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Abstract. Probabilistic characterization of a system’s response under random dynamic input
is essential for performance-based engineering. Monte Carlo simulation is the only general
method available for estimating response statistics. However, the method is computationally
expensive for realistic structural systems since it involves repeated deterministic dynamic anal-
yses for a large number of samples of the random input. The framework of random vibration
is also inadequate for calculating response statistics for linear systems under non-Gaussian
inputs and non-linear systems subjected to both Gaussian and non-Gaussian excitation.

We propose a novel, highly efficient method for calculating response statistics. The method
is based on stochastic reduced-order models (SROM), i.e., stochastic processes that have a
finite number of samples selected in an optimal manner from samples of the input process. The
SROM-based method can be viewed as a smart Monte-Carlo. Like Monte-Carlo simulation, the
method uses random samples of the input to characterize structural response. Unlike Monte
Carlo, which uses a large number of samples selected at random, SROM selects just a small
number of samples in an optimal way. Numerical examples of the newly proposed method are
presented for single-degree-of-freedom linear and non-linear Duffing and Bouc-Wen systems.
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1 INTRODUCTION

Calculation of response statistics of structures subjected to seismic loads is an essential part
of performance-based seismic design. Monte Carlo is the only general method available for
calculating this type of statistics. However, the method is computationally impractical for real-
istic structural systems since it involves repeated deterministic dynamic analyses for randomly
selected samples of seismic load processes. This procedure makes Monte Carlo method com-
putationally expensive.

The framework of linear/non-linear random vibration is also inadequate for calculating re-
sponse statistics. Classical theory of linear random vibration provides efficient tools for cal-
culating the first two response moments for linear systems. For example, unless the input is
Gaussian and the system is linear or the output can be assumed to be Gaussian, the first two
moments of the response are insufficient for calculating exceedance probability ([1], Sect. 7.2).
This is a significant limitation since structural systems behave non-linearly under strong seismic
loads.

The main goal of this paper is to propose two novel, conceptually-simple, accurate, non-
intrusive and computationally-efficient methods for calculating response statistics for structures
subjected to seismic loads. The methods are based on stochastic reduced order models (SROMs)
[2], i.e. stochastic processes that have a finite number of samples selected in an optimal manner
from the samples of the target process. Like Monte Carlo simulation, the methods use samples
of seismic load processes to characterize structural response and is not intrusive in the sense
that their construction uses deterministic solutions. However, the proposed methods use a small
number of load samples selected in an optimal manner. In contrast, Monte Carlo simulation
uses a large number of samples selected at random.

The first method, referred to as the first-order SROM, constructs a SROM using directly the
input samples. The second method, referred to as the second-order SROM, requires a parametric
model, with random parameters, whose samples are evaluated from input samples. A SROM is
constructed for the random parameters, which implicitly defines a SROM for the random input.

The use of optimally selected samples allows to reduce the number of simulations required
by the Monte Carlo method by one or two orders of magnitude while retaining accuracy. The
method has been originally developed for dynamic response [3]. Recently, it has been shown
that for static problems the SROM-based method can be improved significantly [4]. Preliminary
studies indicate that similar improvements will provide accurate solutions for random vibration
problems [5]. Optimization algorithms have been developed for constructing SROMs for ran-
dom random vectors [2, 6]. Applications of SROM in earthquake engineering, for efficient
calculation of fragility surfaces, were already developed in [7].

Response statistics are calculated for linear and non-linear systems subjected to samples of
random input through the two new SROM methods and results are compared with the reference
Monte-Carlo ones. The SROM match satisfactory the expected results with a fraction of the
computational effort.

2 PROBLEM DEFINITION

Simplified models of real systems are often used in structural engineering. Three simple
examples of models of single-degree-of-freedom (SDOF) systems are represented by the fol-
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lowing three ordinary differential equations:

Y(t) + 20vY (t) + 7Y (t) = X (1) (1)
Y (1) +200Y (1) + 2(Y (1) + pY (1) = X (2) (2)
Y (1) +200Y (1) + 2(pY (1) + (1 = p)W (1)) = X (1) 3)

W(t) = =Y () + oW ()" W (t) + BY ()W (1)]"

where X (¢) is the random input represented by a stochastic process; Y (t), Y (t) and Y (t) are
the displacement, velocity and acceleration of the SDOF system, respectively; and v, , a, 3, 7,
p and 7 are scalars representing system parameters. Equations (1-3) define known systems, i.e.
linear, Duffing and Bouc-Wen oscillators, respectively. Parameters v and ¢ in Eq. (1) are also
known as the natural frequency and the damping ratio of the linear system.

We want to find statistics of the extrema for the processes Y (¢) defined in Eqs. (1-3). For
example, we will calculate the probability of exceedance P (maxo<;<, |Y (t)| > yer), Where 7 is
the duration of the process X (¢) and ., is some critical value of the displacement.

The input process X (t) is a stochastic process and it can represent any type of random
loading, such as earthquake or wind. Usually the input process is available in the form of a
catalog of recorded events, i.e. samples of X (¢). Therefore, for generality we consider that our
input is represented by a specified large number n of samples x(t) of X ().

3 SOLUTION

Two SROM-based methods are used to solve the problem and results are compared with
the reference Monte-Carlo results. SROM can be seen as a smart Monte-Carlo method. Like
Monte-Carlo, it uses randomly generated samples of the stochastic process X (¢). Unlike Monte-
Carlo, in which samples are equally likely, in SROM the samples are chosen in an optimal way
and are weighed by probabilities.

3.1 Monte-Carlo Solution

The Monte-Carlo method relies on solving the ODEs in Egs. (1-3) for all available samples
{z;(t), i = 1,...,n} of X(t). Then the exceedance probability of interest is calculated as

MC _ 1 -
P (ye) =P (max Y (t)] > ym«) = Z]L{max ly: (t)| > ycr}. 4)

0<t<r 0<t<
i=1

3.2 First-order SROM Solution

The first-order stochastic reduced order model is defined directly for the samples of the input
process X (t). Any number m, of samples {7(¢), k = 1,....,my} of X(¢) and probabilities
{pr >0, k=1,. ml} such that Zk 1P = 1 define a stochastlc reduced order model. We
denote the SROM as X( ) = {(Zk,pr), k =1,...,mq}. Itis shown [2] that it is possible to find
a selection of {(zx(t),px), k = 1,....,my} such that X (t) and X (t) have similar probability
laws for m; << n.

We are looking for a SROM X (t) with a range {2 (t), k = 1,....,my } of a relatively small
number m; of independent samples of X (¢). Our objective is to find an optimal vector p°?! =
(pe ‘. k=1, ...,m,) that minimizes the discrepancies between the probability laws of X (¢) and

X (t) [9]. We obtain p°* by solving an optimization problem with an objective function which
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measures differences between various statistics of X (¢) and X (¢). It is suggested in [2] to use
an objective function of the form

3
= eihilp), (5)
=1

where hy(p), ha(p), hs(p) measure the differences between the moments, marginal distribu-
tions and covariance functions of X (¢) and X (t), respectively, where p = (p;, i = 1,2,3) and
(e; >0, i =1,2,3) are some weights which account for the relative importance of components

Statistics for X (¢) can be calculated directly from its probability law if X (¢) is well defined.
However, in our case, in order to maintain the idea of the input being defined as a catalog of
samples, statistics for both X (¢) and X (¢) are estimated from their samples. Thus, the moments
of order ¢ are

pltsq) = BLO0] = LSt ©
fi(t; q) = zl:pki*i(t), (7)

the marginal distributions are
F(gt) = P(X Z 1 {zi(t) < &}, (8)

F(&3t) Zpkn{xk ) <& j=1, . np )

and, finally, the covariance functions can be calculated as

S(t, ) = BIX()X(5)] = —— > au(t)i(s) (10
S(t,5) = 3 pin()n(s) (1)

Components of the objective function in Eq.(5) are calculated using the statistics estimated
above.

a ( —gg%{Zwutq (s q) — f(ts )I} (12)
ha(p) = max {Zw(@»,t) [F(git) - F(@-;t)\} (13)
EEaps

S(t, s) — S(L, 5)

hs(p) = max {wg(t, s) }, (14)

0<t,s<t

where w,, wp, wy, > 0 are weighing functions. Minimizing the objective function in Eq. (5)
results in obtaining the vector p°?*. The optimization problem will be repeated for a specified
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number of independent sets of m; samples of X (¢), {z%, &k = 1,...,my}. The minimum value
of h(p°P") indicates a sub-optimal solution p°/'.

The selected SROM pairs {(z(t), pi"), k = 1,...,m;} are used to solve the ordinary dif-
ferential equations and the target probability is calculated as

mi
SROM1 _ opt ~
Py (Yer) = ;pk 1 {ggfgg | (t)] > ycr} : (15)

where g (t) are the solutions of Eqs. (1-3) to Zx(t), k =1, ...,my.

3.3 Second-order SROM Solution

The second-order SROM method involves using a parametric model for the input process
X (t) of the form

d
X(t) = X(t,2) = Y Zipi(t), (16)
=1

where Z = (Z;, i = 1,...,d) is a random vector and {¢;(t), ,7 = 1,...,d} are deterministic
specified functions of time. Parametric models of this type can be calculated for any stochastic
process. We use a truncated Karhunen-Loéve model to calculate functions {;(t), i = 1,...,d}
by calibrating it to the first two moments of X (¢), that is, the mean and covariance functions
[10]. Functions ¢;(t) are the eigenvectors of the covariance matrix (¢, s) defined for0 < ¢,s <
7. Unlike the Karhunen-Logve expansion, for which X (¢) = limy, 00 D5y VA Xipi(t), t > 0,
where \; are the eigenvectors and X; are random variables with zero mean and unit variance, we
use the approximation in Eq. (16). The random vector Z; will be characterized by its samples.
Samples z;,; of the random vector Z; are obtained by minimizing the difference between the
actual samples x(t) of X (t) and their approximations S 7 | 2 ;0;(t), where z;; denotes the
i-th component of sample z;, of Z. In other words, for each sample x4 (¢) available we find
a sample of z;, = {z,, ¢ = 1,...,d} by minimizing, for example, the mean squared error

2
S (21(t) = S zienlt)) .

In this second method we construct a SROM Z for Z using the samples of the random vector
Z. Let Z be a random vector of the same dimension as Z and samples {Zk, k = 1,...,ma}
selected from samples of Z. We associate probabilities (p1, ..., P, ) for each sample Z;, such
that Y _,"*, pr = 1 and the probability laws of Z and Z are similar, following the same procedure
presented in the first-order SROM solution. We call Z a stochastic reduced order model of Z.
Moreover, we denote by {I'x, k = 1, ..., my} the cells of a Voronoi partition of the range of Z,
with centers {2} [4]. A cell I'; contains all samples z; of Z that are closer to Z; than any other
Zi,1.e. |z — Zk| < |z — Zi|, | # k. Note that the probability p; defines also the probability that
Z takes values in cell I'.

The SROM Z of Z also defines a SROM X (; Z) of X (t; Z) with samples {37, 2 ,0:(1)}
with probabilities p, k = 1,...,my. As in the previous SROM method, X (¢; Z) has only
my samples Z(¢; Z; ), much smaller than the large number n of available samples of X (¢). We
denote by 7(t; Zx) the solutions of Egs. (1-3) to Z(t; Z;). The response process is approximated
by

5 ma2
Y(t:2)=> MZ ey} it &) + Vit 5)(Z — &) . (17)
k=1
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where 7(¢; Z;) are the responses as defined previously with their corresponding probabilities
pr and Vi(t; 2,) = 0Y (¢, 2)/0Z;, © = 1,...,d are called sensitivity factors of the response
Y (t; Z) calculated at Z = Z;. Function 1 denotes the indicator function.

0.03

-0.01

—-0.02

0 5 10 15
t[s]

Figure 1: Samples of X () and their approximation Zle Z;pi(t) for d = 100, 200, 300.

The sensitivity factors can be approximated numerically from the differences between the
responses Y (¢; Z) calculated at Z = Z; and Z = Z, + AZ, where AZ; denotes a perturbation
of z;. They can also be determined by solving deterministic differential equations as illustrated
below. The sensitivity factors for the linear system are the solutions of the follwoing ODE with
constant coefficients

X (t, Z)
0Z;

OX(t,Z)  ,0X(t,Z)

where ¢ = 1, ..., d and they do not depend on the values of Z,. The sensitivity factors for the
Duffing oscillator in Eq.(2) are the solutions of

X (t, Z)
Y4

OX(1.2) | 0X(1,2)

25 o7

(14 3pX%(t; 1)) = @i(t). (19)

Finally, the sensitivity factors V(¢; Z) for the Bouc-Wen system are the solutions of the fol-
lowing system of deterministic ordinary differential equations

0X(t,2) oX(t,2) ([ 9X(t,2) oWt 2Z)\
—az  + 2= AR G e (L-p) —2z )~ ©i(t) (20)
oWt zZ) 09Xt 2Z) e - \OW(t, Z)
OX(t,Z) ~ s s OW(L, Z)
+ 8 <TZZ|Wk| + nsgn(Wi) Xg| Wi 0z - ; 21
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where W, = (OW (t; 2)/0Z;)|Z = %, and X}, = (0X(t; Z)/9Z;)|Z = Z, are deterministic
quantities and are calculated from Eq. (3).

Note that the larger the dimension d of vector Z, the better the approximation of X (¢, Z) to
X(t) is. Figure 1 show one sample of Z using different lengths for the truncation of the KL
expansion, i.e. d = 100, d = 200 and d = 300, respectively. Figure 2 shows the mean-squared-
error probability density functions between the original samples of X (¢) and their approxima-
tion by X (¢, Z) for various values of d.
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Figure 2: Error densities between samples of X (¢) and Z?:l Z;p;(t) for various d.

The selected SROM pairs {(Z, pi?"), k = 1, ..., my} are used to solve the ordinary differen-
tial equations and the target probability is calculated as

ma2
SROM?2 _ opt ~(1.
Py (Yer) = I;pk 1 {gg;gg y(t; zx) > y} : (22)

where §/(t; z;,) are the samples of Y (t; Z) calculated in Eq.(17).

4 Numerical Examples

A numerical example is considered in order to compare the performance of the two SROM-
based methods with respect to the reference Monte-Carlo results. We calculate the response
statistics for all three systems described above.

For the current example we consider the input process X (¢) to be a non-stationary, zero-
mean, Gaussian process with known second-order moment properties. We use n = 10, 000
samples of X (¢) in our catalog of input samples. Note that the methodology described in
the previous section works also for non-Gaussian processes. The Monte-Carlo statistics are
calculated by solving Egs. (1-3) to all n samples.

First-order SROM The first-order SROM X (t) is calculated using just m; = 20 samples
of X (t). Figure 3 shows the means of processes X (¢) and X (t), respectively. Figure 4 and 5
compare marginal distribution and covariance function of X (¢) estimated from n samples with
the same statistics obtained from the SROM X (¢) of X (t).

While the means and the marginal distributions of X (¢) and X (¢) are reasonably close to
each other, it is more difficult to capture the covariance function of X () with just the m; = 20
samples used in the construction of X (¢).

Note that the first-order SROM may be improved by either increasing the dimension its di-
mension m; or by improving the selection of the samples in order to minimize the discrepancies
between the probability laws of X () and X (¢).
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Figure 3: Estimated mean of X (t) and X (t)

Figure 5: Estimated distribution function and covariance matrix for X (t)

Second-order SROM The second-order SROM method involves the construction of a SROM
Z for the random-vector parameter Z. We use only ms = 20 samples of Z. The dimension
of Z used is d = 200, for which the mean squared error between samples of X (¢) and their
approximates is around 5 x 10~ as shown in Figure 2.

Figure 6 shows the means of random-vector parameters Z and Z, respectively. Figure 7 and
8 compare the mean, marginal distribution and covariance function of Z and Z, respectively.
As previously, out of the three statistics, the covariance function is the hardest to match with
just mo = 10 samples of Z.

Note that the second-order SROM built may be improved by either increasing the dimension
of the SROM m,, by increasing the dimension d of the parameter Z, or by using a more efficient
methodology of selecting the range of Z in order to optimize the discrepancies between the
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Figure 6: Estimated mean of Z and Z
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Figure 8: Estimated distribution function and covariance matrix for Z

statistics of Z and Z.

Once the SROMs are constructed, Egs. (1-3) may be solved using just the samples selected
and exceedance probability curves calculated as shown in Eqgs. (15) and (22), respectively.
Finally, the probability that the response Y (t) exceeds a critical value ... is compared in Figure
4 calculated by using each method, i.e. first-order SROM (black dashed line), second-order
SROM (red dashed line) and Monte Carlo (solid blue line).

A good approximation within a 5% mean squared error of the Monte-Carlo solution is ob-
tained using the first-order SROM with the least computational effort. The solution obtained by
the second-order SROM is almost identical with the Monte-Carlo results. Table 4 summarizes
the error and the computational effort in term of the number of dynamic analyses required to
calculate the statistics of interest.

1350



Alin Radu and Mircea Grigoriu

Py

0.8

0.6

0.4

0.2

0.8

- 0.6

Py

1 0.4

\ 0.2

Py

0.8

0.6

0.4

0.2

Figure 9: Exceedance probability for Linear, Duffing and Bouc-Wen oscillators

Model Ist order SROM 2nd order SROM MC
Dynamic Analyses my me X d n
Dynamic Analyses (example) 20 2,000 10,000
Error ~ 5% ~ 0 0

Table 1: Computational effort vs. relative error by comparing SROM-based methods with Monte Carlo

An important difference between the two SROM-based methods can clearly be noticed in
this table. Unlike the first-order SROM, the second-order SROM produces almost zero error
with respect to Monte Carlo at the expense of d-times more analayses.

S CONCLUSIONS

Two novel, highly efficient methods have been proposed to calculate response statistics for
structural systems subjected to random input. The methods are based on the stochastic reduced
order models that can be viewed as smart Monte Carlo simulations. Unlike the Monte Carlo
method which uses a large number of samples selected at random, the new methods use much
smaller numbers of samples that are selected in optimal manner. The methods are implemented
to calculate exceedance probabilities of linear and non-linear single-degree-of-freedom systems
subjected to samples of stochastic processes. The SROM estimates of exceedance probabilities
match satisfactorily the Monte-Carlo estimates of these probabilities although they are based on
a small number of input samples. Even though both methods produce very good approximations
of the reference results, one method produces almost zero error at the expense of more dynamic
analyses.
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