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Abstract. This paper investigates the behaviour of small square masonry subassembly, wal-
lets, subject to axial compression, involving their crack pattern and the shear stress-shear 
strain curves. Masonry and mortar were discretized with quadrilateral finite elements with 
embedded discontinuities, which have three degrees of freedom per node. The constitutive be-
haviours of blocks, bricks and mortar consider the softening deformation after reaching a 
failure surface. The numerical modelling of experimental tests for combined masonry wallets 
were performed in the Finite Element Analysis Program (FEAP). The computed shear stress-
shear strain curves with finite elements with embedded discontinuities showed a fairly good 
agreement in terms of the initial stiffness, strength, ultimate load and dissipative behaviour; 
also, the computed cracking patter is congruent with the experimental one. 
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1 INTRODUCTION 
The modelling of masonry structures is a demanding task in structural engineering. This 

laborious work is attributed to the geometry and to the constitutive behaviour of bricks and 
mortar materials, which include anisotropy and nonlinearity. The different numerical proce-
dures could be summarized in three levels of refinement [2][3]: 1) macro-modelling, bricks, 
mortar and the brick–mortar interface are smeared out in a homogeneous continuum; 2) sim-
plified micro-modelling, bricks are represented as fictitious expanded bricks by continuum 
elements with the same size as the original bricks dimensions plus the real joint thickness. 
The mortar joint is also discretized with interfaces of zero thickness; and 3) detailed micro-
modelling, units and mortar in the joints are discretized by continuum elements whereas the 
brick–mortar interface is represented by discontinuous elements. 

This papers uses a kind of the detailed micro-modelling, where perfect bond in the brick-
mortar interface was assumed. Small square masonry wallets, subject to axial compression, 
were modelled. Bricks, block and mortar were discretized with hexahedral finite elements 
with embedded discontinuities (FEED). The constitutive behaviour of blocks, bricks and mor-
tar considers the softening deformation after reaching a discrete failure surface. The computed 
shear stress-shear strain curves with FEED are stiffer than the experimental curves, a fact at-
tributed that the sliding in the brick-mortar interface was neglected. 
 

2 EMBEDDED DISCONTINUITY MODEL 

2.1 Variational formulation 
The FEED are formulated from an energy functional which has the displacement, u, and 

the displacement jump [|u|] as independent variable ([1], [5], [6], [12]). This functional is giv-
en by: 

 ( )u u b u t u u
\

, ( ) ( )
S

u
SS

d d d
s

f*

W G G
é ùé ù é ùP = Y - × W - × G + Gê úë û ë ûë ûò ò òε   (1) 

where the free energy density, ( )uY ε , depends on the continuous strain field uε  , and the 
free discrete energy density, u( )S

é ùY ë û , depends on the jump. These energy densities are re-
spectively given by:  
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where the elastic stresses, σ , are defined by: 

 C :σ = ε  (4) 

and TS is the traction vector at the discontinuity. 
 

 

2.2 Approximation of the displacement and strain fields 
 

The regular displacement field is approximated by: 
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ˆ =u Nd
  (5) 

where N is the standard vector of shape functions of the element 
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and, d, is the nodal displacement vector. The function, MS(x), is defined in the finite ele-

ment approximation as: 
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where ef  is constructed by: 
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where i
N +  are the shape functions corresponding to the nodes placed on +W  of the finite 

element which contains the discontinuity. The displacement is given by 
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The continuous strain field is approximated as: 

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Where B, is the standard strain interpolation matrix, containing the derivatives of the 
standard shape functions ∂(Nd)=Bd. 

The equilibrium equations corresponding to this formulation are obtained by substituting 
Eqs. (9) and (10) into the energy functional of Eq. (1), and setting the derivatives with respect 
to the independent variables (d and [|u|]) to zero, 
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In Eqs. (11) and (12), ( )s e  and 
, ,x y z

T  are nonlinear, their respective linearizations with 
Taylor series give [5]: 
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where R has the direction cosines, R1 and R2 are defined as: 
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To reduce the size of the system given in Eq. (13), the additional degrees of freedom, 
Δ[|u|], may be condensed. In Eq. (14), R1 means the equilibrium between the external and the 
internal forces in the domain \ SW , whereas R2, in Eq. (15), the equilibrium between the 

forces in the domain \ SW  and forces in the discontinuity SG . 
Tractions at the discontinuity are: 
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which expressed in the local system becomes 

R B, ,
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(17) 

The definitions of the traction vector in Eqs. (16) and (17) are dependent on the discontinu-
ity area, Ad, and the direction cosines to the normal vector n, as shown in Figure 1.   
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Figure 1: Finite element: a) discontinuity area and b) displacement jumps. 

The FEED, given in Eq. (13), were implemented in the finite element analysis program 
(FEAP), developed by [10]. These FEED capture a discontinuity surface at their geometric 
centre, which is placed perpendicular to the major principal stress direction. The discontinuity 
surfaces of the surrounding elements are not aligned and the displacement jump is constant 
into these FEED. It is important to say that these elements do not have problems of spurious 
shear deformations and they satisfied the following requirements: (1) equilibrium, traction 
continuity across the discontinuity interface and (2) kinematics, free relative rigid body mo-
tions of the two portions of an element split up by a discontinuity [5].  

3 CONSTITUTIVE MODELS 

3.1 Concrete 

The concrete and mortar behaviour were modelled with a discrete damage model, which 
has different threshold values under tension and compression, as shown in Figure 2a. This 
model is equipped with softening after reaching the ultimate tensile strength, Tut, or the ulti-
mate compressive strength, Tuc, shown in Figure 2b. This model is defined by the following 
equations: 
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wheref is the discrete free energy density,T  is the traction vector. The damage variable w  

is defined in terms of the hardening/softening variable 
_

q

, which is dependent on the harden-

ing/softening parameter. The damage multiplier l  determines the loading-unloading condi-
tions, the function (f T , )q , bounds the elastic domain defining the damage surface in the 
tractions space. The tangent constitutive equation, in terms of rates from the model in Eq. (18), 
is: 

 C uT
d

é ùë û = ⋅T   (19) 

where CTd  is the tangent constitutive operator, relating the traction and the displacement jump 
of the nonlinear loading interval, which is defined by 
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and for the elastic loading and unloading interval ( 0d =  and 0w= ): 
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Figure 2: 1D discrete damage model with softening: a) elastic space and b) traction-displacement jump curve. 
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4 NUMERICAL MODELS 

4.1 Description of the wallets 

To define an indirect shear strength *
mv  for design and the shear modulus *

mG  under diago-
nal tension, small square masonry subassemblies, called wallets, can be tested under axial 
compression according to NTCM-2004 [7], as shown in Figure 3. This test is commonly per-
formed using an universal press machine [11]. 

Figure 3: Axial compression test of NTCM-2004. 

The shear stress τ was computed by the following relationship: 

d

P
l t

τ = (22) 

where P is the vertical load,  ld is the diagonal length, measured from the bottom to the top 
of the wallet and t is the thickness of the wallet, as shown in Figure 3. 

The shear strain γ was computed as follows: 

c tγ ε ε= +   (23) 

;c c
c c

c tlo lo
δ δε ε= =   (24) 

where εc is the average of the compression diagonal strain,  εt  is the average of the tension 
diagonal strain, δc is the shortening which is measured along the length of the calibrated com-
pression diagonal,   δt is the shortening which is measured along the length of the calibrated 
tension diagonal, loc is the calibrated length between transducers of the compression diagonal 
and  lot is the calibrated length between transducers of the tension diagonal. Both lengths, loc  
and lot, were measured before the test as shown in Figure 4. 
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Figure 4:  Computation of the shear stress (adapted from [9]). 

In this paper, only two arrangements shown in Figure 5 were modelled, with mortar type I, 
although others two arrangement with mortar type II were also tested by [11]. The mechanical 
properties of the blocks are: Young´s modulus E=1.1 GPa, Poisson ratio υ=0.2, ultimate ten-
sile strength σtu=0.84 MPa, ultimate compressive strength σuc=4.26 MPa and fracture energy 
density Gf=15.2 N/m. The mechanical properties of the fired clay bricks are: Young´s modu-
lus E=2.0 GPa, Poisson ratio υ=0.1, ultimate tensile strength σtu=2.02 MPa, ultimate com-
pressive strength σuc=10.1 MPa and fracture energy density Gf=13.6 N/m.   The mechanical 
properties of the mortar are: Young´s modulus E=2.0 GPa, Poisson ratio υ=0.2, ultimate ten-
sile strength σtu=4.82 MPa, ultimate compressive strength σuc=24.1 MPa and fracture energy 
density Gf=7.5 N/m. The fracture energy density and Young´s modulus were computed by [8]. 

Figure 5: Small wallet arrangements: a) 1 and b) 2 (adapted from [11]). 

4.2 Numerical test 
The wallet of the arrangement 1 was discretized with quadrilateral elements, 2052 ele-

ments for blocks, 840 elements for bricks and 298 for joints as shown in Figure 6a; whereas 
the wallet of the arrangement 2 was discretized with 1008 elements for blocks,  1650 elements 
for bricks and 298 for joints as shown in Figure 6b. Homogenization techniques were not use, 
so the mechanical properties of the blocks, bricks and joints were assigned to the correspond-
ing discretized elements. 
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a)  b)  

Figure 6: Discretization of the wallets, arrangement: a) 1 and b) 2.  

 
The average shear stress vs shear strain curves are shown in Figure 7. The computed curve 

with FEED shows numerical results, which are congruent at the ascending branch with the 
experimental curve reported by [4]. It is observed that both curves are similar at the beginning; 
however, the curves computed with FEED are stiffer that the experimental curves. This dif-
ference may be attributed to the fact that the sliding between mortar and blocks or bricks were 
not considered.   
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Figure 7: Shear stress vs shear strain for arrangement a) 1 and b) 2 

In both arrangements, cracking initiated at both corners, on the top and on the bottom, 
growing to the centre. Discontinuities along bed joints occurred in arrangement 1 as shown in 
Figure 8a, whereas discontinuities along the diagonal occurred in the arrangement 2 as shown 
in Figure 8. These crack patterns at both arrangements were congruent with the experimental 
results reported by [4] and [11]. 
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a) b) 

Figure 8: Cracking patterns for arrangement: a) 1 and b) 2 

5 CONCLUSIONS  

• The FEED with a discrete damage model were used for modelling wallets under com-
pression load, involving their crack pattern and the shear stress-shear strain capacity
curve. The discrete damage model considers a constitutive behaviour equipped with sof-
tening for the blocks, bricks and joints elements limited for a damage surface.

• The coupling of bricks or block with the mortar yield a shear stress- shear strain curve
stiffer than the experimental curves, because sliding is neglected.

• In the wallet 1, discontinuities occurs along bed joints, whereas in the wallet 2, disconti-
nuities occur along the diagonal, which are congruent with the experimental results.

• The ultimate shear stresses computed with FEED were greater than experimental values.
These effect is attributed to absence of the sliding in the brick–mortar interface. Forcom-
ing work will include the sliding of brick–mortar interfaces.
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