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Abstract. In this paper, we present the DE? integration scheme. This unconditionally stable
scheme is dedicated to the numerical integration of linear structural dynamics problems and
offers a simple and easy to use high-order alternative to the second-order accurate ones that
are usually employed. Its symmetric formulation makes it an interesting candidate to simulate
large-scale problems. In addition, the scheme offers the possibility to control the introduced nu-
merical damping via a single algorithmic parameter, which is very convenient for the filtering
of the spurious oscillations that can arise from large stiffness contrasts in certain models. The
properties of high-order accuracy and numerical damping are illustrated by way of a demon-
strative example.
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1 INTRODUCTION

Since Newmark’s landmark paper [1], a vast number of integration schemes have been de-
veloped to advance in time the canonical equation of motion of linear structural dynamics

Mii(t) + Cu(t) + Ku(t) = £(t). (1)

These are typically derived from the mathematical treatment of the equation of motion and
continuity assumptions of the field to be discretized, e.g., Taylor expansion, finite element ap-
proaches based on weak formulations, or finite difference approximations. For linear problems,
what matters, though, are the stability and accuracy properties of the derived schemes, their
structure-preserving nature (energy conservation for instance), if any, as well as their intrinsic
computational cost.

The DE3 scheme [2] belongs to the class of two-level one-step implicit integration schemes
enjoying unconditional stability. It is a reformulation of the scheme proposed by Bottasso and
Trainelli [3] by condensation of the original scheme internal variables. As such, it exhibits
the same properties. Namely, it preserves the linear momentum of the mechanical system and
offers control on the numerical dissipation of mechanical energy, in the high-frequency range,
via a single parameter. It is fourth-order accurate when used in its conservative setting; the
accuracy drops to third order when numerical damping is present, however. This makes it
an ideal candidate for structural dynamics simulations [4] or, even, wave propagation ones in
combination with the finite element method [5], as the numerical dissipation enables the control
of high-frequency Gibbs oscillations.

The focus of this contribution is set on the derivation of the scheme and the illustration of its
superior features by application to an example problem of structural dynamics.

2 THE DE3 SCHEME

Related to the time discontinuous Galerkin method [6] that is built on the assumption of
possible discontinuities of the underlying integrated field, the method proposed by Bottasso and
Trainelli [3] is similarly formulated in terms of the left and right limits of the field variables
at the time nodes. Assuming equation (1) to hold with constant symmetric stiffness, damping
and mass matrices under the typical positiveness assumptions (K, C > 0 and M > 0), the
integration scheme they proposed reads

iIK M + iC IK %g U1
I —hiI O —th Vn+1
-1k -lc IZK iM+éc Vot
. 2
0 M +1
B I 0 u, n 0
- I (1-p)%1 Vo, 0 ’
%K %M + %C % (tn+1/211 — 12)

where

tht1 tn+1
I, = / £(t)dt, I, = / tE(t) dt 3)
tn tn
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Figure 1: The algorithmic parameter [ enables the control of the numerical dissipation introduced by the scheme.
For f = 0, the integration scheme preserves the mechanical energy whereas it numerically dissipates some for
B € (0, 1]. The time discontinuous Galerkin scheme (TDG) is recovered for 5 = 1. After [2].

denote the first- and second-order non-centered time moments of the external forces over the
timestep, and u, v represent the displacement and velocity fields. The indices refer to the time
argument of these fields; the syntax is equivalent to

x, = lim x(t, + ¢), X+ = lim x(t, + €). 4)
e—0— e—07t
Parameter 5 € [0, 1] is an algorithmic parameter that controls the numerical dissipation intro-
duced by the scheme. It is related to the spectral radius of the integration scheme amplification
matrix at infinite frequency p., through the following expression

1— poo 1—
Il - RN s

_ =P 5
1+ poo P 1+ ©)

B
For § = 0, the scheme is conservative, in the sense that it preserves the mechanical energy
of the system , whereas for 8 € (0, 1] it is numerically dissipative. In the particular case of
£ = 1, the time discontinuous Galerkin method is recovered. This configuration is spectrally
annihilating, as can be seen in Figure 1 that shows the evolution of the spectral radius of the
scheme in the case of the undamped/unforced single degree of freedom spring/mass oscillator.
Furthermore, the study of the balance of mechanical energy over a timestep shows that the
scheme is conservative when 3 = 0 and dissipative otherwise.
As the right-limit values u,,+, v,,+ only appear on left-hand side of (1), they can be considered
as internal variables to the integration scheme and can be eliminated via static condensation. A
double application of the block inversion formula [7] enables the reduction of the four-level
formulation (2) to an equivalent two-level formulation based on the displacement and velocity
fields only. Completing all the algebra—see [2] for the details—the DE® scheme is obtained

Hox, . = Hix, + £ (6)
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As the algebraic manipulations leading to DE® scheme do not alter the structure of the scheme
(2), it enjoys the same properties. Namely, the algorithmic parameter  controls the spectral
radius of the amplification matrix at infinite frequency, in accordance with (5), and therefore
the amount of numerical dissipation introduced during integration. It also plays a role on the
accuracy of the scheme which can be demonstrated to be fourth-order for # = 0 (numerically
conservative scheme) or third-order for 5 € (0, 1] (numerically dissipative scheme). Note that
high-order accuracy requires that the integrals I; and I, be computed with at least third degree
exactness, as is for instance offered by the Simpson-Cavalieri rule [8]. In such case, after
completing the algebra relative to the definition of the error metrics introduced in [2], it can be
shown that the local truncation errors for the free and forced responses are asymptotic to

Lfree ~ 6 ffree(wm C)hg + gfree<W0; C7 B)h47 (8)
Lforced ~ 6 fforced (w07 C)h‘g + Gforced (WO; Ca 6>h47 (9)

for h < wy ', with functions ggee(wo, ¢, ) and gorced (wo, ¢, 3) not vanishing when 3 = 0,
and wy, ¢ denoting the natural frequency and damping coefficient of a single degree of freedom
spring/dashpot/mass oscillator periodically excited. Similarly to the original formulation, the
two-level one is unconditionally stable.

The two-level formulation of the DE® scheme offers a couple of advantages over the original
four-level formulation proposed by Bottasso and Trainelli. In particular, it is of lower size, as
the update equations no longer involve internal states, and it is symmetric, which is favorable
to reducing the storage size of matrices Hy, H; when dealing with large models. Also, in
comparison to other integration schemes that can employ multiple algorithmic parameters, the
control of numerical dissipation is achieved via a single algorithmic parameter, which makes
the integration scheme simple to use.

It is actually found that the DE3 scheme is very similar to the one proposed by Krenk [9],
which was derived from the equation of motion via a weak formulation. A significant difference
between the DE® scheme and that proposed by Krenk concerns the handling of the contributions
of the damping and the external forcing terms, which allow the DE® scheme to retain its fourth-
(and third-) order accuracy in the conservative (resp. dissipative) setting when integrating forced
and/or damped structural models, contrary to Krenk’s formulation.

3 DEMONSTRATIVE EXAMPLE

To illustrate the performance of the scheme, we consider the two degree-of-freedom os-
cillator depicted in Figure 2. This model has a single parameter € that is representative of the
stiffness contrast that could be encountered in finite element models; in the extreme case €2 > 1,
the stiff element can be interpreted as a penalty used to enforce a constraint. For this specific
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model, the €2 > 1 case corresponds to imposing a rigid link between degree-of-freedom 1 and
the boundary with imposed displacement.

ug(t) = sinQpt uy (t) us(t)

M l_'

kop = Q2 ki =1
FM& m =1 \/\— m2 =1

Figure 2: Soft/stiff linear oscillator. External forcing is applied by controlling the displacement ug(t).

-

In the first part of this example, we compare the accuracy achieved by the DE® scheme to
two other well-known integration schemes, namely the ones proposed by Newmark [1] and
Bathe [10]. In the second part, we illustrate the utility of numerical damping in structural
simulations and, in particular, the property of spectral annihilation that the DE® scheme enjoys
when used in its most dissipative setting. In both parts, the forcing frequency is set to €2, = 1.2.

To quantify the error resulting from the numerical integration of the equations of motion, we
use the energy-based metric introduced in [2]

E(t) = %\/(u(t) —u () K(u(t) —u(®) + (v(t) = v(t)) M(v(t) = v(t)), (10)

where the reference trajectory, denoted by an underlined variable, is calculated using modal
superposition [11]. For a proper assessment of the error, the system oscillations must be suf-
ficiently resolved. In other words, the timestep must be small enough to ensure a sufficient
number of computed points per period of the highest frequency signals. It is easily shown that
this frequency is set by the largest eigenfrequency of the model. For the soft/stiff oscillator, the
two eigenfrequencies read

V44202 —2V/4+ OF N VA+202 + 21+ OF
pr— 5 2:

Q
1 9 9 9

(11)

and follow the evolution shown in Figure 3 when parameter 2 is varied. One eigenvalue is
always approximately equal to 2 and the other tends to /2 or 1 if Q < 1 or Q > 1. In the ab-
sence of damping, the oscillatory response of the model comprises three frequency component:
Qy,Q9,Q,. Setting 2 = 100, we have 2y > €, > ; and the resolution constraint is set by
)y ~ 100. Twelve points per period lead to a timestep requirement of A < 5 - 1073,

The evolution of the error £(10) with the timestep 2 € [5 - 107°,5 - 1073] is shown in
Figure 4. The high-order nature of the DE3 scheme is well established over the other consid-
ered methods. By order of increasing accuracy, we observe the following ranking: Newmark’s
scheme ((3,7) = (1/4,1/2)) is less accurate than Bathe’s method [10]—both are second-order
methods—than the DE® scheme that is third-order accurate in its dissipative setting (po, = 0.5)
and fourth-order accurate in its conservative setting (p,, = 1). It is observed that the require-
ment of twelve points per lowest period is not sufficient to ensure proper accuracy with the
second-order methods whereas it does for the DE® scheme.

Besides offering high-order accuracy integration, the DE® scheme can also be tuned to damp
Gibbs oscillations that can arise from the finite resolution of the finite elements typically used
in structural dynamics. This can be illustrated by setting €2 > 1 in the soft/stiff model and
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Figure 3: Evolution of the eigenfrequencies with parameter €.
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Figure 4: Comparison of the error introduced by the numerical integration procedure for several schemes. The
slopes of the lines give the order of accuracy of the schemes.
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Figure 5: Taming of spurious oscillations via the proper adjustment of the numerical damping introduced by the
DE3 scheme.

by interpreting the high-frequency oscillations at Qs ~ Q + (2Q)~! + O(Q?) to be spurious
ones. Proper filtering should then be achieved to ensure that they do not contaminate the lower
frequency components of the model response so that its dynamics is well resolved.

From Figure 1, we see that high-frequency oscillations are very quickly damped by the inte-
gration scheme if p,, = 0 (most dissipative configuration) and the frequency-reduced timestep
is above 102, as the magnitude of the spectral radius of the amplification matrix is indicative
of the scaling of the amplitude of harmonic oscillations over a single integration increment.
We can thus deduce that spurious oscillations will be fast rejected by the integration scheme
provided , ,

. 100 10
h>h Qz o (12)

Setting 2 = 10° and keeping €2, = 1.2, so that there is a timescale separation between the
slow dynamics we are interested in and the spurious dynamics, the above criterion reduces to
h > h* ~ 1073. Figure 5 illustrates the effect of numerical damping on the spurious oscil-
lations, by varying the integration timestep while keeping the numerical setting to p,, = 0.
Reducing the timestep is equivalent to moving leftwards along the xz-axis of Figure 1 and, thus,
the larger the timestep, the more damping is introduced with respect to the frequency set by
Qs ~ (. As expected, the high-frequency oscillations are more quickly damped for large
timesteps than for small ones. In fact, they are even annihilated in one increment for A = 107},
whence the name of the spectral annihilation property. The DE® scheme thus not only offers
high accuracy but also control on the numerical dissipation introduced in the simulations, mak-
ing it an interesting candidate for structural dynamics computations.

4 CONCLUSION

The DE® scheme positions itself as a novel and unconditionally stable high-order alternative
to the second-order schemes commonly used in structural dynamics. Its symmetric formulation,
combined to the possibility it offers to control numerical damping via a single parameter, make
it an ideal algorithmic solution for the simulation of large-scale structural dynamics problems.
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Indeed, advantage can be taken from its symmetric nature on the solver side while the controlled
numerical damping can be used to tame spurious oscillations that typically arise in problems
showing a broad spectrum of eigenfrequencies, with the higher ones being associated with
numerical rather than physical eigenmodes.

In this paper, those properties are established and demonstrated by way of an example. In
particular, an error analysis shows its superiority on other well-know schemes and the control
of numerical damping to remove spurious oscillations is illustrated as well.
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