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Abstract. We consider problems of the acoustic wave propagation through panels consisting
of several vibrating periodically perforated Reissner-Mindlin plates. The proposed model of
the wave transmission through a layer involving the acoustic fluid and the panel is derived
using the homogenization method. This provides homogenized transmission conditions which
are prescribed on a flat interface representing the panel, so that the computational complexity
of the vibroacoustic problem is reduced, although the geometrical arrangement of pores in the
panel is respected in a detail. For a suitable mutual arrangement of holes in two, or more
parallel plates there is a coupling between transverse and surface acoustic waves propagating
along the panel.
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1 INTRODUCTION

The paper deals with modelling the acoustic wave propagation through vibrating perforated
panels composed of several plates. Usually the models of acoustic impedance are based on
semi-empirical formulae which are tuned by experiments, see e.g. [11]. Therefore, it is de-
sirable to develop a computationally tractable model which takes into account the perforation
geometry in a rigorous way. In this work we present a reduced model of the vibroacoustic trans-
mission which is based on the two-scale homogenization [2]. For this we extend the approach
developed in [6], where homogenization of rigid plates was pursued to derive effective nonlocal
transmission conditions. A model of the single-plate perforated compliant panel was consid-
ered in [10] in the context the optimal perforation design problem. Using a slightly different
modelling ansatz related to the plate thickness scaling, we derive a homogenized model of the
acoustic transmission through a layer in which two periodically perforated elastic plates of the
Reissner-Mindlin type are situated. This construction of the panel with different perforations of
the two plates admits special acoustic transmission effects due to coupling the transverse and
surface acoustic waves propagating along the panel.

The paper is organized, as follows. In Section 1.1 the global problem is defined which
governs the wave propagation in the fluid part and in the solid part. The final form of the re-
duced global problem is announced in Section 1.2. In Section 2 we introduce the transmission
layer containing the perforated plates and define the problem which is subject of the asymptotic
analysis with respect to the layer thickness and size of the perforation. The homogenized trans-
mission conditions are reported in Section 3. In Section 4 we illustrate the influence of some
geometrical parameters of the coefficients involved in the transmission conditions.

1.1 The global problem – acoustics in perforated domain

We consider open bounded domain ΩG which contains the compliant periodically perforated
panel represented by domain Σε. By ε we denote a small parameter which corresponds to
the thickness of the panel and to the characteristic period of the perforation. Therefore, the
labelling by superscript ε is used to indicate the dependence on size of the perforations. The
problem of the acoustic harmonic wave propagation is imposed in domain ΩG involving the
solid part Σε and the acoustic fluid occupying domain Ω∗ε = ΩG \ Σε, whereby the vibro-
acoustic transmission is prescribed on interface Γε = ∂Σε∩∂Ω∗ε. The acoustic potential pε and
the displacement field uε satisfy

c2∇2pε + ω2pε = 0 in Ω∗ε ,

∇ · σε(uε) = 0 in Σε ,

n · σε(uε) = iωρ0p
εn ,

n · ∇pε = −iωn · uε ,

}
on Γε ,

u = 0 on ∂Σε \ Γε ,

boundary conditions on ∂ΩG ,

(1)

where ω is the wave frequency, c is the speed of sound propagation, σ(u) = ID∇Su is the stress
tensor related to the strain ∇Su by the (3D) elasticity tensor ID, and n is the normal vector.

The solid elastic body Σε is constituted by elastic plates Σε
K , thus Σε =

⋃
K Σε

K . Behaviour
of each elastic plate Σε

K is described using the Reissner-Mindlin (R-M) plate model whereby the
generalized loads are derived by taking into account the specific perforation geometry and the
loading by the acoustic field; to derive them, the R-M plate kinematic constraints of deformation
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are considered.
For each plate K = I, II represented by the perforated mid-plane, i.e. by the domain

ΓεK ⊂ ΓK , specified by its thickness hεK = εh̄K , and by the elastic coefficients CC, γ, the fol-
lowing equations in ΓεK govern the plate displacements (uε,K , wε,K) and rotations θε,K (below
in equation (2) the suffix K is omitted for brevity)

−ω2hερuε − hε∇ · [CC∇S
(uε)] = tε ,

−ω2hερwε − hε∇ · [γ(∇wε − θε)] = f ε ,

−ω2 (hε)3

12
ρθε − (hε)3

12
div[CC∇S

(θε)]
−hεγ(∇wε − θε) = mε ,

(2)

where ∇ = (∂α), α = 1, 2 is the “in-plane” gradient, tε = (bα), f ε = b3 are derived from
the boundary traction forces bε = iωρ0npε acting on the 3D representation of the plate and
involving the acoustic potential pε. The plates are clamped on ∂ΓK and the Neumann conditions
corresponding to the traction forces being expressed in terms of pε, are prescribed on the holes
∂ΓεK \ ∂ΓK .

1.2 Limit global problem

The aim of the work reported in this paper was to derive a limit problem describing the wave
propagation in a homogenized layer containing the panel, so that transmission conditions can
be obtained which allow for reformulation of problem (1) in domain ΩG = Ω+ ∪ Ω− ∪ Γ0,
where Ω+ and Ω− are non-overlapping parts and the planar surface Γ0 represents the panel.
The main result is formulation of the following “reduced” problem of the vibro-acoustic wave
propagation: Find p such that

c2∇2p+ ω2p = 0 in Ω+ ∪ Ω− ,

∂p

∂n
= ±iωg0 on Γ± ,

boundary conditions on ∂ΩG ,

G([p]+−, g
0) = 0 on Γ0

(3)

where Γ± = ∂Ω± ∩ Γ0, [p]+− = p|Γ+ − p|Γ− and G(·, ·) is an implicit form of the transmission
conditions on interface Γ0 which describe the behaviour of the perforated multi-plate panel; it is
constituted by the homogenized model given in Section 3.3, equations (42). In fact, G represents
the Dirichlet-to-Neumann operator.

2 Problem in the transmission layer

In this section we describe the model of the vibroacoustic transmission which was subject of
the homogenization procedure leading to the limit problem reported in Section 3. By Γ0 ⊂ R2

we designate the mid-plane of the layer Ωδ ⊂ R3 bounded by surfaces Γ+
δ and Γ−δ equidistant to

Γ0 with the distance δ/2, so that Ωδ = Γ0×]− δ/2, δ/2[⊂ R3. Recall that ε is the characteristic
size of the perforation of all the plates, whereby δ = κε for a given κ > 0, see Fig. 1.

The microstructure of the perforation is periodic, being generated by the representative pe-
riodic cell Y = Ξ × κ ]− 1/2,+1/2], where Ξ = ]0, b1[ × ]0, b2[. Further we define the solid
part S ⊂ Y such that

S =
⋃
K

ΞS
K ×

(
h̄]− 1/2,+1/2] + ẑK

)
, (4)
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Figure 1: Scheme of the transmission layer with 2 plates. The layer thickness δ = κε, the plate thickness hεK =
εh̄K

where ΞS
K ⊂ Ξ represents the K-th plate perforated mid-plane and ẑK is the “vertical” dilated

position of the plate mid-plane. Using Y ∗ = Y \ S we define

Ωε =
⋃
k∈Z2

ε(Y ∗ +
∑
i=1,2

kibi~ei) ∩ Ωδ , (5)

where Ωε = Ωδ \ Σε is the domain occupied by the fluid. We introduce the solid part of the
layer Σε = Ωδ \ Ωε. By x̂K3 we denote the (non-dilated) transverse position of the K-th plate
mid-plane, x̄±K3 is the (non-dilated) transverse position of the K-th plate upper(+) and lower(-)
surfaces.The solid panel is formed by individual plates Σε

K , so that

Σε =
⋃

K=I,II

Σε
K , Σε

K = ΓεK × hεK ]− 1/2, 1/2[ ,

ΓεK =
⋃
k∈Z2

(
x̂K3 + ε

(
ΞK +

∑
i=1,2

kibi~ei

)
∩ Γ0

)
.

(6)

Thus, ΓεK is the “2D” representation of the K-th plate which has its thickness hεK = εh̄K .
Through the paper we use the following decomposition of coordinates: for x ∈ ΩG, the

position can be written as x = (x′, x3) where x′ ∈ Γ0; for y ∈ Y , we have y = (y′, z) where
y′ ∈ Ξ.

2.1 Acoustic problem in the layer

To derive the acoustic transmission conditions, we consider the vibro-acoustic problem in
the layer. The total acoustic potential, pε satisfies the Helmholtz equation in Ωε and Neumann
conditions on ∂Ωε

c2∇2pε + ω2pε = 0 in Ωεδ ,

velocity of “external” fluid
∂pε

∂n
= −iωgε± on Γ±δ ,

velocity of solid structure
∂pε

∂n
= −iωn · uε on ∂Σε ,

∂pε

∂n
= 0 on ∂Ωδ∞ ,

(7)

where gε± is the given data representing the transverse acoustic velocity which couples the
problem (7) with the global problem (3). The surface ∂Ωε splits into disjoint parts, ∂Ωε =
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∂Σε ∪ Γ+
δ ∪ Γ−δ ∪ ∂Ωδ∞, where ∂Ωδ∞ represents the fixed wall of a duct in which the panel is

fitted.
The response of the solid panel is governed by the plate equations (2) adapted for each plate

(note that this set of equations describes one plate) where the r.h.s. terms are expressed in terms
of the acoustic potential pε.

2.2 Weak formulation of the coupled vibroacoustic problem

We write the system of equations describing the fluid and the structure response to the trans-
verse acoustic velocity iωgε±. It consists of three parts:

1. Acoustic fluid response pε in the transmission layer responds to the excitation by the
transverse acoustic velocity iωgε± on the upper and lower boundary and by the vibrating
structure. In the dilated configuration, where the layer has the thickness κ, the acoustic
potential pε(x′, z) satisfies

c2

∫
Ωε
∇̂pε · ∇̂qε − ω2

∫
Ωε
pεqε = − iωc2

ε

∫
Γ±
ĝε±qε − iωc2

ε

∑
K=I,II

∫
ΓεK

wε,K〈qε〉K+
K−

− iωc2

ε

∑
K=I,II

∫
∂ΓεK

εh̄K

∫ 1/2

−1/2

n̄ · (uε,K − εh̄Kζθε,K)qε(·, x̂K3 + εh̄Kζ)dζ ,

(8)

for all qε where ∇̂ = (∇, 1
ε
∂z), recalling ∇ = (∂α), α = 1, 2 is the “in-plane” gradient,

n̄ = (nα) is the in-plane normal vector, and 〈p1〉K+
K− = v(·, x̄+K

3 )− v(·, x̄−K3 ).

2. For each plate K, the deflection – rotation modes (wε,K ,θε,K) response to the loading
by the acoustic pressure pε is governed by the following equation, where (vε3,ϑ

ε) are test
functions:

−ω2

∫
ΓεK

ρS

[
εh̄Kw

εvε3 + ε3 h̄
3
K

12
θε · ϑε

]
+ε3 h̄

3
K

12

∫
ΓεK

CCε
K∇

S
θε : ∇S

ϑε + εh̄K

∫
ΓεK

γK(∇wε − θε) · (∇vε3 − ϑε)

= iωρ0

[∫
ΓεK

vε3〈pε〉K+
K− + (εh̄K)2

∫
∂ΓεK

∫ 1/2

−1/2

pε(·, x̂K3 + εh̄Kζ)n̄ · (−ζϑε)dζ

]
,

(9)

where ∇S
= 1

2
(∇T

+∇).

3. For each plate K, the in-plane deformation described by displacements uε,K is the re-
sponse to the loading by the acoustic pressure pε, where vε is the test function:

−ω2εh̄K

∫
ΓεK

ρSuε · vε + εh̄K

∫
ΓεK

CCε
K∇

Suε : ∇Svε

= iωρ0εh̄K

∫
∂ΓεK

n̄ · vε
∫ 1/2

−1/2

pε(·, x̂K3 + εh̄Kζ)dζ

(10)

Weak formulation. For given external transverse velocities gε± defined on Γ±, find (uε,K , wε,K ,θε,K)
forK = I, II and pε such that equations (9),(10) and (8) hold for all test functions (qε, vε, vε3,ϑ

ε).
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2.3 Coupling of the layer with external acoustic fields

The following coupling identity is considered, which expresses the jump of the exterior field
pext across the layer with finite δ > 0,∫

Γ+
δ

pδ+ext −
∫

Γ−δ

pδ−ext =

∫
Γ0

∫ δ/2

−δ/2
∂x3 p̃

ε ∀ψ ∈ L2(Γ0) , (11)

where we assume ψ = ψ(x′), x′ ∈ Γ0, and by˜we denote an extension of pε to the whole Ωδ.
We may apply the dilation formula at the r.h.s. of (11) to get(∫

Γ+
δ

pδ+ext −
∫

Γ−δ

pδ−ext

)
≈
∫

Γ0

(pδ0+
ext − pδ0−ext ) = ε

∫
Γ0

∫ κ/2

−κ/2

1

ε
∂zp̃

ε ∀ψ ∈ L2(Γ0) .

(12)

Further we consider a finite layer thickness δ0 = κε0 > 0 in the l.h.s. expression of (12),
whereas we pass to the limit on its r.h.s. , so that we obtain the following approximation of the
discontinuity of pext along Γ0:

1

ε0

∫
Γ0

(pδ0+
ext − pδ0−ext ) ≈ lim

ε→0

∫
Γ0

∫ κ/2

−κ/2

1

ε
∼
∫

Ξ

∂zTε(p̃ε)

=

∫
Γ0

∫ κ/2

−κ/2
∼
∫

Ξ

∂zp̃
1 =

∫
Γ0

ψ[p̃1]+−

=

∫
Γ0

(
∼
∫
I+
y

p1− ∼
∫
I−y

p1

)
∀ψ ∈ L2(Γ0) .

(13)

3 Homogenized transmission layer

The asymptotic analysis of problem (9),(10), and (8) yields the recovery sequences QRε =
(p0,ε, p1,ε,u0,Kε,u1,Kε, w0,Kε, w1,Kε,θKε) which allow us to obtain the limit homogenized two-
scale model of the wave propagation in the transmission layer; the following truncated expan-
sions hold, where x′ ∈ Γ0 and

pε(x) ≈ p0,ε(x′) + εp1,ε(x′, y′, z) , y′ ∈ Ξ , z ∈ [−1/2,+1/2] ,

uK,ε(x′) ≈ u0,Kε(x′) + εu1,Kε(x′, y′) , y′ ∈ ΞK ,

wK,ε(x′) ≈ w0,Kε(x′) + εw1,Kε(x′, y′) , y′ ∈ ΞK ,

θε(x′) ≈ θKε(x′, y′) , y′ ∈ ΞK ,

(14)

where x′ ∈ Γ0. The functions QRε converge in the unfolded space to the limit functions Q,
where Q = (p0, p1,u0,K ,u1,K , w0,K , w1,K ,θK) which are the solutions of the homogenized
problem arising from (8),(9), and (10) for ε→ 0. Note that all functions in Q are Ξ-periodic in
the y′ variable; we use the space H1

#(Y ) ⊂ H1(Y ) containing only Ξ-periodic functions.
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3.1 Local problems and scale decoupling

From the limit of equation (8), the following identity can be obtained which holds for a.a.
x′ ∈ Γ0,

∼
∫
Y ∗

(∇xp
0 +∇yp

1) · ∇yq
1+ ∼
∫
Y ∗
∂zp

1∂zq
1 = −iωg0

(
∼
∫
I+
y

q1− ∼
∫
I−y

q1

)

− iω

[ ∑
K=I,II

(
w0,K ∼

∫
ΞK

〈q1〉K+
K− + h̄Ku0· ∼

∫
ΓKΞ

n̄
∫ 1/2

−1/2

q1(x′, y′, ẑK + h̄Kζ)dζ

)]
,

(15)

for all q1 ∈ H1
#(Y ∗). Due to linearity, the following split can be introduced:

p1 = πβ∂xβp
0 + iω

[
ξg0 +

∑
K=I,II

(
ηKw

0,K + µαKu
0,K
α

)]
, (16)

where the corrector basis functions πβ, ξ, ηK , µαK which are Ξ-periodic are solutions of the local
problems: Find πβ, ξ, ηK , µαK ∈ H1

#(Y ∗)/R such that

∼
∫
Y ∗
∇yπ

β · ∇yψ = − ∼
∫
Y ∗
∂yβψ ,

∼
∫
Y ∗
∇yξ · ∇yψ = −

(
∼
∫
I+
y

ψ− ∼
∫
I−y

)
,

∼
∫
Y ∗
∇yηK · ∇yψ = − ∼

∫
ΞK

(
ψ(·, z̄K+)− ψ(·, z̄K−)

)
= − ∼

∫
ΞK

〈ψ〉K+
K− ,

∼
∫
Y ∗
∇yµ

β
K · ∇yψ = −h̄K ∼

∫
ΓKΞ

nβ

∫ 1/2

−1/2

ψ(·, ẑK + ζ)dζ ,

(17)

for all ψ ∈ H1
#(Y ∗), where z̄K± = ẑK ± h̄K

2
and recalling ∇y = (∂yα, ∂z).

Next we consider the limit form of the plate deflection-rotation arising from (9); for a.a.
x′ ∈ Γ0, we obtain

h̄3
K

12
∼
∫

ΞK

CC∇S

yθ : ∇S

yϑ+ h̄K

∫
ΞK

γ
(
∇xw

0 +∇yw
1 − θ

)
·
(
∇yv

1 − ϑ
)

= 0 , (18)

for all v1 ∈ H1
#(ΞK),ϑ ∈ [H1

#(ΞK)]2. Using the corrector basis functions χαK ∈ H1
#(ΞK)/R

and ϕαK ∈ [H1
#(ΞK)]2 we introduce the split

w1,K = χαK∂
x
αw

0,K , θK = ϕαK∂
x
αw

0,K , (19)

where the couple (ϕαK , χ
α
K) satisfies

h̄2
K

12
∼
∫

ΞK

CC∇S

yϕ
α
K : ∇S

yψ+ ∼
∫

ΞK

γ(∇yχ
α
K −ϕαK) · (∇yv −ψ) = − ∼

∫
ΞK

γ(∂yαv − ψα)

∀v ∈ H1
#(ΞK), ψ ∈ [H1

#(ΞK)]2 .

(20)
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Finally we consider the limit of (10) describing the “in-plane” deformation of the plate. This
yields, for a.a. x′ ∈ Γ0,

h̄K ∼
∫

ΞK

CC(∇S

xu0,K +∇S

yu1,K) : ∇S

y v1 = iωρ0h̄Kp
0 ∼
∫

ΓKΞ

n · v1 , (21)

for all v1 ∈ [H1
#(ΞK)]2. Using the corrector basis functions χαβK ,χPK ∈ [H1

#(ΞK)]2 we define
the split

u1,K = χαβK ∂βu
0,K
α + iωρ0χ

P
Kp

0 , (22)

where the following two local corrector problem must be solved:

∼
∫

ΞK

CC∇S

y (χαβK + Παβ) : ∇S

y v = 0 ∀v ∈ [H1
#(ΞK)]2 ,

∼
∫

ΞK

CC∇S

yχ
P
K : ∇S

y v =∼
∫

ΓKΞ

n · v ∀v ∈ [H1
#(ΞK)]2 .

(23)

3.2 Macroscopic equations and Homogenized coefficients

In this section we introduce the homogenized coefficients involved in the limit transmission
problem. From the limit form of equation (8), we obtain the following identity related to the
acoustic fluid response:

c2

∫
Γ0

∼
∫
Y ∗

(∇xp
0 +∇yp

1) · ∇xq
0 − ω2

∫
Γ0

∼
∫
Y ∗
p0q0

= −iωc2

∫
Γ0

q0

[(
∼
∫
I+
y

g1+− ∼
∫
I−y

g1−

)
+ h̄K

∑
K=I,II

(
∼
∫

ΓKΞ

n̄ · u1 − h̄K ∼
∫

ΓKΞ

n̄ · θK
∫ 1/2

−1/2

ζ

)]
.

(24)

Using the split formulae (16), (19) and (22), the homogenized coefficients are computed:

Aαβ =∼
∫
Y ∗
∇y(π

β + yβ) · (πα + yα) ,

Bα =∼
∫
Y ∗
∂yαξ ,

PK
α =∼

∫
Y ∗
∂yαηK ,

RK
αβ =∼

∫
Y ∗
∂yαµ

β
K ,

SKαβ = h̄K ∼
∫

ΓKΞ

n · χαβK ,

TK =∼
∫

ΓKΞ

n · χPK ,

(25)

Further, we substitute the split form of p1 (16) in (13) which yields the following coefficients:
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F = − ∼
∫
I+
y

ξ+ ∼
∫
I−y

ξ =∼
∫
Y ∗
∇yξ · ∇yξ ,

Cα =∼
∫
I+
y

πα− ∼
∫
I−y

πα = − ∼
∫
Y ∗
∇yξ · ∇yπ

α = Bα ,

WK =∼
∫
I+
y

ηK− ∼
∫
I−y

ηK = − ∼
∫
Y ∗
∇yξ · ∇yηK = −NK ,

XK
α =∼

∫
I+
y

µαK− ∼
∫
I−y

µαK = − ∼
∫
Y ∗
∇yξ · ∇yµ

α
K = −NK

α .

(26)

From (9), we obtain the following identity related to the K-th plate deflection response:

−ω2h̄K

∫
ΓK

(
∼
∫

ΞK

ρS
)
w0v0 + h̄K

∫
ΓK

γ
(
∇xw

0 +∇yw
1 − θ

)
· ∇xv

0 = iωρ0

∫
ΓK

v0 ∼
∫

ΞK

〈p1〉K+
K− .

(27)

Using the split formulae (16), (19) and (22), the following homogenized coefficients are identi-
fied:

GK
αβ =∼

∫
ΞK

γ
[
∇y(yα + χαK)−ϕαK

]
· ∇yyβ

=∼
∫

ΞK

[
γδαβ −

h̄2
K

12
CC∇S

yϕ
α : ∇S

yϕ
β + γ∇y(χ

α
K −ϕα) · (χβK −ϕ

β)

]
,

DK
β =∼

∫
ΞK

〈πβ〉K+
K− = PK

β ,

MKL
33 = − ∼

∫
ΞK

〈ηL〉K+
K− ,

MKL
3α = − ∼

∫
ΞK

〈µαL〉K+
K− = M ,LK

α3 ,

NK = − ∼
∫

ΞK

〈ξ〉K+
K− =∼

∫
Y ∗
∇yηK · ∇yξ .

(28)

In analogy, from (10), we obtain the identity related to the K-th plate in-plane deformation
response:

−ω2h̄K

∫
ΓK

(
∼
∫

ΞK

ρS
)
u0 · v0 + h̄K

∫
ΓK

∼
∫

ΞK

CC(∇S

xu0 +∇S

yu1) : ∇S

xv0

= iωρ0h̄K

∫
ΓK

v0· ∼
∫

ΓKΞ

n
∫ 1/2

−1/2

p1(·, ẑK + ζ)dζ .

(29)

Upon substituting there the split formulae (16), (19) and (22), the following homogenized co-
efficients and their alternative expressions are obtained, where Πij = (Πij

k ), with Πij
k = yjδik
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with i, j, k, l = 1, 2,

CK
ijkl = h̄K ∼

∫
ΞK

CC∇S

y (χkl + Πkl) : ∇S

y (χij + Πij) ,

QK
αβ = h̄K ∼

∫
ΞK

CC∇S

yχ
P
K : ∇S

yΠαβ = −SKαβ ,

ZK
αβ = h̄K ∼

∫
ΓKΞ

nα

∫ 1/2

−1/2

πβ(·, ẑK + ζ)dζ =∼
∫
Y ∗
∇yµ

α
K · ∇yπ

β = −RK
βα ,

MKL
αβ = −h̄K ∼

∫
ΓKΞ

nα

∫ 1/2

−1/2

ηL(·, ẑK + ζ)dζ =∼
∫
Y ∗
∇yµ

α
K · ∇yµ

β
L ,

M
′KL
α3 = −h̄K ∼

∫
ΓKΞ

nα

∫ 1/2

−1/2

µβL(·, ẑK + ζ)dζ =∼
∫
Y ∗
∇yµ

α
K · ∇yηL = MLK

3α ,

NK
α = −h̄K ∼

∫
ΓKΞ

nα

∫ 1/2

−1/2

ξ(·, ẑK + ζ)dζ =∼
∫
Y ∗
∇yµ

α
K · ∇yξ .

(30)

3.3 Homogenized vibroacoustic problem

Using the homogenized coefficients defined above, the macroscopic model of the vibroa-
coustic response in the layer can be derived from equations (24), (27), (29), and (13). For
brevity, we present the problem defined on Γ0 using differential equations (31)-(34), whereby
the clamped plate boundary conditions and the rigid wall condition for p0 at ∂Γ0 are considered.

−ω2

[
ρS

K

ρ0

h̄Ku0,K +
∑
L=I,II

(
MKL

αβ u
0,L
β +M ,KL

α3 w0,L
)

+NK
α g

0

]
−∇S

x · ρ−1
0 (CCK∇S

xu0,K)− iω∇S

x · (QKp0)− iωZK∇xp
0 = 0 ,

(31)

−ω2

[
ρS

K

ρ0

h̄Kw
0,K +

∑
L=I,II

(
MKL

3α u0,L
β +M ,KL

33 w0,L
)

+NKg0

]
−ρ−1

0 ∇x · (GK∇xw
0,K)− iωDK · ∇xp

0 = 0 ,

(32)

−ω
2

c2
p0 +∇x · A∇xp

0 − iω∇x · (Bg0)− iω
∑

K=I,II

∇x ·
(
RKu0,K + PKw0,K

)
+
∑

K=I,II

(
ω2ρ0T

Kp0 − iωSK : ∇S

xu0,K
)

= −

(
∼
∫
I+
y

g1+− ∼
∫
I−y

g1−

)
,

(33)

iωC · ∇xp
0 + ω2Fg0 − ω2

∑
K=I,II

(
NKw0,K + NK · u0,K

)
=

iω

ε0

[pext]
+
− . (34)

The following symmetries and relationship between the homogenized coefficients can be proved:

XK = −NK , WK = −NK , DK = PK , ZK = −(RK)T ,

(QK)T = QK = −SK , C = B .
(35)
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After respecting these symmetry relationships in (31)-(34) and denoting

∆g1 =

(
∼
∫
I+
y

g1+− ∼
∫
I−y

g1−

)
, (36)

we can rewrite (31)-(34), as follows:

−ω2

[
ρS

K

ρ0

h̄Ku0,K +
∑
L=I,II

(
MKL

αβ u
0,L
β +M ,KL

α3 w0,L
)

+NK
α g

0

]
−∇S

x · ρ−1
0 (CCK∇S

xu0,K) + iω∇S

x · (SKp0) + iωRK∇xp
0 = 0 ,

(37)

−ω2

[
ρS

K

ρ0

h̄Kw
0,K +

∑
L=I,II

(
MKL

3α u0,L
β +M ,KL

33 w0,L
)

+NKg0

]
−ρ−1

0 ∇x · (GK∇xw
0,K)− iωPK · ∇xp

0 = 0 ,

(38)

−ω
2

c2
p0 +∇x · A∇xp

0 − iω∇x · (Bg0)− iω
∑

K=I,II

∇x ·
(
RKu0,K + PKw0,K

)
+
∑

K=I,II

(
ω2ρ0T

Kp0 − iωSK : ∇S

xu0,K
)

= −∆g1 ,
(39)

iωB · ∇xp
0 + ω2Fg0 − ω2

∑
K=I,II

(
NKw0,K + NK · u0,K

)
=

iω

ε0

[pext]
+
− . (40)

To observe the symmetric structure of the problem, it advantageous to introduce the follow-
ing matrices:

IMKL =

[
MKL

αβ MKL
α3

MLK
3β MKL

33

]
, IN =

[
NK
α

NK

]
, IP =

[
SKαβ +RK

αβ

PK
β

]
.

IDK = ρ−1
0

[
CCK 0
0 GK

]
, ∇uK =

[
∇Su0,K

∇w0,K

]
,

(41)

The mass matrix IMKL is symmetric and represents the “added mass”. The coupling effects are
represented by matrices INK , IPK and by coefficients B. The plate stiffness is represented by
IDK including the bending effects. The anisotropic propagation of the acoustic wave in the fluid
is described in terms of the tensor A, whereas the transverse impedance of the panel is given
by F . The vibroacoustic response is described by the fields uK = (u0,K , w0,K) satisfying the
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following differential equations imposed on Γ0:

−ω2

(
mKI +

∑
L=I,II

IMKL

)
uL −∇ · IDK∇uK + iωIPK∇p0 − ω2INKg0 = 0 , for K = I, II ,

iω
∑
L=I,II

IPL∇uL − ω2 1

c2
p0 +∇ · A∇p0 − iωB · ∇g0 = −∆g1 ,

−ω2
∑
L=I,II

INL · uL + iωB · ∇p0 + ω2Fg0 =
iω

ε0

[p]+− ,

n̄ · ∇p0 = 0 ,
uK = 0 , K = I, II ,

}
on ∂Γ0 ,

(42)

where [p]+− = p+ − p− is the jump of the “external field” p across Γ0 and mK = h̄KρS/ρ0.

The Global Acoustic Problem. To conclude this section, we reformulate the global problem
imposed in domain ΩG. The acoustic potential p defined in ΩG is discontinuous on Γ0, satisfies
the equations (3) with the implicit transmission condition G([p]+−, g

0) = 0 is given by (42),
where uK and p0 serve as the internal variables.

Note that ∇g0 is not needed in the weak formulation of (42). The “unknown” coupling
function ∆g1, see (36) can be released to simplify the problem. Another option is to use an
iterative algorithm which, in this context, defines ∆g1 using the “old approximation” of the
outer acoustic field p. This will be issued in our further papers.

4 Examples

In this section we illustrate the sensitivity of the homogenized coefficients to the geometrical
arrangement of the perforated panels. We assume two periodically perforated plates, the first
one with the rectangular perforation, the second one with the circular perforation. The local
corrector problems are solved using the representative volume elements, one (3D) for the fluid
domain Y ∗ and two (2D) for the compliant plates ΞK , see Fig. 2. The geometrical parameters
of the perforation (defined with respect to the unit cel Y ) are: a = 1, b = 0.6, c = 0.3, d = 0.5.
The thickness of both the perforated plates is h̄ = 0.08 and their distance h12 = 0.26.

We consider the change in the relative “in-plane” position of the holes associated with the
two plates, described by the parameter dc. Fig. 3, illustrates the sensitivity of the homogenized
coefficients to the geometrical arrangement.

Figure 4 shows the dependence of the selected homogenized coefficients (B, F , P1, P2, R1,
R2) on the mutual shift of the perforations (defined by dc). In particular, B, P1, P2 are the
most sensitive coefficients responsible for the coupling effects between transverse and surface
acoustic waves. These coefficients vanish for dc −→ 0, so that the 2nd equation in (42) governs
the distribution of the acoustic fluid potential p0 independently of g0 and plate vibrations {uK}.

5 Conclusion

In this paper the homogenized model of the vibroacoustic interaction on perforated double-
plates was presented. The detailed derivation of the model will be considered in a separate
paper. Some symmetries of the model due relationship between the homogenized coefficients
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Figure 2: The representative volume elements corresponding to Y ∗ (3D), Ξ1 and Ξ2 (2D) domains.

Figure 3: The change in the mutual positions of the holes (perforations) described by the parameter dc.

were observed. It is worth noting that the plate rotations are not involved explicitly in the ho-
mogenized equations, however, the bending stiffness is respected by the homogenized elasticity
coefficients. The obtained model represents implicit transmission conditions. As the main
advantage, this model enables to reduce quite significantly the computational complexity of
solving the acoustic wave propagation in the neighbourhood of the plate panel. Although the
model was derived rigorously using the homogenization method, its verification and study of
the modelling approximation properties is the further step to be done.
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[8] E. Rohan, V. Lukeš, Homogenized perforated interface in acoustic wave propagation –
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Figure 4: The sensitivity of the homogenized coefficients B, F , P1, P2, R1, R2 to the geometrical parameter dc.
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