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Abstract. Slender structures such as footbridges may be prone to human induced vibrations
such that vibration mitigation devices as TMD’s are adopted to increase the structural damping.
Both the prediction of the structural response and the tuning of the TMD parameters rely on the
modal parameters of the footbridge. These parameters are subjected to uncertainty in design
stage, when only an estimation can be made for example using finite element models. After
construction, the natural frequency and damping ratio can be measured but variations due to
environmental effects such as temperature can result in parameter variations.

Therefore it is important to take into account these uncertainties for the vibration service-
ability assessment and the design of the TMD.

The present paper proposes a robust TMD design which adopts a worst case approach to
take into account uncertainties in design stage. The proposed approach is illustrated for the
Phénix footbridge. Considering an uncertain natural frequency and damping value for the case
study, a worst case approach is adopted to determine the optimal values of the TMD mass,
stiffness and damping.

A significant difference is found between the optimal TMD parameters of a nominal and
robust tuned TMD. The mass and damping ratio of the robust TMD are found to be much higher
than for the TMD tuned at nominal values of the natural frequency and damping ratio. This
ensures that the comfort constraints are satisfied in all possible cases.
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1 INTRODUCTION

The upcoming of advanced design methods and high strength materials enables the design
of slender footbridges characterised by low natural frequencies, possibly in the range of loading
frequencies induced by human walking. Recently, several vibration serviceability problems
were reported [1, 2].

Currently, the Sétra [3] and HiVoSS [4] guidelines are often used to evaluate the dynamic
behaviour of footbridges in design stage. The acceleration levels of the footbridge are evaluated
based on calculations with assumptions for both the dynamic behaviour of the construction and
the dynamic load.

If the calculated vibration levels exceed the required comfort threshold, a Tuned Mass Damper
(TMD) can be included as a passive vibration control device. The TMD serves as an energy
absorber and is characterised by its mass, stiffness and damping parameter. The tuning of the
TMD parameters is based on the modal parameters of the main structure.

Uncertainties in the modal parameters of the bridge strongly influence the predicted response.
Moreover, a TMD tuned for the nominal values of the modal parameters may result in an inef-
fective response reduction. Therefore, the authors suggest to take into account uncertainties in
the modal parameters for the TMD tuning.

In the last decades, two types of optimisation methods were developed to deal with uncertain-
ties in design. A first one is the reliability-based optimisation method (RBO) which optimises
the design variables under uncertain conditions to reach a predefined target reliability. A second
approach is a robust design optimisation (RDO) resulting in a design less sensitive to the effect
of uncertainties [5, 6, 7]. A reliability-based robust design optimisation problem (RBRDO)
combines the two aforementioned methods [8].

To obtain a robust design of the TMD that guarantees a prescribed response level despite of
the considered uncertainties, a worst case approach is here adopted. This approach is illustrated
for the Phénix footbridge in Charleroi. The present contribution compares a TMD tuned at
nominal values of the modal parameters with the robust TMD. The paper focuses on the TMD
optimisation in design stage. After construction, the uncertainty interval on the modal parame-
ters can be reduced with measurements. A TMD designed in post-construction stage thus may
differ from the presented. Also here variations due to environmental effects such as temperature
may be expected.

The structure of the paper is as follows. The Phénix footbridge is presented and its vibration
serviceability is assessed following the Sétra and HiVoSS guidelines. Subsequently, a determin-
istic optimisation problem is formulated to determine the parameters of the TMD. The effect
of uncertainties on the modal parameters of the footbridge is studied by considering a varia-
tion of the natural frequency and damping ratio within a range reasonably expected in design
stage. The next section proposes a robust design optimisation of the TMD to deal with these
uncertainties. Finally the optimal TMD parameters and the response reduction obtained for the
different designs are compared.

2 THE PHENIX FOOTBRIDGE - CHARLEROI
2.1 Description of the footbridge

The Phénix footbridge is a slender construction with a single span of 38.25 m and a width
of 13.35 m and is situated nearby the railway station of Charleroi (Belgium). The cross section
of the bridge consists of three parts. The midspan is a main box of 6.5 m by 1 m with on both
sides, cantilevered tapering I-profiles that are mounted on fixed distances. Figures 1(a) and 1(b)
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show a global view of the footbridge and the cross section of the structure respectively.

The bridge 1s supported by four neoprene bearings. Vertical translations are fixed at all
corners but horizontal translations are fixed at one. An additional support is added in the middle
of one side of the bridge to avoid lateral movements. An overview of the support conditions is
given schematically in figure 1(c).
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Figure 1: (a) The Phénix footbridge in Charleroi, (b) Cross section, (c) Support conditions.

The dynamic behaviour of the construction is defined by its modal parameters. The mode
shapes as calculated by an initial finite element model (FE-model) are given in figure 2. The
first mode has a natural frequency of 1.65 Hz which is in the range of the loading frequencies
of the walking load because its natural frequency is lower than 5 Hz.

(a) (b) ©)

Figure 2: Modal parameters of the Phénix footbridge based on the initial FE-model: (a) 1st bending mode (f; =
1.65 Hz), (b) 2nd bending mode (f2 = 5.22 Hz), (c) 1st torsional mode (f3 = 6.15 Hz)

2.2 Vibration serviceability assessment

For lively footbridges, a vibration serviceability assessment is often performed following
the guidelines [3, 4]. The maximal acceleration response is predicted for all sensitive modes
assuming resonance conditions disregarding contributions from other modes. A human induced
loading for different pedestrian densities is therefore considered. Both the dynamic load and
the dynamic behaviour of the structure are discussed next.

2.2.1 Dynamic load

The walking force is considered as a periodic load and thus written as a Fourier series:

F.(t) =G+ Gogsin (2rhf.t — 0)) (1)

h=1
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with F,(t) the walking force in direction e (vertical, lateral or longitudinal) in the time domain,
G the weight of the pedestrian, h the number of the harmonic load component, «.;, the dynamic
load factor in direction e for the h** harmonic, f, the step frequency and ), the phase shift for
harmonic h. Only the first two harmonic components (n;, = 2) are taken into account in the
evaluation by the guidelines.

Sétra and HiVoSS simplify the forces due to a group of /N random pedestrians into an equiv-
alent load which is uniformly distributed on the bridge deck. Therefore, different traffic classes
were introduced representing different pedestrian densities. In table 1, an overview is given of
the classes for Sétra and HiVoSS for different pedestrian densities.

Pedestrian density d [#pers./m?|
15 pers. 0.2 0.5 0.8 1.0 1.5
Sétra Class II' ClassII Class I
HiVoSS TC1 TC2 TC3 TC4 TC5

Table 1: Sétra and HiVoSS traffic classes and corresponding pedestrian densities.

The proposed load model consists of an equivalent number of perfectly synchronised pedes-
trians N.,. A distinction is made between sparse and dense pedestrian densities. For low
pedestrian densities, free movements of the pedestrians are possible and the equivalent num-
ber depends on the structural damping §;. For higher densities, the walking behaviour of the
pedestrians is obstructed and the levels of synchronisation increase. The higher level of syn-
chronisation results in an increased number of equivalent pedestrians. V., can be found as
follows:

Ny = 10.8y/&;N for d < 1pers./m” ()
N., = 1.85V'N for d > 1pers. /m? 3)

The amplitude of the equivalent uniformly distributed load g, . [N/m?] in direction e is calcu-
lated as:

Ne
Geq.e = ?qaetheh(fj) (4)

with S the surface of the bridge deck and )., a reduction factor that brings into account the
possibility of resonance as a function of the natural frequency f; of the bridge. The reduction
factor depends on the direction of the force (longitudinal, lateral or vertical). Figure 3 shows
ey, for vertical vibrations as a function of the natural frequency of the system.
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Figure 3: Reduction factor ¢( f;) for vertical vibrations according to the guidelines Sétra (-) and HiVoSS (- -).

2.2.2 Dynamic behaviour of the construction

The dynamic behaviour of the construction is determined by its modal parameters (natural
frequency, mode shape and damping ratio). In design stage, the natural frequencies and mode
shapes can be calculated by a FE-model but the damping ratio must be estimated based on prior
experience with similar structures. Suggested values for the damping ratio are given by the
guidelines. After construction, the modal parameters can be estimated from measurements.

For different pedestrian densities, the natural frequencies of the structure change due to the
additional mass of the pedestrians. The guidelines prescribe that, for each traffic class, the
natural frequencies and mode shapes must be extracted from a modified FE-model which takes
into account the additional mass. For each of these calculated frequencies, the possibility of
resonance with the pedestrian’s step frequency is evaluated.

If resonance with the first or second harmonic of the load is likely to occur, a response

calculation is required. Higher harmonic components of the walking force are not considered
in the guidelines.

2.2.3 Response calculation and evaluation

The maximum acceleration ;¢ 4, for mode j in direction e is calculated as follows:

eq,e i Sz 1,p(1)e
a%e’max _ q q, Zl ’¢],p( ) ‘ max ‘Qsj,p(i)e‘ (5)
2¢;

p(7)

with S; the discretisation of the bridge deck, p(7) the position on the bridge, ¢;,. the modal
displacement on position p in direction e of the j-th mode shape. The latter formula is equivalent
to the response calculation assuming resonance for an SDOF-system as follows:

F, ext
Ii)/max = (6)
28;m;

with the following parameters describing mode shape j as an equivalent SDOF-system,

1
m; = 5 ky = (21 f;)? my, ¢ = 26;m;(27 ;) 7
(maxy) |9 p(ige|)
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and F,,, the amplitude of the external force assumed by the guidelines. Combining equation
(5) and (6) allows to calculate F,,; as next:

F, = Qeq,e ZZ Si|¢j,p(i),e|

" maxy() | el

®)

Afterwards, the predicted vibration levels are evaluated by means of a comfort scale (maximal,
mean, minimal comfort or unacceptable). Note that the vibration serviceability assessment must
be performed for the different pedestrian densities considering all excited modes.

2.3 Vibration serviceability assessment for the Phénix footbridge

Because of the low natural frequency of the first mode (f; <5 Hz), resonance with the first
or second harmonic of the walking force must be considered. For higher natural frequencies,
the guidelines assume no risk for resonance with the walking force. Since the Phénix footbridge
is a steel structure, the assumed damping ratio is 0.4% as proposed for steel structures [3, 4].

The results of the vibration serviceability assessment for the first mode are given in figure 4.
For low pedestrian densities, minimal comfort is guaranteed. In table 2, the acceleration levels
are summarised for the different traffic classes of both guidelines. The highest accelerations are
predicted for a pedestrian density of 1 pers./m? corresponding to Sétra class I.
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Figure 4: Vibration serviceability assessment of the first bending mode of the Phénix footbridge according to Sétra
and HiVoSS (based on initial FE-model).

d[#pers./m?] | 15pers. 02 05 08 1 15
Sétra / / 0 L.75 5.00 /
HiVoSS 0.41 0.99 1.37 /422 4.12

Table 2: Predicted acceleration levels i, [m/s?] for the different pedestrian densities.

2.4 Effect of uncertainties on the predicted response

The accuracy of the vibration serviceability assessment strongly depends on the knowledge

of the structure’s modal parameters. The predictions are however highly sensitive to changes in
the natural frequencies and damping ratios.

The influence of deviations in the values of the natural frequency and structural damping is
illustrated for the Phénix footbridge. For the natural frequencies, a range of 0.9 to 1.1 times the
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nominal value is considered in line with deviations recently observed in a large number of case
studies [9]. For the damping ratio, a larger interval of 0.5 to 1.5 times the proposed value of
0.4% 1s adopted. The same uncertainty range will be assumed in all analyses next:

0.9 fj,nom S fj S 1.1 fj,nom

9
0.5 gj,nom S fj S 1.5 é—j,norn

The influence of the assumed uncertainty is investigated for the Phénix footbridge considering
Sétra Class I. Figure 5(a) shows that the maximal acceleration predicted by the guidelines is very
sensitive to the deviations in the natural frequency. The influence of the uncertain frequency on
the external load F,; is given in figure 5(b). The load F.,; does not depend on the structural
damping because of the calculation of V., for d > 1pers./ m? (see equation (3)). The load F,,
depends on the natural frequency mainly through the reduction factor )., for the considered
frequency range (figure 5(c)) since all other terms are frequency independent in this case.
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Figure 5: Sétra - Class I (1p./ m?): (a) Maximal response for structure without TMD as a function of uncertain nat-
ural frequency and damping ratio. (b) Maximal equivalent force F,,; as a function of uncertain natural frequency
and damping ratio. (c) Frequency dependent load reduction factor for Sétra class I with considered uncertainty
range in filled area.

3 DETERMINISTIC DESIGN OPTIMISATION OF TMD

In order to reduce the vibration levels and to satisfy the threshold for pedestrian comfort
as described in section 2.2, a TMD is added for the Phénix footbridge. The present section
discusses a design of the TMD tuned at nominal values disregarding uncertainties on the modal
parameters of the footbridge.

3.1 Deterministic problem formulation

In designs, a trade off must be made between performance and cost-efficiency. The design of
the TMD can be described as an optimisation problem where a cost function is to be minimised
satisfying a set of constraints. A linear relation between the total cost and the TMD mass m1yp
is assumed. The objective function is therefore given by the TMD mass. A limit value of
1m/s? is chosen as the maximal allowed vertical acceleration ticomsor and is implemented as a
constraint. The response is calculated according to equation (5). Second, a constraint is added to
limit the relative displacement of the TMD to a tolerable value A, for which a value of 0.05 m
is assumed. An upper and lower limit for the stiffness kryp and damping cpyp of the TMD
is included to ensure buildability. This leads to the following formulation of the optimisation
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problem:
minimise Mqyp

Mrmp,KrMp,CTMD
subject to fimax < flcomfort (NOMinal)
Al < Ay (nominal) (10)
kmin S kTMD S k?max
Cmin < Crvp < Crnax

with the limit values of the constraints summarised in following table 3. The stiffness and
damping constraints are determined in a realistic range so they do not affect the optimal mass.

ucomfort [IH/SQ] 1.00

A[m] 0.05
kTMD [N/m] [O - 106]
CTMD [NS/HI] [0 -105]

Table 3: Constraints TMD optimisation problem

3.2 Results nominal TMD design for the Phénix footbridge

Solving the deterministic optimisation problem (10) with the fmincon function in Matlab, the
TMD parameters are summarised in table 4. The TMD is located at the midpoint of the foot-
bridge, assuming a maximal modal displacement for the damped mode shape on that location.
Both the absolute values and the dimensionless TMD parameters are given: mass ratio firyp (=

mrwn /M), frequency ratio pryp (= frwp/ f1) and damping ratio Eryp (= Crup/ (27 Mampkrup ))-

permp [70] prvp [-] Ervp [%0]

0.56 0.98 8.56
mmp kgl  Frmp [N/m]  ervp [Ns/m]
835 76239 1364

Table 4: Optimal TMD parameters - nominal design.

A vibration serviceability assessment for the footbridge equipped with the nominal tuned
TMD is given in figure 6(a). The acceleration comfort constraint is satisfied for all traffic
classes disregarding an uncertain natural frequency and damping ratio of the footbridge. The
effect of uncertainties in modal parameters on the response is given in figure 6(b) for Sétra Class
I. The maximal acceleration value is very sensitive to deviations in the natural frequency and
damping ratio of the footbridge and the worst case scenario is found for a combination of the
lowest damping ratio and highest frequency. This can be explained on the basis of figure 5(c).

In order to verify the design constraints, the acceleration response is plotted in figure 6(c).
For the nominal set of modal parameters, the response reaches the limit value of 1 m/s?, which
implies that the acceleration constraint is active. An evaluation of the displacements is given in
figure 6(d). The relative displacement of the TMD also reaches its upper value of 0.05 m so this
constraint is active as well.
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Figure 6: (a) Vibration serviceability assessment for structure with TMD tuned for nominal values of natural fre-
quency and damping ratio. (b) Maximal acceleration response for Sétra Class I under uncertain natural frequency
and damping with nominal tuned TMD. (c) Maximal acceleration as a function of frequency for structure without
TMD (-), with nominal tuned TMD (- -) and with nominal tuned TMD under uncertain natural frequency and
structural damping (enveloping curve of all possible combinations) (-.). In black the ticomfore Value. (d) Maximal
displacement as a function of frequency: bridge deck (— and - -) and TMD (-. and - - - ) displacements respectively
with and without uncertainties for nominal tuned TMD.

4 ROBUST DESIGN OPTIMISATION OF A TMD

Both subsections 2.4 and 3.2 show that uncertainties in the natural frequency and damping
ratio have a considerable influence on the response evaluation and TMD behaviour. Robust
approaches consider the effects of uncertainties in their designs.

In robust design optimisation, Jung and Lee [10] define robustness in a dual way. Sensitivity
robustness on the one hand guarantees the insensitivity of the objective function to variations
in the design parameters. Feasibility robustness on the other hand, ensures that the final design
is situated in a feasible region, in spite of the uncertainties. A good literature review about
robust optimisation is given by Beyer and Sendhoff [11]. The authors discuss several techniques
including a robust multi-objective optimisation to minimise both the expected value and the
standard deviation of the objective function. This formulation is also used by Doltsinis and
Kang [7]. Constraints here ensure a specific level of reliability. Very often, a distinction is
made between robustness in objective function and robustness in constraints. A frequently used
type in the latter class is the worst case approach where the objective function still satisfies the
constraints in the worst case [10, 12].

In the present section, a robust optimisation of a TMD is proposed to deal with uncertainties
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in the natural frequencies and damping ratios of the bridge.

4.1 Robust TMD design

Uncertainties in loading or in the main system modal parameters are usually disregarded
in conventional approaches. Several studies were performed to optimise the parameters of the
TMD under uncertain conditions. In [13] a conventional TMD design and two robust optimisa-
tions (single and multi-objective) are compared. The analysis showed that the TMD parameters
of the conventional and the robust solution considerably differ from each other. Zang et al. [14]
propose to determine the TMD mass, stiffness and damping by minimising a linear combina-
tion of the mean value and the standard deviation of the peak response solving a multi-objective
optimisation problem. It is frequently assumed that the loads are the only uncertain parameter
[5]. However, the uncertainty of the main system parameters often has a larger influence on the
response than uncertainty on the load [15].

This paper suggests to take into account uncertainties in modal parameters to obtain a robust
design.

4.2 Robust problem formulation

The response for the nominal designed TMD satisfies the constraints only for the design
point. In order to obtain a robust design, it is necessary to account for the influence of an uncer-
tain natural frequency and damping ratio of the bridge in design stage. A worst case approach
is adopted here to ensure that the TMD performs well for the entire uncertainty intervals. By
minimising the TMD mass, the acceleration comfort constraint (1 m/s?) must be satisfied for
the worst case scenario considering the uncertain natural frequency and damping ratio. The
maximal relative displacement in the worst case scenario is limited to 0.05 m. The robust op-
timisation problem thus is formulated as in (11). The constraints are summarised in table 3.

minimise Myp

Mermp ,Kmp,Crvp
subject to Umax < Ucomfort (WOTISt case)
Al < A (Worst case) (11)
Fmin < Frup < Kimax

Cmin S Ctmp S Cmax

4.3 Results Robust TMD design for the Phénix footbridge

The optimal parameters of the robust optimisation problem are summarised in table 5. The
robust TMD design is characterised by a much higher mass ratio than for the nominal design
in table 4. To satisfy the constraints in the worst case approach, a strongly increased damping
is found. Note that for the TMD frequency ratio pryp an interval is given due to the uncertain
natural frequency.

permp [70] prvp [-] Ervp [%0]

1.65 0.92-1.13 12.94
mrmp [kg]  Frvp [N/m]  ervp [Ns/m]
2458 239792 6285

Table 5: Optimal TMD parameters - robust design.
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The pedestrian comfort is guaranteed for all traffic classes considering an uncertain natural
frequency and damping ratio of the footbridge. Figure 7(a) shows the vibration serviceability
assessment for the Phénix footbridge equipped with the robust tuned TMD. Variations in max-
imal response are rather small as illustrated in figure 7(b) for Sétra Class I. The limit value is
reached only in the worst case scenario (combination of lowest damping and highest natural
frequency).

Figure 7(c) compares the acceleration response for the bridge with and without TMD. The
nominal response with TMD satisfies clearly the constraints and for the worst case response,
the maximal allowable acceleration is reached. The constraint for relative TMD displacement
is not active for the robust solution (figure 7(d)).

4 - %
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Figure 7: (a) Vibration serviceability assessment for structure with TMD tuned accounting for uncertain natural
frequency and damping ratio. (b) Maximal acceleration response for Sétra Class I under uncertain natural fre-
quency and damping with robust tuned TMD. (c¢) Maximal acceleration as a function of frequency for structure
without TMD (-), with robust tuned TMD (- -) and with robust tuned TMD under uncertain natural frequency and
structural damping (enveloping curve of all possible combinations) (-.). In black the ti¢omsore Value. (d) Maximal

displacement as a function of frequency: bridge deck (- and - -) and TMD (-. and - - - ) displacements respectively
with and without uncertainties for robust tuned TMD.

S CONCLUSIONS

Changes in the natural frequency and damping ratio of the footbridge have a significant
influence on both the response with and without TMD.

For a TMD tuned at nominal values, the response constraints are satisfied for nominal values
of the modal parameters of the footbridge. Considering the proposed uncertainties, the response
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reduction is not sufficient. In order to make the performance of the TMD robust with respect to
uncertainties, a robust TMD optimisation is characterised by a strongly increased TMD mass
and damping ratio. The required constraints are guaranteed in the worst case approach.

The proposed method in this paper allows for a robust design of a TMD based on the simpli-
fied load model used by the Sétra and HiVoSS design guidelines. Future research may consider
more advanced load models for the pedestrian excitation.

6 ACKNOWLEDGEMENTS

This research is funded by the Agency for Innovation by Science and Technology in Flanders
(IWT). Their financial support is gratefully acknowledged.

REFERENCES

[1] P. Van den Broeck, K. Van Nimmen, B. Gezels, E. Reynders, and G. De Roeck, “Mea-
surement and simulation of the human-induced vibrations of a footbridge,” in Proceedings
of the 8th International Conference on Structural Dynamics of EURODYN, (Leuven, Bel-
gium), pp. 941-948, July 2011.

[2] S. Zivanovié, A. Pavic, and P. Reynolds, “Vibration serviceability of footbridges under

human-induced excitation: a literature review,” Journal of Sound and Vibration, vol. 279,
no. 1-2, pp. 1-74, 2005.

[3] Association Frangaise de Génie Civil, Sétra/AFGC, Sétra: Evaluation du comportement
vibratoire des passerelles piétonnes sous [’action des piétons, 2006.

[4] Research Fund for Coal and Steel, HiVoSS: Design of footbridges, 2008.

[5] G. C. Marano and R. Greco, “Robust optimization for tmd with uncertain bounded system
parameters and stochastic excitation,” Asian Journal of Civil Engineering (Building and
Housing), vol. 9, no. 5, pp. 433-455, 2008.

[6] G. I. Schuéller and H. A. Jensen, “Computational methods in optimization considering
uncertainties—an overview,” Computer Methods in Applied Mechanics and Engineering,
vol. 198, no. 1, pp. 2—-13, 2008.

[7] I. Doltsinis and Z. Kang, “Robust design of structures using optimization methods,” Com-
puter Methods in Applied Mechanics and Engineering, vol. 193, no. 23, pp. 2221-2237,
2004.

[8] H. Yu, F. Gillot, and M. Ichchou, “Reliability based robust design optimization for tuned
mass damper in passive vibration control of deterministic/uncertain structures,” Journal of
Sound and Vibration, vol. 332, no. 9, pp. 2222-2238, 2013.

[9] K. Van Nimmen, G. Lombaert, G. De Roeck, and P. Van den Broeck, “Vibration service-
ability of footbridges: Evaluation of the current codes of practice,” Engineering Structures,
vol. 59, pp. 448—461, 2014.

[10] D. H. Jung and B. C. Lee, “Development of a simple and efficient method for robust
optimization,” International Journal for Numerical Methods in Engineering, vol. 53,n0. 9,
pp- 2201-2215, 2002.

2523



Klaus Lievens, Peter Van den Broeck, Guido De Roeck, Geert Lombaert

[11] H.-G. Beyer and B. Sendhoff, “Robust optimization—a comprehensive survey,” Computer
methods in applied mechanics and engineering, vol. 196, no. 33, pp. 3190-3218, 2007.

[12] S.Jeong and G. Park, “Reliability-based robust design optimization using the probabilistic
robustness index and the enhanced single loop single vector approach,” in 10th World
Congress on Structural and Multidisciplinary Optimization, pp. 19-24.

[13] G. C. Marano, R. Greco, and S. Sgobba, “A comparison between different robust opti-
mum design approaches: application to tuned mass dampers,” Probabilistic Engineering
Mechanics, vol. 25, no. 1, pp. 108-118, 2010.

[14] C. Zang, M. Friswell, and J. Mottershead, “A review of robust optimal design and its
application in dynamics,” Computers & structures, vol. 83, no. 4, pp. 315-326, 2005.

[15] T. Igusa and A. Der Kiureghian, “Response of uncertain systems to stochastic excitation,”
Journal of engineering mechanics, vol. 114, no. 5, pp. 812-832, 1988.

2524



