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Abstract. This paper presents a structural analysis scheme for multistory buildings. In this 

analysis the boundary element method (BEM) is used to derive the stiffness. Such a matrix is 

coupled with the vertical skeletal elements using the traditional assembly procedures. Nodal 

displacements and end-forces are then computed, hence, post-processing is done for frame 

and floor elements. The results are compared against results of traditional finite element 

analysis.   
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1 INTRODUCTION 

Over the past decades, high-rise buildings became a part of the daily structural engi-
neering practice. In high-rise buildings, the effects of lateral loads e.g seismic and 
wind loads are critical; they have to be considered in the structural analysis process. 
 
Several methods were implemented to perform structural analysis of structures due to 
lateral loading. Initially, the simple structural geometry allowed simple manual calcu-
lations to provide a good enough solution [1]. The traditional Moment Distribution 
method and Matrix Analysis of structures were applied to regular framed structures. 
Many researches contributed to the techniques of modeling the irregular vertical ele-
ments (shear walls and cores). Some efforts presented analytical solutions via present-
ing a solution to partial differential equations [2]. Other solutions were based on 
numerical modeling of walls. 
 
The increasing complexity of the geometries increased the difficulty of the implemen-
tation of manual calculations leading to a need for more flexible numerical techniques. 
Hence, the finite element method [3] started to present itself as a convenient solution 
for structural analysis problems. The flexibility of the finite element method allows 
the modeling of any floor shape, hence, get its stiffness matrix. A typical finite ele-
ment model of a structure gets the stiffness of the floor as a two-dimensional element, 
either shell or plate, and assembles it with stiffness matrix of vertical elements mod-
eled as one-dimensional element. 
 
The finite element modeling of structures passed through many development stages. 
Works in [2-5] presented improved and more efficient modeling schemes to deal with 
tall structures containing coupled shear walls and cores. Improvements included re-
duction in computational effort and reduced numerical errors. Other models were 
concerned with the modeling of coupling beams as continuous connections; this is 
based on the high in-plane stiffness of horizontal floors. The impacts of the variations 
of the walls’ cross-sections along the building’s height were considered in [6-13]. 
 
In this paper a new scheme for the lateral analysis of structures is presented. The 
scheme is based on computerized matrix analysis of structures. The floor stiffness ma-
trix is derived from a boundary element formulation; the floor stiffness matrix is con-
densed at the frame nodes. The stiffness matrices of columns are computed as one 
dimensional element. The stiffness matrices of complex wall shapes are computed as 
one dimensional element, however, the twisting behavior is included via adding warp-
ing degrees of freedom. The boundary element model of plates and the boundary ele-
ment computation of warping functions for frames are reviewed. The computation of 
stiffness matrices and solution of equations is explained. Numerical examples are 
provided to illustrate the validity and efficiency of the proposed analysis scheme. 
 
2 BEM APPLIED 

This section reviews the boundary elements mathematical models that are utilized in 
the proposed analysis scheme. The first section, Section 2.1, reviews the boundary 
element analysis model for shear deformable plates. This model is the basis for the 
derivation of the plate stiffness matrix presented in Section 3. The second section, 
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Section 2.2, reviews the boundary element model implemented to calculate the warp-
ing functions and its derivatives for vertical supporting element cross sections. These 
values are required in the computation of the stiffness matrices of vertical elements 
presented in Section 4. 

2.1 BEM for Plates 

The problem of flat plates rested on column was studied by Rashed [14]. His work 
was done using the shear deformable thick plate theory. Columns or internal walls are 
modeled using internal supporting cells with the real geometry of the cross section. 
Three generalized forces are considered at each internal support: two bending mo-
ments in two directions as well as shear force in the vertical direction. These general-
ized forces are considered to vary constantly over the column cross-section. 
 
The work presented herein uses the shear deformable plate bending theory according 
to Reissner’s[15,16].In this section a review of this theory is outlined. Greek indices 
vary from 1 to 2 whereas; Roman indices vary from 1 to 3. The comma subscript is 
used to denote differentiation. 
 
Consider a typical flat slab as in Figure 2.1, the boundary integral equation may be 
written as follows: 
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Figure 2.1: Geometry and boundary element discretization for a typical flat slab. 

In which      y,  denotes a two-point kernel which represents the value of the gen-
eralized displacement in the j direction at a field point (y) due to a unit pulse (load) in 
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the i direction located at a source point k .The boundary traction fundamental solution 
 yTij ,*  .The column reactions are denoted by ( )kF c . 

 
Equation (1) represents 3 equations in 6 unknowns. In order to solve the previous 
problem, a collocation scheme is carried out at each internal column center. This 
equation is as follows Rashed [14]: 
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Where: c is a new source point located at each column center. This final equation pro-
vides additional three equations. Solving eq. (1) together with eq. (2), the values of 
the unknown boundary generalized tractions and displacement together with the col-
umn internal generalized displacement and tractions can be determined. 

2.2 BEM for warping 

In this section torsion analysis of sections is reviewed. Warping effects must be con-
sidered at designing core elements.  Vlasov  [17] was one of the leading developers of 
theory for warping torsion. The equations devised in [17] are used herein. 
Consider an arbitrary cross-section twisted by moments Mt applied at its ends as 
shown in Figure 2-2. This torsion moment is considered constant over the length of 
the element. Saint venant torsion Error! Reference source not found.18] assumed, 
at any point A(x1, x2, x3), the displacements u1  and u 2. 
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Figure 2-2 Displacement components in a cross-section of a twisted bar. 

In order to obtain the boundary integral of the problem, any standard procedure such 
as suitable integral identity can be used. The final equation can take the form: 
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Figure 2-3  Nodal-point location and relative distances for constant element discretization. 

The domain integral is transformed to the boundary integral form as follow: 
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The boundary  is discretized into N constant elements.  The values of the boundary 

quantity   and its normal derivative  n


 are assumed constant over each element 
and equal to their value at the mid-point of the element. 
The discretized form of eq. (4) is expressed for a given point p, on    as 
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Where:   is the segment (straight line) on which the j-th node is located and over 
which integration is carried out. 

Denoted the coefficients ijH


 and ijG  are defined as: 
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Introducing the notation (6) and (7) into eq. (5), the discrete form of the solution be-
comes 
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Eq. (2.78) may further be written as 
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The solution   can be computed at any point y in the domain  by virtue of eq. (4). 
Applying the same discretization as in eq. (5), we arrive at the following expression: 
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The coefficients ijG and ijH


are computed again from the integrals, but in this case the 
boundary point pi, is replaced in the expressions by the field point P in . 

 

3 PLATE STIFFNESS MATRIX 

After discretizing the plate boundary to NE quadratic boundary elements, equation (1) 
could be re-written in a matrix form as follows: 

[[ ]     [  ]      ] {
{   }    
{ }     

}  {    }     (12) 

Combining equation (2)after discretization together with equation (1)gives: 

[
[ ]     [  ]      
[  ]      [  ]       

[ ]      
[ ]       

] {

{   }    
{ }     
{  }     

}

 {
{    }    
{    }     

} 

(13) 

If the support elements are considered to have a free edge and no internal loading, 
considered equation (13) could be re-written as follows after placing the {  }vec-
tor on its right hand side: 
 

[
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If different cases of loading are considered such that the number of load cases is 
chosen to be equal to 3Nc, hence equation (14) could be re-written as follows: 
 
 

 
(15) 
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In order to force the force matrix[ ]to represent the slab stiffness matrix [ ]corre-
sponding to the previously degrees of freedom, [  ] should be set to the identity 
matrix[ ]. Therefore equation (14) could be rewritten as follows: 
 
 

[
[ ]     [  ]      
[  ]      [  ]       

] [
[ ]      
[ ]       

]   [
[ ]      
[ ]       

] 

 

(15) 

Rearranging equation (14) to give: 
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(16) 

 
Equation (16) could be used to obtain the stiffness matrix of the slab panel at the 
corresponding degrees of freedom defined at column positions. 
 

4 FRAME STIFFNESS MATRIX 

 he stiffness  atri  [  c  of vertical elements not including warping effects is defined 
by: 

 he stiffness  atri  [  cw] of vertical elements including warping effects is defined 
by: 

Where  *
cK is the local frame element stiffness matrix, [R] is the 3D transformation 

matrix,  DT and  DC are transformation matrices that change the position the degrees 
of the in-plane degrees of freedom to the plate master joint to apply the slab dia-
phragm effect[2 .  he  subscript “w” denotes  a trices related to warping walls. The 
computation of warping functions and derivatives are based on [18]. 
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5 NUMERICAL EXAMPLES 

5.1 Example (1):Slab resting on three columns 

   The purpose of this example is to compute the lateral drift of a single story building 
by the proposed method, hence, a comparison is made between the present results to 
those of the finite element method. Three numerical models are considered, two are 
based on the finite element method (FEM) and the third one is based on the proposed 
method. A comparison is carried out for the computed drift of a twenty story building 
has a similar floor slab as that of the one-story building. A parametric study is carried 
out to study the effect of the real geometric properties of the connecting cross section-
al area of the vertical supporting element to the slab. The slab has a thickness of 0.2 m, 
and dimensions of 44m. Column dimensions are 0.50.5m as shown in Figure 5-1. 
The slab material has a modulus of elasticity equal to 2210000 t/m2 and Poisson’s 
ratio of 0.2.The columns modulus of elasticity is equal to 2210000 t/m2. A 10t is ap-
plied in the X direction at co-ordinates x=0, y=2 m at the level of the slab. The con-
sidered height of the story is 3m.  

`

x

y

Column 1

Column 2

Column 3

1m

4m

3m

1
m

4
m

0.5m

0
.5

m

3
m

2m

Figure 5-1: Dimensions considered for the slab in example (5.1). 
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The following numerical models are considered: 
Model1: Considers the proposed method. The boundary element method is used to 
model slabs using continuous quadratic elements with element length of 1m as shown 
in Figure 5-2. 
Model2: Considers columns as 3D solid finite elements with mesh of size 0.0625m. 
The slab is modeled using plate bending elements with a mesh size 0.0625m.A dia-
phragm constraint is enforced at the floor level as shown in Figure 5-3. 
 Model3: Considers columns as skeletal frame elements. The slab is modeled using 
the plate bending elements with a mesh size of 0.0625m. A diaphragm constraint at 
the floor level is enforced as shown in Figure 5-4. 
It has to be noted that, in models 1 and 2 the Straus7 software [19] to carry out the 
finite element analysis. 

 

Figure 5-2: Boundary element model (model 1). 
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Figure 5-3: Solid element column model with slab plate bending finite element method (model 2). 

 

Figure 5-4:  Frame element column model with slab plate bending finite element model (model 3). 

Figure 5-5Figure 5- to Figure 5-7 demonstrate the bending moment a contour map and 
strips for the three models. In order to compare the results, Figure 5-8 demonstrates 
the same strip results for the three models together. It can be seen that the frame mod-
el (the common model that is used in practice of structural engineering) produces 
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peaking values for bending moments above support elements. If model 3 results are 
eliminated from 5-8, then Figure 5-9 is obtained. It is clear that the preset solution 
(model1) is as accurate as the (model2) in which columns are modeled as solid ele-
ments.  

 

Figure 5-5: Bending moment Mxx contour in model 1. 
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Figure 5-6: Bending moment Mxx contour map in the finite element model 2. 

 

Figure 5-7: Bending moment Mxx contour map in the finite element model 3. 
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Figure 5-8: Comparison of bending moment Mxx for the considered three models. 

 

Figure 5-9: Comparison of bending moment Mxx for the considered two models. 

In order to demonstrate the effect of consideration of real geometry of slab-column 
connection area, the following parametric study is carried out. The same example is 
re-considered but with 20 stories. The applied load is applied at the top floor only 
(floor no. 20). Two BEM models are considered, whereas the first model considered 
the actual connection area of columns and slab (0.5×0.5cm), whereas the second 
model considers the connections area between the slab and the column as a set to 
10×10 cm with preserving the column stiffness properties a 0.5×0.5cm column. The 
drift results of the two models are demonstrated and compared to the FEM frame 
model (model3). It has to be noted that only the FEM model 3 is considered herein as 
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it is difficult to run a 20 story building with solid elements using the currently used 
personal computers. It can be seen from 5-10 to Figure 5-12 that both the FEM mod-
el3 and the present BEM of the 10×10cm connecting area give similar results. That 
means that the contact area between the slab and the column is effect in the total drift 
of the structural. 
 

 
Figure 5-10 Drift in x axis. 

 

Figure 5-11 Drift in Y axes. 
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Figure 5-12 Rotation about Z axes. 

 

5.2 Example (6):  Practical Multi-Story Building 

The purpose of this example is to demonstrate the capability of the present formula-
tion to solve practical buildings. A 10 storey building is analyzed using the proposed 
method and the results are compared to those obtained from with the finite element 
method. The slab shown in Figure 5-13 is analyzed. It has a thickness of 0.23 m. Both 
the slab and vertical element materials have a modulus of elasticity equal to 
2210000t/m2 and Poisson’s ratio equal to 0.2.  he height of each storey is 3.4m. A 
(1000 t) load is applied in the X-direction as show in 5-14 at all levels of the slabs. 
The boundary element mesh and associate discretization are shown in 5-15.  The used 
finite element mesh is shown in 5-16, 5-17 with shell elements of size 0.5m. Columns 
are modeled using frame elements. A diaphragm constraint is applied at each floor 
level. The deflection of top slab as contour maps as shown in 5-18 and 5-19. Figures 
20-26 demonstrate comparisons of deflections and lateral drifts. 
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Figure 5-13: Dimensions of the Practical Building in example 5.2. 
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Figure 5-14:  The used boundary element model in example 5.2. 
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Figure 5-15: The finite element mesh used in example 5.2. 
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Figure 5-16: The multi-storey finite element model in example 5.2. 
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Figure 5-17 Slabs deflection UZ _BEM_Model (1). 
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Figure 5-18: Slabs deflection UZ- FEM-Model (2). 
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Figure 5-20: Strip guide
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Figure 5-21: Comparison of deflection UZ diagram between two models strip 1. 

 

 
Figure 5-22 Comparison of deflection UZ diagram between two models strip 2. 
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Figure 5-23 Comparison of deflection UZ diagram between two models strip 3. 

 
 
 
 

 
Figure 5-24 Comparison of deflection UZ diagram between two models strip 4. 
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Figure 5-25 Comparison of deflection UZ diagram between two models strip 5. 

 
 

 

Figure 5-26: Comparison of lateral drifts in X direction. 
 

6 CONCLUSIONS 

This paper presents a new scheme for the lateral analysis of buildings using matrix analysis of 
structures. In the presented scheme, the stiffness matrices of vertical elements are computed; 
including the warping effects for large wall sections. The stiffness matrices of plate elements 
are computed using a boundary element formulation; the stiffness co-coefficients are con-
densed at vertical elements positions. The proposed scheme is applied to a couple of examples. 
The first one demonstrates the significance of the real geometry modeling presented by the 
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proposed boundary element modeling. The second demonstrates the applicability of the pro-
posed scheme to practical applications. 
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