external virtual work  ,EW u   resulting 

from external and inertia forces acting through every virtual displacement V consistent 

with the geometric restrains, is equal to the internal virtual work  ,IW u   resulting from the 

stresses acting through the corresponding virtual strains. The dynamic problem describing the 
infinitesimal perturbed motion in the neighborhood of the axially-loaded reference configura-
tion has the following expression  [22]: 

                     

         

0

0 1

0

, , , ,

                 ; ,   

H

H

g

b x u x t x dx N x u x t x m x u x t x dx Mu H t H dx

m x x dx M H u t V t t t

   

  

      

 
       

 





 


   (2) 

where  gu t  denotes the ground motion input. The problem is completed by assigning the 

initial conditions    0 0, , 0u x t u x t  . Eqn. (2) can be formally rewritten as: 

          0 1, , , ; ,gu u u u V t t t                     *K N M M  (3) 

where , ,  K N M  are bilinear symmetric forms mapping functions defined in the spa-

tial interval V  into real numbers, and V  :*M  is a linear form. They are defined as fol-
lows: 
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*

K
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M

M

 (4) 

The strong form of the seismic problem can be derived through integration by parts of the 
terms , ,  K N M  in Eqn. (2). The following partial differential equation of motion and the 
relevant boundary conditions is obtained: 

 

               
       
         
   0 0

, , ,

0, 0, , 0

, , ,

, , 0

g

g

b x u x t N x u x t m x u x t m x u t

u t u t b H u H t

b H u H t Pu H t Mu H t Mu t

u x t u x t

           
   
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     (5) 
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3 EIGENVALUE PROBLEM 
The free vibrations of the system can be studied by analyzing the homogeneous problem 

( 0gu  ). As usual, the problem is solved by separation of variables technique. The motion 

 ,u x t is expressed in terms of the product of a spatial function  x V  and of a time-

dependent function   0
i tZ t Z e   as follows: 

      ,u x t x Z t  (6) 

After substituting Eqn.(6) into Eqn.(5) for 0gu  , the following boundary-value problem 

is obtained: 

 

           
     
       

2

2

0

0 0 0

0   

b x x N x x m x x

H

b H H P H M H

   

  

   

          
   

   

 (7) 

It is noteworthy that Eqn.(7) is satisfied by an infinite set of eigenvalues, s , and of eigen-

vectors,  s x , for s = 1, 2,…, N.  

3.1 Generalized orthogonality conditions for vibration modes 
The orthogonality conditions, useful to decouple the equation of motion, can be obtained 

from the weak form corresponding to Eqn. (3) and written for the generic s-th vibration mode: 

      2, , , 0s s s s V                      K N M  (8) 

Substituting   by m  in Eqn. (8) written for mode s = l, and substituting   by l  in Eqn. 

(8) written for mode s = m, one has: 

      2, , , 0l m l m l l m        K N M  (9) 

      2, , , 0m l m l m m l        K N M  (10) 

After subtracting Eqn. (10) from Eqn. (9), by virtue of the symmetry of the forms 
, ,  K M N , one obtains the first generalized orthogonality condition: 

    2 2 , 0m l l m    M  (11) 

Since l m  , Eqn.(11) also reads as: 

             
0

, 0
H

l m l m l mM H H m x x x dx       M  (12) 

Upon substitution of Eqn. (12) into Eqn. (9), the second orthogonality condition is obtained: 

                
0 0

, , 0
H H

l m l m l m l mb x x x dx N x x x dx              K N  (13) 
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It is noteworthy that a closed-form analytical expression of the circular frequency for the s-
th vibration mode can be derived from Eqn. (8) for s   and reads as follows: 

 
   

 
2 , ,

,
ss s s s

s
ss s

k

m

   


 


 
K N

M
 (14) 

where sk  and sm  are the generalized stiffness and mass of the s-th mode. 

3.2 Eigenvalue problem solution 
The boundary-value problem corresponding to Eqn.(5) contains a differential equation with 
variable coefficients. A closed-form solution for this problem can be obtained through the 
Frobenius method by expressing the eigenvectors in terms of power series  [19]. Appendix A 
reports the application of the Frobenius method to the specific problem analyzed, in the case 
of uniform distributed mass and stiffness through the pier length. It is noteworthy that the 
proposed solution can be regarded as “exact” only for an infinite series expansion and that for 
practical purposes the series is truncated at some order. 

4 SEISMIC RESPONSE BY MODE SUPERPOSITION METHOD 
In this study, the exact mode superposition method is employed to obtain a solution of the 

seismic problem corresponding to the assessment of the system response under the earthquake 
input. The advantage of this method over other analysis method is that it permits to represent 
the motion as the sum of the contributions of the exact vibration modes of the system. This 
allows to evaluate separately the contribution of each vibration mode to the response parame-
ters of interest, and also to evaluate the effect of axial loads on the modal responses.  

The motion is expressed as the following summation series: 

      
1

, s s
s

u x t x q t




              (15) 

where  s x V   is the s-th mode shape, and    0 1: ,sq t t t    is the corresponding gen-

eralized coordinate. 
Substituting Eqn. (15) into Eqn. (3), one obtains: 

              
0

, , ,s s s s s g
s

q t q t u t V       




                *M K N M  (16) 

Substituting in the both sides of Eqn. (16)   by the m-th eigenfunction  m x  one obtains: 

             
0

, , ,s s m s s m s m g m m
l

q t q t u t V       




               *M K N M  (17) 

This is evidently a diagonal problem, by virtue of the two previously derived orthogonality 
conditions. The s-th decoupled equation reads as follows: 

      2
s s s s gq t q t u t      (18) 

where 2

s
 is the circular frequency of Eqn. (14) and s  denotes the s-th mode participation 

factor, expressed as: 
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 

 ,
s

s
s s




 


*M
M

 (19) 

Eqn.(18) represents the equation of motion of a generalized SDOF system with circular vi-
bration frequency s , subjected to the seismic input  s gu t  . A viscous damping source is 

added a posteriori to this system, thus resulting in the following equation: 

        22s s s s s s s gq t q t q t u t          (20) 

where s  denotes the s-th mode damping factor. The values of s  for the various vibration 

modes can be calibrated based on experimental observations  [13]. 
By applying the mode superposition method, Eqn.(15) can be expressed as follows: 

      
1

, s s s
s

u x t x D t




    (21) 

where  sD t  denotes the response of an oscillator with natural frequency s  subjected to the 

seismic input  gu t and homogeneous initial conditions  

        
0

1
sins s

t
t

s g d s
ds

D t u e t d     


       (22) 

Having evaluated the displacement response history, the histories of the bending moment 
and of the shear along the beam can be obtained as follows: 

            
1

, , s s s
s

M x t b x u x t b x x D t 




        (23) 

                   
1

, , , s s s s
s

V x t b x u x t N x u x t b x x N x x D t  




                    


 

                  (24) 

5 SEISMIC RESPONSE OF A CONTINUOUS BRIDGE WITH SLENDER PIERS 

5.1 Case study 
In this section, the application of the proposed analysis technique is illustrated by consider-

ing the case study of a realistic bridge slender pier subjected to earthquake excitation. The 
pier belong to a three-span bridge  [24] consisting of a steel-concrete composite deck (with 
span length of 60 m+80 m+60 m) and of two identical RC piers. These piers, of height H = 40 
m, have a circular hollow transverse section with external diameter of 4.0 m and internal di-
ameter of 3.2 m. The pier head has a rectangular transverse section with dimensions 4.0 m x 
8.0 m, and is 1.5 m high. The longitudinal rebars reinforcement ratio is 1.5%. Class C30/37 
concrete is used for concrete and S500 steel is used for the longitudinal rebars  [25]. 

The pier effective stiffness accounting for concrete cracking is b(x) = EI = 7.3086·107 
kNm2, the pier distributed mass is  m x m  11.53 ton/m, whereas the mass concentrated at 

the top and describing the deck and pier head inertia is M = 2145 ton. The axial force along 
the pier is a linear function of the form    N x P mg H x   , where P is the weight of the 
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deck acting at the top of the pier equal to 15470 kN. The value of the buckling load of a canti-
lever beam with the same flexural stiffness of the pier is Pcr = 2EI/4H2 =1.27·108 kN, corre-
sponding to a ratio P/Pcr = 0.18. 

The seismic action is defined by the EC8 type I soil type B (soil factor S = 1.20) spectrum 
 [3], for an importance factor γI = 1 and a peak ground acceleration PGA = 0.30g. The bridge 
has been designed for limited ductile behaviour, because the piers are very flexible and there 
is no need for dissipative behaviour or seismic isolation.  

The analytical model and analysis technique proposed in this study are used to investigate 
the response of one of the two equal piers under a seismic input acting along the longitudinal 
direction. 

 a)
80m 60m 60m

 

 

1.10 

12.00  

2.50 7.00 2.50 

unit:m

0.60 

1.10 

2.80 

b)

 

Fig. 2. Bridge geometry: a) longitudinal profile, b) transverse deck cross-section. 

5.2 Modal analysis 
The eigenvalue problem is solved by applying the Frobenius method as described in Ap-

pendix A. The first 6 vibration periods and modes of the system have been evaluated by trun-
cating the series expansion of the modal shapes after 100 terms. It is noteworthy that the 
number of terms required to obtain accurate estimates of the vibration periods increases with 
increasing mode order. In fact, while the estimate of the fundamental vibration periods exhib-
its negligible variations for increasing number of terms beyond 5, to estimate accurately the 
sixth vibration periods 100 terms are needed. 

The first three longitudinal vibration periods of the pier in the longitudinal direction disre-
garding axial load effects are 5.03s, 0.26s, and 0.08s, in agreement with the values reported in 
 [24] and based on a bridge refined finite element model. Table 1 reports the modal vibration 
periods and participation factors obtained by accounting for axial load effects and by disre-
garding axial load effects (i.e., for N(x) = 0). 

 
Without axial load effects With axial load effects 

Mode Ti [s] Mi [%] Ti [s] Mi [%] 
1 5.0328 91.4915 5.4023 91.4620 
2 0.2512 4.9658 0.2532 4.5479 
3 0.0781 1.2494 0.0784 1.4117 
4 0.0375 0.7667 0.0376 0.6769 
5 0.0220 0.3454 0.0220 0.3975 
6 0.0144 0.2966 0.0144 0.2592 

Table 1. Modal analysis results accounting for and disregarding the second-order effects.  

It is observed that only the first mode vibration period is significantly affected by the axial 
load effects. An opposite trend can be observed for the mass participating factors where varia-
tions increase for higher order modes. 
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Fig. 3 reports the first two modal shapes obtained accounting for and disregarding the ef-
fect of axial loads. The modal shapes are normalized with respect to the norm 

 
1/2

2

2
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H

l l x dx 
 

  
 
 . With reference to the first mode, the influence of axial load increases 

for increasing derivative order. In fact, the displacement shape is practically the same as that 
obtained by neglecting axial load effects, whereas the second order (proportional to the bend-
ing moment) and particularly the third order derivative (related to the shear) are significantly 
affected by axial load effects. The influence of axial load effects on the second and higher vi-
bration modes and relevant derivatives is practically negligible. 
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Fig. 3. Comparison of modal shapes and derivatives obtained by accounting for and by disregarding second-
order effects : a) mode 1, b) mode 2. 

5.3 Seismic response 
In order to evaluate the influence of axial load on the seismic response of the bridge, the 

pier model has been subjected to a set of 7 real ground motion records  [26] compatible to the 
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EC8 pseudo-acceleration response spectrum  [3]. Fig. 4a reports the acceleration response 
spectrum of the real records, the mean spectrum, and the code spectrum, whereas Fig. 4b re-
ports the displacement response spectrum of the records, and the mean spectrum. 

The seismic displacement response to the ground motion record denoted as 000232 ya is 
reported in Fig. 5, where the time histories of the pier top displacement obtained by account-
ing for and by disregarding axial load effects are compared. In this figure, the period elonga-
tion due to axial load effects can be observed, together with  a reduction of the displacement 
demand of about 15% with respect to the case disregarding axial load effects. This can be ex-
plained by noting that the displacement response is dominated by the fundamental vibration 
mode, and by observing in Fig. 4b that the fundamental period elongation due to axial loads 
corresponds to a reduction of the spectral displacement ordinates. 
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Fig. 4. Acceleration (a) and displacement (b) response spectra of spectrum-compatible natural records.  
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Fig. 5. Time history of pier top displacement under record 000232 ya: comparison of estimate obtained by ac-

counting for and by disregarding axial load effects. 

Fig. 6a shows the seismic response envelopes obtained for record 000232ya. The cumula-
tive contributions of the first 6 modes, that account for axial load effects, are plotted sepa-
rately. It is observed that while the displacement demand is dominated by the first mode 
contribution only, the shear demand is affected significantly by the higher modes. Also the 
moment demand at the pier top is slightly influenced by higher modes. However, this effect is 
not significant for design/assessment purposes, since the moment is highest at the base. 
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Fig. 6b compares the response envelopes obtained by accounting for and by disregarding 
axial loads. The increase of vibration period due to axial load effects results in a reduction of 
the displacement and internal action demands for the pier. The shear demand reduction is less 
significant than the reduction of the other response parameters. This can be explained by re-
calling the strong influence of higher vibration modes on the shear demand for this system, 
and the almost negligible influence of axial load effects on modes of order higher than one. 

 

 a) 

0 0.1 0.2 
0 

5 

10 

15 

20 

25 

30 

35 

40 

0 2 4 
0 

5 

10 

15 

20 

25 

30 

35 

40 

0 1000 2000
0 

5 

10 

15 

20 

25 

30 

35 

40 

x 104
 

1st 

1st + 2nd 
1st + 2nd +3rd

1st + 2nd +3rd +4th 
1st + 2nd +3rd +4th+5th

1st + 2nd +3rd + 4th + 5th+ 6th

  x
 [

m
] 

Moment [kNm] Shear [kN]disp [m] 

 

 

0
0

5

10

15

20

25

30

35

40

0 2 4 
0

5

10

15

20

25

30

35

40

0 
0 

5 

10 

15 

20 

25 

30 

35 

40 

Moment [kNm] Shear [kN]disp [m]

w  second-order 
w/o  second-order effects 

b)

0.1 0.2

x 104 

1000 2000

  x
 [

m
] 

 
Fig. 6. Seismic response under record 000232 ya: a) Contribution of the first 6 modes to the average seismic 

response envelopes in terms of displacements, bending moments and shear, b) comparison between the response 
evaluated by accounting for and disregarding axial load effects. 

Fig. 7a shows the average of the peak absolute responses (in terms of displacements, bend-
ing moments and shear) evaluated by considering the seven different ground motion records 
and by accounting for axial load effects. The contribution of the first 6 modes are plotted 
separately for the response parameters considered. Fig. 7b compares the average response en-
velopes obtained by accounting for and by disregarding axial load effects.  
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Fig. 7. a) Contribution of the first 6 modes to the average seismic response envelopes in terms of displacements, 
bending moments and shear, b) comparison between the response evaluated by accounting for and disregarding 

axial load effects. 
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In Fig. 7a, one notes that the displacement demand is dominated by the first mode contri-
bution whereas higher vibration modes contribute more significantly to the shear and bending 
moment demand. In particular, the first two modes contribute significantly to the bending 
moments and the first three modes to the shear. Although the bending moment shape is not 
linear as it would be observed in the case of absence of distributed masses and axial loads, its 
maximum value is reached at the base section, and is significantly smaller than the yield mo-
ment. This confirms that the assumption of linear elastic behaviour for such a slender pier is 
correct, despite the high level of seismicity of the site. The shear diagram shape also signifi-
cantly deviates from the constant shape that would correspond to a pier with no distributed 
mass, thus demonstrating the significant influence of higher vibration modes.  

In Fig. 7b, it is observed that the axial load effects reduce in general the average response 
in terms of displacements, moments and shear of about 10%. This result is a consequence of 
the reduction of the first mode spectral ordinates in terms of both displacements and accelera-
tions (Fig. 4). The observed behaviour contradicts the prescriptions of current seismic design 
code which use amplification factors for the bending moment demand. In fact, according to 
EC8-2  [3], the value of the base section bending moment demand evaluated by first order 
analysis, i.e., by neglecting the axial load effect (MEd), should be amplified by a factor of  1.1. 
On the contrary, the results of this study show that it should be reduced by a factor of 0.946.  

6 CONCLUSIONS  
In this paper, an analytical technique is presented for investigating the effects of axial loads 

on the dynamic behaviour and seismic response of slender bridge piers. The technique is 
based on a continuous model of the pier, which is described by a linear elastic Euler-Bernoulli 
cantilever beam with uniformly distributed mass, representing the pier mass, and a tip mass at 
the free end, representing the deck. A concentrated load, acting at the pier top, simulates the 
pier reaction to deck loads, whereas a distributed axial load simulates the pier self weight. The 
linearly varying axial load leads to a linear partial differential equation of motion with vari-
able coefficients. This equation is decoupled by using the exact vibration modes of the system, 
obtained by applying the Frobenius method, and the orthogonality conditions between the 
modes derived in this study. By this way, the effect of axial loads on the response parameter 
of interest (i.e., the displacement, the bending moment, and the shear demand along the pier) 
can be evaluated separately on each vibration mode. 

A realistic slender bridge pier is considered as case study to validate the proposed analysis 
technique and illustrate its capabilities. First, a free-vibration analysis is performed to evaluate 
the influence of axial load on the pier dynamic behavior. It is observed that axial load effects 
induce an elongation of the vibration period of the first mode, whereas the higher order modes 
are less sensitive to these effects. While the displacement shape of the first mode is slightly 
affected by axial loads, the third order spatial derivative, related to the shear, changes signifi-
cantly in presence of axial load, and the second order derivative, proportional to the bending 
moments, changes only moderately. Moreover, the displacement shapes and relevant deriva-
tives of higher modes obtained by accounting for and by disregarding axial load effects are 
practically indistinguishable. 

Successively, the average seismic response to a set of seven compatible natural records in 
terms of displacement, bending moments and shear envelopes is evaluated and the following 
conclusions are drawn. 

1. The main effect of axial load is to increase the first mode vibration period. The vibration 
periods, shapes and relevant derivatives of modes of order higher than one are practically not 
affected by axial loads. 
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2. Higher modes notably influence the demand of internal actions and their distribution 
along the beam. 

3. The variation of dynamic properties of the bridge piers due to axial loads may provide 
significant reduction of the demand in terms of displacements, bending moments, and shear, 
as observed in this application. By contrast, according to current seismic codes prescriptions, 
the bending moment seismic demand evaluated by first order analysis should always be am-
plified to account for axial load effects. 
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APPENDIX A: EIGENVALUE PROBLEM SOLUTION BY THE FROBENIUS 
METHOD 
The eigenvalue problem is solved for the case with uniform distributed mass and stiffness 
along the spatial variable. Substituting  b x  by EI and m(x) by m into Eqn. (7) the strong 

form of the seismic problem can be conveniently rewritten as 

 

       
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The Frobenius method seeks the solution to Eqn.(A1) in the form 

    1
0

,
n

c n
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n

x c a c x
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



   (A2) 

in which the coefficients 1na   are functions of the undetermined exponent c.  

By differentiating Eqn. (A2), and substituting into Eqn.(A1), one has 
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 (A3) 

From Eqn. (A3) one obtains an indicial equation for c and a set of equations for the coeffi-
cients 1na   as shown below. 

Without loss of generality, the lead coefficient 1a  is assumed equal to 1. The allowable 

values for c are the roots of the indicial equation, obtained by setting the lowest power of x in 
Eqn.(A3) (i.e., c-4) equal to zero 

      1 1 2 3 0a c c c c c     (A4) 

Based on Eqn. (A4), Eqn. (A3) is rewritten as 
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The summations indices of the four terms of the sum are then shifted to obtain a common 
power of x  equal to  3c n  . 
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From Eqn. (A6) to be zero, each power of x must vanish and, thus:  
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for all the allowed n. This gives the following recurrence relationship: 
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subject to   0ka c   for 0k  . 

For c= 0,1,2,3 and n=0,1,2, Eqn.(A8) gives: 
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The four power series solutions that satisfy Eqn.(A1), each corresponding to a root of 
Eqn.(A4), are: 
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The general modal shape  x  is obtained by combination of these four power series line-

arly independent: 

          0 0 1 1 2 2 3 3x C x C x C x C x         (A11) 

Substituting Eqn. (A11) into the boundary conditions at the clamped end one obtains 

0 1 0C C   whereas the boundary conditions at the free end give: 
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 (A12) 

Eqn. (A12) corresponds to a homogeneous system of two equations in the unknown C2 and 
C3. In order to obtain a non-trivial solution, the determinant of the coefficient matrix must to 
be equal to zero, thus yielding the following transcendental equation in the eigenvalue  : 
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 (A13)  

This equation yields an infinite set of eigenvalues. The corresponding eigenvectors are ob-

tained from Eqn.(A12), for which    3 2 2 3/C C H H    , and their expression is: 

      
 

 2
2 2 3

3

H
x C x x

H


  



 
  

  
 (A14) 

4094


