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Abstract. In power substations, electrical cables are commonly observed in configurations
that cannot be explained by tension stress states only. Moreover, during extreme excitations
such as earthquakes, they can be subjected to large displacements and rotations, as well as
forces that can lead to failure of both the cables and the equipment to which they are con-
nected. In this paper a three-dimensional geometrically exact beam model is presented and
used to describe the static and dynamic behavior of electrical equipment cables. The model is
implemented in MATLAB and applied to a flexible conductor recently tested at the SEESL la-
boratory at the University at Buffalo. Both static and dynamic numerical applications are
performed. First the initial configuration of the tests is obtained by imposing the end dis-
placements and rotations to a straight and unstrained cable. Then the cable is subjected to
resonant harmonic out-of-plane and in-plane horizontal ground motions. Due to the high fre-
quency components resulting from the axial response of the cable, and to the fact that the
Newmark time-integration algorithm used herein generally fails to conserve energy, very
small time steps are needed for the algorithm to converge. Although algorithms have been
proposed in the literature, which introduce numerical damping to stabilize the computations,
the introduction of real forms of damping in the model and the simulation of the dynamic ex-
perimental tests performed at the University at Buffalo are object of current work.
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1 INTRODUCTION

Cables are widely used in the power industry as essential components of the electrical
transmission network. Although they are usually designed to mainly meet electrical standards
rather than structural performance requirements, during earthquakes and other severe envi-
ronmental hazards they are often subjected to large deformations and stresses that can result
in failure of both the cables and the equipment to which they are connected. During extreme
excitations the cables can undergo large displacements and rotations, and be subjected to
three-dimensional states of stress. Besides tension, the cable can be subjected to shear, bend-
ing and torsion. Moreover it is common in electrical substations to observe cable configura-
tions that cannot be explained by a state of stress of simple tension.

Dynamic interaction between cables and interconnected equipment has been studied,
among others, by Der Kiureghian et al. [1] using a three-dimensional geometrically exact
beam model originally proposed by Simo et al. [2,3,4]. Moreover, extensive experimental
tests on flexible conductors provided by the Bonneville Power Authority have recently been
conducted at the SEESL laboratory at the University at Buffalo in the form of pull-back tests,
harmonic tests and shake table earthquake excitations [5].

In the present paper the theory developed by Simo and coworkers is exploited to set the
stage for the simulation of the experimental tests carried out at the University at Buffalo on a
Jefferson/TW AAC conductor. Of particular interest is the determination of the initial static
configuration from which the dynamic tests on the cable are performed. The initial shape is
obtained by imposing the end displacements and rotations to an initially straight and un-
strained cable. The properties of the cable are taken so as to obtain a reasonably good match
between the numerical and experimental configurations and frequencies.

The paper is organized as follows. In the first section the governing equations of the 3D
geometrically exact beam model are presented, including kinematics, equilibrium and consti-
tutive equations. The second section deals with the derivation of the weak form of the equilib-
rium equations. Its exact linearization and discretization in time and space then leads to the
definition of a tangent operator and a system of equations solvable by means of an iterative
scheme of the Newton type. The final section is concerned with static and dynamic numerical
applications of an electrical cable. The results are compared where possible to those obtained
from experimental tests performed at the University at Buffalo.

2 GOVERNING EQUATIONS
The purpose of this section is to describe the equations governing the motion of the three-
dimensional geometrically exact beam model which will be used to model the cable.

2.1 Kinematics

Following Simo [2], the motion of the beam through time is uniquely defined by the posi-
tion of the line of centroids X,(S,t) and a rotation tensor R(S,t) specifying the orientation of a
moving frame t,(S,t) attached to the cross-section, relative to its initial position E,. The rota-
tion tensor R(S,t) represents a rigid rotation of the cross-section such that

t,(S.t)=R(S,t)-E (1)

The derivatives of R(S,t) with respect to S and t represent the rates of change of t,(S,t) and
are defined by:

%:&(S,t)-R(S,t)=R(S,t)-Q @
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oR(S,t) .
%=W(S,t)-R(S,t)=R(S,t)-W 3)
where @and W are skew-symmetric tensors defining the spatial curvature and rotational ve-
locity of a configuration, while Q and W are the corresponding material tensors.

2.2 Equilibrium equations
The spatial form of the linear and angular momentum equations is given by:

on  _ .

% +N=pAX,

a—m+%xn+rﬁ=pl W+wx(pl-w)
oS 0S

In Eq. (4) n and m are the spatial force and moment resultants while n and m are the distrib-
uted applied forces and moments per unit length of the beam. Moreover, A and | are the area
and spatial inertia tensor of the cross-section, p is the mass density and w is the spatial rota-

tional velocity vector.

(4)

2.3  Constitutive equations

Large deformations but locally small strains are assumed so that forces and moments are
linearly proportional to the corresponding strains and curvatures through a constant elasticity
tensor C. The following expressions hold:

C=diag[ GA,GA,,EA El , El,,GJ, | (5)

wlClal <6>

where N=R"-n and M=R"-m are the material force and moment resultants, while T and
Q are the corresponding strains and curvatures defined as:

r-r".%_g
a5
Q=R"-0

where o is the spatial curvature vector.

(7)

3 WEAK FORM OF THE EQUILIBRIUM EQUATIONS

Following Simo [3,4], the weak form of the equilibrium equations is obtained by multiply-
ing the spatial balance equations (4) by an admissible variation n=(u,,0):

G(X,n)=I[(g—g+ﬁ)-uo+(aa—r;+%xn+rﬁ)-e}ds+
L (8)
—[{pA%,-u,+[p1-W+wx(pl-w)]-0}ds =0

0
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If o(S,t)=[x,(S.t),R(S,t)] represents an arbitrary configuration, u, can be interpret-
ed as a superposed infinitesimal displacement on the line of centroids x,, and 6 as a super-
posed infinitesimal rotation onto the moving frame defined by R. More precisely, 0
represents the axial vector of the skew- symmetrlc tensor 0. It should be noted that by expo-

nentiation of the incremental rotation tensor @ we are guaranteed to obtain an orthogonal ten-
sor representing a finite rotation.

Integration by parts of the first integral of Eq. (8) leads to the following spatial version of
the weak form of the equilibrium equations:

G(tp,n)=j[n {66: ~0x %} gg}ds —[(A-u, +m-0)ds
} 0 0 )
+[{pA%, Uy +[ pl-W+wx(pl-w)]-0}dS =0

The material version of the weak form can be easily obtained as:

( + [au, X, r 00
G(¢,n)=![N.R {a—s—e a_s} M-RT-—C }ds j(n u,+m-0)dS w0

+f{pro-uo+R-[pJ-W+Wx(pJ-W)]-e}ds=o
0

In Eq. (10) J=R"-1-R is the material time-independent inertia tensor.

3.1  Time integration algorithm
Given the configuration g, (x,,,R,) at time t,, the problem of finding the configuration

@i (Xoneao Ryy ) At time t,,, is dealt with as follows. As far as the translational part of the

configuration is concerned the classical Newmark algorithm is used, whereas an extension of
Newmark’s algorithm to the orthogonal group SO(3) is considered for the rotational part of
the configuration. The time integration algorithm proposed by Simo [4] is summarized below.
For the translational part we have:

d,.,=d +u, (11)
u, =hd_ +h? [(%— ,B]dn + ﬁam} (12)
Aoy =d, +0[ (1-»)d, +7d,,, | (13)

where we have introduced d = X, just to simplify the notation.

For the rotational part of the configuration the extension of Newmark’s algorithm to SO(3)
is given in material form by:

R,..=R, -exp((:)n) = exp(f)n)-Rn (14)
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®n = hWn + h2 [(%_ﬂ)wn +ﬁwn+l] (15)

W

n+l

=W, +h[(1-7)W, +yW,,, ] (16)

In order to avoid singularities in the update of the rotation tensor, the exponentiation of the
rotation tensor in the first of Eq. (14) is performed using a quaternion parameterization. The
incremental material rotation vector @, is then extracted by means of Spurrier’s algorithm

[3,6].

3.2 Linearization and space discretization of the weak form

The linear part of the material version of the weak form of the equilibrium equations (10)
IS given by:

LI:G ((Pn+1"l)i| = G((Pn+11n)+ DG(‘Pml"l)'A“ (17)

In Eq. (17) G(e,.,.m) represents the unbalanced force at configuration (¢,,,,n) while the

term DG((pn+1,n)-Au leads to the definition of a tangent operator. As shown by Simo [3,4],
space discretization of the linearized weak form yields the following system of equations:

N

Z[Pl ((p”*'l)-i_l<|J (Rn’(Pﬂ+1)AuJ,n+1:| = 0 (18)

1,J=

where N is the number of discretization nodes, Auw; ., represents the incremental displace-

ment-rotation field and the tangent matrix K is given by the sum of the material stiffness ma-
trix S, the geometric stiffness matrix G and the inertia matrix M, that is

KIJ = SIJ +GIJ + '\_/IIJ (19)

Expressions for the above matrices can be found in [3,4]. The system of equations (18) is
solved by means of an iterative scheme of the Newton type. Details of the solution scheme, as
well as of the linearization and discretization of the weak form can also be found in [3,4].

4 NUMERICAL APPLICATIONS

In this section the three-dimensional geometrically exact beam model is applied to describe
the behavior of an electrical conductor tested at the University at Buffalo [5]. The cable con-
sidered is a Jefferson/TW AAC conductor made of 52 helically wrapped aluminum wires. All
the numerical applications are performed using MATLAB.

4.1  Properties of the cable

The material properties used in the analyses are E=10x10° psi and v = 0.33, whereas the
geometric properties of the cable are L=145 in, A=2.07 in? 1,=1,=0.0068 in* and J=I;+1,. The
weight of the cable is 0.188 Ibs/in.

It is usually difficult to evaluate the effective moment of inertia of cables based on the ge-
ometry of the cross section only, as considerably different values can be obtained depending
on whether the wires remain connected or can more or less slide with respect to one another
during bending. The value taken herein was chosen to yield a good matching of the in-plane
and out-of-plane fundamental frequencies measured during the experimental tests. Once the
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static shape of the cable has been found numerically, its frequencies are estimated by linear
eigenvalue analysis using the tangent stiffness matrix at the given configuration and an appro-
priate consistent mass matrix.

4.2  Cable form finding

The first application is concerned with determining the static configuration of the cable
from which the dynamic tests were performed. This is obtained by imposing end displace-
ments and rotations to an initially straight and unstrained cable. The conductor is discretized
using 80 2-noded (linear) elements with 1-point Gaussian integration. The shape of the cable
obtained by the numerical model is plotted in Figure 1 against the initial configuration meas-
ured prior to the dynamic experiments.
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Figure 1: Numerical and experimental static configuration of the cable.
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4.3  Response to harmonic ground motion

Starting from the configuration obtained in the previous section, the dynamic performance
of the algorithm is tested by separately applying in-plane and out-of-plane horizontal harmon-
ic displacements at the ends of the cable in the form:

u(t)=Usin(2rft) (20)
where U and f are the amplitude and frequency of the applied motion.

4.4  Resonant responses

In the present applications displacement amplitudes of 1 inch are considered and the excit-
ing frequencies are taken equal to the fundamental natural frequencies of the cable. These are
1.5 Hz for the out-of-plane motion and 4.15 Hz for the in-plane motion. The parameters used
in the time integration scheme are #=0.25 and y =0.5. A time step At =0.001s is used for
the out-of-plane excitation while At =0.0001 s is used for the in-plane application. Small
time steps are needed to avoid instability problems due to high frequency effects related to the
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axial response of the cable. Moreover, it is known that the Newmark family of time-
integration algorithms generally fails to conserve energy and can lead to unstable and inaccu-
rate results. For this reason algorithms have been proposed in the literature, which introduce
numerical damping to stabilize the computations [7,8]. In this paper we do not implement the-
se algorithms but the introduction in the model of real forms of damping is object of current
work.

For both the out-of-plane and the in-plane excitations, the first 10 seconds of motion are
analyzed. 1-point Gaussian integration is used for the internal force vector and the material
and geometric stiffness matrices, while 2-point Gaussian integration is used for the inertial
force vector and the inertia matrix.

The components of the response of a reference point along the cable to the out-of-plane
excitation are shown in Figure 2, along with the deformed shape of the cable at the time of
maximum out-of plane horizontal displacement. The reference point is marked in Figure 2(d).
It should be noted that the vertical displacements are of the same magnitude as the out-of-
plane horizontal ones.
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Figure 2: Numerical response of reference point to out-of-plane resonant excitation. (a) Out-of-plane horizontal
displacement, (b) vertical displacement, (c) in-plane horizontal displacement, (d) deformed shape at
maximum out-of-plane displacement.

The components of the response of the reference point due to the in-plane excitation are
shown in Figure 3, along with the deformed shapes of the cable at the time of maximum verti-
cal and horizontal displacements. It should be noted that in the case of in-plane horizontal ex-
citation the cable undergoes no out-of-plane displacements.
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Figure 3: Numerical response of reference point to in-plane resonant excitation. (a) Out-of-plane horizontal dis-
placement, (b) vertical displacement, (c) in-plane horizontal displacement, (d) deformed shape at maximum and
minimum vertical displacements.

5 CONCLUSIONS

A three-dimensional geometrically exact beam model has been presented for the static and
dynamic behavior of electrical equipment cables. The model has been implemented in
MATLAB and applied to a flexible conductor tested at the SEESL lab at the University at
Buffalo. The performance of the numerical algorithm has been evaluated through static and
dynamic applications in the form of harmonic ground excitations. The results show that fur-
ther investigation is needed to assess the accuracy and stability of the computations. The in-
troduction of different forms of damping in the model and the simulation of the dynamic
experimental tests performed at the University at Buffalo are object of current work.
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