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Abstract. In architecture of building history, the arch type of structures, especially made 
from timber elements, are aesthetically very attracting creation.  Since the primitive era, hu-
man being has learned how to build the arch type of structures that have been used as roofs 
or beams for houses or bridges structures.  They have learned from failures and experiences 
how to stack and connect pieces of timbers in order to assemble a large span arch type of 
structure. 

Present study reports the theoretical derivation and finite element formulation for an arch 
structure formed by using built-up beams elements. 

Static experimental works were conducted to an arch structure formed by using built-up 
beams elements.  The behavior of the arch structure formed by using built-up beams elements 
are evaluated numerically by means of the finite element method. 

An analytical formulation is proposed to transform beam elements which can be commonly 
connected at both beam ends or can be intermittently built-up together as an element member.  
The formulation was derived based on the assumed stress distribution, shear deformation and 
expansion-contraction of the beam cross section within the context of linear elasticity theory. 
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1 INTRODUCTION 

In architecture of building history, the arch type of structures, especially made from timber 
elements, are aesthetically very attracting creation.  Since the primitive era, human being has 
learned how to build the arch type of structures that have been used as roofs or beams for 
houses or bridges structures.  They have learned from failures and experiences how to stack 
and connect pieces of timbers in order to assemble a large span arch type of structure. 

Figure 1: Illustration of a timber arch type structure. 

Kawaguchi [1] reported a study on Japanese Traditional buildings which revealed that the 
builders had an excellent understanding of static mechanisms and structural behavior of the 
roofs; however their understanding were based on their long period experiences in building 
the structures.  A hanging roof is considered rational and economical, because the pieces of 
timbers are only in tension, thus the strength requirement of timber is not need to be reduced 
to consider the buckling effects.   

In structural design works, to analyze the deformations and strengths of each member of 
the roofs, the standard beam element combined with modified joint element for connection is 
usually adopted [2-4]. 

This paper is intended to derive a formulation in which each element of the timber is mod-
eled by using four nodes with two displacement degree of freedoms at each node.  The fun-
damental theory is based on the beam element formulation considering shear deformation [5]. 

2 BASIS FOR THEORETICAL FORMULATIONS 

In this study, the standard four component of degree of freedoms which are used in the tra-
ditional two nodes beam element are converted into four arbitrary nodes lying within the 
beam element with two degree of freedoms attached at each node.   

Based on the principle of virtual work displacement, the displacements of those four arbi-
trary nodes within the beam element are transformable to the beam end displacements is for-
mulated.  The present theory is applicable for analyzing an arch type structure built-up by four 
arbitrary nodes along the boundary of a beam element which is transformed from the standard 
beams element model. 

3 PRINCIPLE OF VIRTUAL WORK  

By applying virtual displacements, the virtual works experienced by a one dimensional 
elastic body lying on an x-y plane under the assumption 0== zy σσ can be defined as 

( ) ( ) ( )dVdsYVXUdVYVXU
V xyxyxxSV ∫∫∫ +=⋅+⋅+⋅+⋅ τδγσδεδδδδ

σ
νν (1) 

where, Uδ and Vδ being the virtual displacements in the x and y directions, X andY being the 
body forces applied in the x and y directions, vX and vY being the surface tractions applied in 
the x and y directions, xx Eεσ = and xyxy Gγτ = are the elastic properties of the beam following 
the linear Hooke’s law. 
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By changing the integration boundaries to the length of the beam and both ends conditions, 
Eq. (1) can be expressed as 
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4 STRESS AND STRAIN RELATIONSHIP WITHIN A BEAM 

The stress assumption of a beam can be given as 
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with the strains in both directions can be obtained from 
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where,ν being the Poisson’s ratio of the beam material. 
The horizontal displacement of an arbitrary point can be expressed as 
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It can be noted that the last term ),(1 yxf  in the above equation is a function to incorporate 
the effect of shear deformation of the beam cross section. 

The vertical displacement of an arbitrary point can be defined as 
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width of beam cross section in which bbyb == )0()( , the term )(/)0( ybb will vanish from the 
shear stress and strain equations. 

By substituting Eq. (6), into the yε term, and integrating along the depth of the beam cross 
section, results in the following explicit equation considering shear deformation effect. 
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with, 
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5 FORMULATION OF BEAM REPRESENTED BY FOUR ARBITRARY NODES 

Figure 2 shows a standard two-node beam element with four arbitrary nodes (k, l, m and n) 
lying along the boundary of the beam element. 

Figure 2: The schematic beam element with four arbitrary nodes. 

5.1 General displacements functions 

Displacements and rotations of an arbitrary node inside a beam element interpolated from 
both beam ends values can be expressed by using polynomial as follow 
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where, ( )xu ,

 

( )xv , ( )xθ , ( )xγ and ( )xβ are the horizontal displacement, vertical displacement, 
slope of the beam axis, shear rotation and beam cross section rotation, respectively, at a dis-
tance x along the beam axis. 

By defining the boundary conditions of both ends values of the beam as 
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and solving for all the parameters in Eq. (8), result in 
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Thus, an interpolation matrix between the arbitrary point displacement values and both 
ends values of the beam can be described as follow 
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or in a vector and matrix forms, Eq. (11) can be written as{ } [ ]
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5.2 Strains based on general displacement functions 

Based on the general displacement functions derived in the previous section, the strains at 
any arbitrary location can be obtained from the following relationships.

0,0,0 2

2

3

3

2

2

2

2

=====
dx

d

dx

d

dx

d

dx

ud

dx

d γβκε (12)

Where,κ being the curvature rate of the beam axis.  By integrating Eq. (7) with respect to y, 
results in the following 
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Substituting Eq. (13) into Eqs. (5) and (6), will give the following displacements, 
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thus, the axial and shear strains can be obtained from the following 
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5.3 Virtual Work Equations 

Applying the virtual nodal displacements { }quδ  to Eq. (2), results in 
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6 TRANSFORMATION MATRIX FOR ARBITRARY 4 NODAL POINTS 

The transformation matrix for arbitrary 4 nodal points in the beam can be obtained by sub-
stituting each point’s coordinates ( ) ( ) ( ) ( )nnmmllkk yxyxyxyx ,,,,,,,  into the Eq. (14) by using 
Eqs. (8) and (10).  The transformation matrix defined for the arbitrary 4 nodal points related 
with the beam ends nodal displacements can be given as follow,   
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rewritten into a matrix notation, 
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being the matrix coefficients for node k which fill the above two rows of the matrix[ ]S .  The 
other three nodes (l,m,n) construct similar matrix coefficients by replacing the coordinates 
( )kk yx ,  of node k with the other three nodes’ coordinates ( ) ( ) ( )nnmmll yxyxyx ,,,,, . 

6.1 Equilibrium Equation 

By substituting Eq. (19) into the virtual work equation of the beam in Eq. (16), the virtual 
work equation in terms of the arbitrary four node displacements can be given as 

 { } ( ) { } { } ( ) [ ] { }q

TT
q

TT
q USKSUPSU 111 ][][][ −−− = δδ , (20) 

and the static equilibrium equation for the arbitrary four nodal points in the beam element can 
be given as 

 { } [ ]{ }qUKP =  (21) 

where, 
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7 CONCLUSIONS  

• A finite element formulation for an arch structure formed by using built-up beams ele-
ments is derived. 

• A transformation matrix was analytically derived which can be used to transform the de-
gree of freedoms from the standard two nodes beam element to the arbitrary four nodes 
lying along the beam boundary. 
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• Based on the virtual works principle, the equilibrium equation for the developed element 
model can be obtained by using the transformation matrix with the standard two nodes 
beam element matrices. 
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