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Abstract. The potential occurrence of internal parametric resonance phenomena has been 

recently indicated as a possible cause of failure for long-span suspension bridges. At the 

same time, suspension bridges, in view of their flexibility, are prone to aeroelasticity driven 

response, such as vortex shedding, torsional divergence and flutter. In this paper, a non-

linear dynamic model of a suspension bridge is devised, with the purpose of providing a uni-

fied framework for the study of aeroelastic and internal resonance instabilities. Inspired by 

the pioneering work of Herrmann and Hauger, the analyses have been based on a linearized 

formulation that is able to represent the main structural non-linear effects and the coupling 

given by aerodynamic forces. The results confirm that the interaction between aeroelastic ef-

fects and non-linear internal resonance leads to unstable phenomena for wind speeds which 

are by far lower than the critical threshold for standard aeroelasticity. 
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1 INTRODUCTION 

The emergence of new materials and advanced structural engineering technology makes sus-

pension bridges a spontaneous answer for demands of larger spans, light weight, high strength, 

ease of construction, and aesthetic appearance. On one hand, the flexibility caused by the ca-

ble system and its long span makes the suspension bridges sensitive to dynamic loads; on the 

other hand, the relatively simple geometry of cable structures makes continuum approaches 

still very attractive, since can be based on a minimal number of non-dimensional parameters. 

Early attempts on static equilibrium of suspension bridge were made by Moisseiff, who ex-

tended the elastic theory to the well-established Deflection Theory [1,2] by enforcing equilib-

rium in the deformed position, and accounting for the stiffening effect in the main cables. 

Earliest continuum models for the linear vertical vibrations of suspension bridges reproduced 

the effects of the stiffening truss girder by means of an Euler–Bernoulli beam supported by 

the main cables through inextensible and distributed vertical hangers. In this regard, the clas-

sic continuum model for the linear vertical vibration of suspension bridges, based on the so 

called linearized deflection theory, was first proposed by Bleich et al. [3], and Steinman [4], 

which derived some formulas for computing natural frequencies and mode shapes, and recent-

ly reviewed by Luco and Turmo [5]. The last authors showed that the linear vibration of the 

considered suspension bridge model is completely governed by two non-dimensional parame-

ters: the classic Irvine parameter of suspended cables, first introduced by Irvine [6] and a sec-

ond parameter accounting for the relative stiffness of the girder with respect to the main cable 

system. Abdel-Ghaffar in the late 1970's [7-9] developed the methodology of free vertical, 

torsional and lateral vibration analysis of suspension bridges by means of a variational princi-

ple and a finite element approach. Then, the same author [10-12] extended the continuum 

formulation to include coupling between vertical–torsional vibrations, nonlinear effects oc-

curring in the case of large vibrations and the effects of distortional deformation of the girder 

cross-section. 

Nowadays, in the design of suspension bridges a comprehensive set of wind related responses 

are taken into consideration, such as static divergence, vortex-shedding, buffeting and flutter. 

Hence, the risk of developing aeroelastic instabilities is always the matter while designing any 

lightweight long-span structures, characterized by high flexibility due to a low bend-

ing/torsional stiffness and a high width-to-depth ratio. Although the phenomenon was already 

well known in aviation, the research on flutter in civil engineering field started as the collapse 

of the Tacoma Narrows Bridge (USA) in 1940, when the catastrophe was seen mainly as a 

direct consequence of flutter [13] that developed on the bridge deck at wind speed much low-

er than the design one. Flutter is generally studied within linearized aeroelastic models, which 

can provide the range of wind speeds where Hopf bifurcation occurs. To consider the effects 

due to the unsteadiness of the relative motion between the section and the air flow, indicial 

Theodorsen type [14,15] formulations can be adopted to predict more accurately the critical 

wind speed at the onset of the flutter instability [16] with respect to the quasi-steady formula-

tion. The equations of motion for suspension bridges were employed for aeroelastic investiga-

tions in [17], where analysis are centered on experimentally determined flutter derivatives, 

and a full three-dimensional modal analysis of the structure. 

It’s well known from non-linear dynamics that, between coupled oscillators, energy transfer 

[18] can occur as far as the energetic levels reaches critical well established thresholds. Clas-

sically this behaviour is referred to as the internal resonance phenomenon. Many authors ap-

plied this principles to study the vibrations response of suspension bridges. The authors of 

[19,20] used the continuous model proposed by Abdel-Ghaffar [11], and solve the system of 
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equations by means of the multiple scale perturbative technique [21]. Recently, Airoli and 

Gazzola [22], trying to explain why did torsional oscillations suddenly appears before the Ta-

coma Narrows collapse, found out that also in isolated systems as vertical oscillations become 

large enough they may switch to torsional ones. The problem was already tackled by other 

authors [23-27] but no one was able to identify the actual causes of that sudden large torsional 

oscillations. Hence, they paved the way for future works concerning the interaction between 

internal resonance and aeroelastic phenomena, as the present paper wants to do. 

The article intends to study the stability of a suspension bridge model using the continuum 

formulation proposed by Abdel-Ghaffar in [11] enriched by the terms coming from The-

odorsen [15] indicial formulation for the wind-structure interaction. The stability will be 

checked in Lyapunov asymptotic sense exploiting the well-known Floquet theory [28]. The 

varational system of equations is obtained following the procedure proposed by Herrman [29] 

assuming small but finite flexural perturbations coming from vortex-shedding excitation. The 

possibility of parametric internal resonances such as harmonic, sub-harmonic and super-

harmonic, or additive combinational and anti-resonances will be checked by means of suitable 

stability maps. 

Section 2 starts with a brief review of the parametric modal analysis for the continuum sus-

pension bridge model [11] focusing on the so called cross over frequencies already proposed 

in [5] for the only flexural oscillations, and here extended to the torsional component. In Sec-

tion 3, the aerodynamic additional mass, stiffness and damping are introduce in the original 

model by means of the analytical formulation [30] for the so called Flutter derivatives. Sec-

tion 3 is devoted to the linearized variational system of equations projected in the modal 

space. The analysis of stability maps confirm the possibility of parametric resonance of 2:1 

type between flexural and torsional motion already verified by other authors [11,19,20] by 

means of analytical procedure but on the complete non-linear original system of equations. 

The importance of bridge’s deck sectional shape factor will be stressed out in order to explain 

Parametric resonance phenomenon by means of Strohual linear law for vortex-shedding exci-

tation. Conclusions will be delegate to Section 4. 

2 STRUCTURAL PROBLEM FORMULATION 

A continuum model of single span, linearly elastic, suspension bridge is considered (Fig. 1). 

The bridge, having a span length l, is composed by two main cables that support the stiffening 

girder (bridge deck) through uniformly distributed, massless and inextensible vertical hangers. 

The main cables are hinged at fixed anchors placed at the same vertical elevation and are 

modeled as mono-dimensional continua with negligible flexural, torsional and shear rigidities. 

The stiffening girder is modeled as an equivalent, uniform, Euler-Bernoulli beam, with flex-

ural hinges and torsional forks at its ends. The distortional deformation of the cross-section is 

neglected. The cross-section of the girder has double symmetry with respect to vertical and 

horizontal local axes, y and z respectively (Fig. 1). The contribution of the stiffening girder in 

carrying dead loads is disregarded: dead loads are entirely carried by the main cables and are 

assumed to be uniformly distributed along the longitudinal axis. 

Figure 1: Single span suspension bridge model 
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2.1 Nonlinear coupled equations of motion 

The motion of the bridge is described by means of three generalized displacement functions 

(Fig. 2): vertical deflection 𝑤𝑑(𝑥, 𝑡), twist rotation 𝜃𝑑(𝑥, 𝑡) about the longitudinal centerline 

of the deck-cables system and warping displacement 𝑢𝑑(𝑥, 𝑡) of the cross-section, t denoting 

time. The equations of motion are derived by means of Hamilton's principle 𝛿 {∫ (𝑇 − 𝑉 +
𝑡2

𝑡1

𝑊)𝑑𝑡} = 0, where 𝛿{∙} is the variational operator, T and V are the total kinetic and potential 

energies of the system, respectively, W is the work done by external forces and 𝑡1 and 𝑡2 are 

arbitrary time instants. 

Figure 2: Four principal different kinds of displacements 

The development of Hamilton's equation yields the non-linear coupled equations of motion of 

the suspension bridge with the associated boundary conditions. Detailed calculations are omit-

ted for the sake of brevity. After some manipulations, the following dimensionless equations 

are obtained. Notice that the equations are written separating the linear from the quadratic and 

cubic parts on different rows. 

𝑓𝑙𝑒𝑥𝑢𝑟𝑎𝑙  ∶  

{

𝑑2𝑤̃𝑑

𝑑𝜏2
+ 𝜇2 ∙ 𝑤̃𝑑

′𝑣 − 𝑤̃𝑑
′′ + 𝜆𝐿

2ℎ̃𝑤 +

−𝜆𝑄
2 ∙ [ℎ̃𝑤 ∙ 𝑤̃𝑑

′′ + ℎ̃𝜗 ∙ 𝜗̃𝑑
′′
−
1

2
(ℎ̃𝑤′𝑤′ + ℎ̃𝜗′𝜗′)] +

−𝜆𝐶
2 ∙ [

1

2
(ℎ̃𝑤′𝑤′ + ℎ̃𝜗′𝜗′) ∙ 𝑤̃𝑑

′′ + ℎ̃𝑤′𝜗′ ∙ 𝜗̃𝑑
′′
] }

= 𝑞̃(𝜉, 𝜏)  (1) 

torsional  ∶  

{

Jt̃ ∙
d2ϑ̃d

dt2
+
β2

χ2
∙ ϑ̃d

′v
− (1 + β2) ∙ ϑ̃d

′′
+ λL

2h̃ϑ +

−λQ
2 ∙ [h̃ϑ ∙ w̃d

′′ + h̃w ∙ ϑ̃d
′′
− h̃w′ϑ′] +

−λC
2 ∙ [h̃w′ϑ′ ∙ w̃d

′′ +
1

2
(h̃w′w′ + h̃ϑ′ϑ′) ∙ ϑ̃d

′′
]}

= m̃(ξ, τ) (2) 

The following non-dimensional parameters have been introduced. 
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{

𝜉 =
𝑥

𝑙

𝜏 = 𝑡 ∙
1

𝑙
√

2𝐻

(𝑚𝑑+2𝑚𝑐)

𝑤̃𝑑(𝜉, 𝜏) =
𝑤𝑑(𝑥,𝑡)

𝑓

𝜗̃𝑑(𝜉, 𝜏) =
𝜗𝑑(𝑥,𝑡)∙𝑏

𝑓 {

𝜆𝐿
2 =

𝐸𝑐𝐴𝑐

𝐻

𝑙

𝐿𝑐
(𝑦′′𝑙)2 =

= 8𝜆𝑄
2 = 64𝜆𝐶

2

𝜇2 =
𝐸𝑑𝐼𝑑

2𝐻𝑙2

𝜒2 =
𝐺𝑑𝐽𝑑𝑙

2

𝐸𝑑𝛤𝑑

𝛽2 =
𝐺𝑑𝐽𝑑

2𝐻𝑏2
{

𝐽𝑡̃ =
(𝐽𝑡+2𝑚𝑐𝑏

2)

(𝑚𝑑+2𝑚𝑐)∙𝑏2

ℎ̃𝑖𝑗 = ∫ 𝑖 ∙ 𝑗
1

0
𝑑𝜉

𝑞̃(𝜉, 𝜏) =
𝑙2

2𝐻𝑓
𝑞(𝜉, 𝜏)

𝑚̃(𝜉, 𝜏) =
𝑙2

2𝐻𝑓𝑏
𝑚(𝜉, 𝜏)

(3) 

where x is the bridge axis coordinate, l the main span length, t the time variable, H the initial 

cables tension, 𝑚𝑑  and 𝑚𝑐  respectively the deck and single cable mass per unit length, 

𝑤𝑑(𝑥, 𝑡) and  𝜗𝑑(𝑥, 𝑡) respectively the flexural and torsional motion of the of the deck axis, 𝑓
the initial cables sag, and 𝑏 the half width of the deck section. 

The Irvine parameter 𝜆𝐿
2
 of the main cables [6], which is crucial in determining the eigen-

properties of the bridge, depends also upon the axial stiffness of the cables system 𝐸𝑐𝐴𝑐, the 

cables initial length 𝐿𝑐  and the initial cables curvature assumed by the parabolic shape 

𝑦′′ = 8𝑓 𝑙2⁄ . Notice that the assumption of initial parabolic shape of the main cables allows

us to define in a simple form the quadratic and cubic Irvine terms. 

Other relevant non-dimensional parameters are 𝜇2 (Steinman’s stiffness factor [2]) and 𝛽2,

that reflect the relative flexural and torsional rigidities of the girder, respectively. They de-

pends upon the deck flexural 𝐸𝑑𝐼𝑑  and the primary (St. Venant) torsional 𝐺𝑑𝐽𝑑  stiffness. 

Moreover, in order to account for the warping deformability of the section we need to intro-

duce the so called warping coefficient reflecting the ratio between the primary and secondary 

𝐸𝑑𝛤𝑑 (Vlasov-Wagner) torsional stiffness. 

We can define a dimensionless equivalent torsional inertia per unit length dependent both on 

the cables and deck contribution 𝐽𝑡. The so called stiffening operator ℎ̃𝑖𝑗 synthetize in differ-

ent terms the stiffness contribution coming from the main cables tension increment (stiffening 

behavior). Finally we need to introduce some dimensionless external forces normalizing the 

generalized vertical force 𝑞(𝜉, 𝜏) and torsional couple 𝑚(𝜉, 𝜏) acting on the bridge deck axis. 

2.2 Linear free vibrations 

A solution of the equations of motion is sought with the following general modal expansion 

form. 

𝑤̃𝑑(𝜉, 𝜏) = ∑ 𝑊𝑛(𝜉) ∙ {𝑍𝑛 ∙ exp(𝑖 ∙ 𝜔̃𝑤,𝑛 ∙ 𝜏) + 𝑐. 𝑐. }
∞
𝑛=1   𝑤𝑖𝑡ℎ  𝑛 ∈ ℵ\{0} (4) 

𝜗̃𝑑(𝜉, 𝜏) = ∑ 𝛩𝑚(𝜉) ∙ {𝛤𝑚 ∙ 𝑒𝑥𝑝(𝑖 ∙ 𝜔̃𝜗,𝑚 ∙ 𝜏) + 𝑐. 𝑐. }
∞
𝑚=1   𝑤𝑖𝑡ℎ  𝑚 ∈ ℵ\{0} (5) 

Being the general dimensionless circular frequency defined as : 

𝜔̃(∙) = 𝜔(∙) ∙ 𝑙√
(𝑚𝑑+2𝑚𝑐)

2𝐻
(6) 

By enforcing the suitable boundary conditions for the flexural hinges {𝑤̃𝑑(0, 𝜏) = 𝑤̃𝑑(1, 𝜏) =
0  ; 𝑤̃𝑑

′′(0, 𝜏) = 𝑤̃𝑑
′′(1, 𝜏) = 0 } and for the torsional forks { 𝜗̃𝑑(0, 𝜏) = 𝜗̃𝑑(1, 𝜏) = 0  ;

𝜗̃𝑑
′′
(0, 𝜏) = 𝜗̃𝑑

′′
(1, 𝜏) = 0}, one obtains the natural frequencies and the symmetric and anti-

symmetric modes. get the following symmetric modal shape expressions. It is worth noting 
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Figure 3: Circular eigen-frequencies of flexural sym-

metric mode 2. 
Figure 4: Circular eigen-frequencies of torsional sym-

metric mode 2 for 𝝌𝟐 = ∞. 

that the former include trigonometric and hyperbolic functions, conversely the latter are repre-

sented by simple sinusoidal shapes. 

The influence of the main parameters 𝜆𝐿
2
, 𝜒2, 𝜇2, and 𝛽2 has been investigated through a

parametric analysis, based on the available data collected from literature [5,12,31-40]. Besides 

realistic values also extreme situations are considered such as 𝜆𝐿
2 = 0 (flat cables), 𝜆𝐿

2 = ∞
(inextensible cables), 𝜇2 = 0 (flexible deck), 𝜒2 = 0 (rigid warping), 𝜒2 = ∞ (free warping),

𝛽2 = 0 (flexible deck).

For the sake of brevity, we will report just the results obtained for the second mode of vibra-

tions, that shows more interesting features than the first one. Figure 3 shows the flexural ei-

genfrequency, as a function of the dimensionless deck bending stiffness, for different values 

of the Irvine parameter. Figure 4 is referred to torsional eigenfrequency, in the case of free 

warping. 

The modal shapes associated to previously analyzed frequencies are very similar for flexural 

and torsional vibrations (Figures 5 and 6). The upward (negative) displacement increases as 

the Irvine parameter 𝜆𝐿
2
 does, since as cables become more and more inextensible, their ini-

tial parabolic shape turns out to be much more influent on deck deformation. As 𝜆𝐿
2 = ∞, the

modal shapes coalesce approximately to a single sinusoidal curve for any value of 𝜇2 and 𝛽2.

Similarly, if higher modes are considered (𝑛 > 4), one gets modal shapes closer to sinusoidal 

ones since the hyperbolic cosine contribution becomes negligible, meaning that deck stiffness 

is less influent on bridge vibration. Notice that increasing the relative deck stiffness (flexural 

and torsional) the positive antinodal points move away from the midspan. Concerning tor-

sional modes only, passing from 𝜒2 = ∞ to 𝜒2 = 0 we noticed that the deck relative stiffness

becomes much more relevant in the latter case. 

2.3 Cross over frequencies and modes 

As previously mentioned frequencies and modal shapes associate to higher order modes fea-

tures interesting behavior. First, we want to focus the attention on the so-called [5] Cross 

Over Frequency (COF), that is the frequency common to symmetric and skew-symmetric 

modes. As this particular condition occurs, symmetric modal shapes will vibrate according to 

frequencies proper of skew-symmetric ones. In order to reach the COF threshold condition the 

structural parameters of the suspension bridge has to be properly tuned (as shown in Figures 3 

and 4).  
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Figure 5: Modal shape of flexural mode 2 for 𝜆𝐿
2 =

225. 
Figure 6: Modal shape of torsional mode 2 for 𝜆𝐿

2 =
225 and 𝜒2 = ∞. 

As can be seen from Figures 5-6, the modal shapes are strongly influenced by the structural 

parameters of the suspension bridges. In the design process, it can be useful to tune some pa-

rameters in order to improve the bridge performance, such as in regard of edge slope and peak 

upward motion. Enforcing the vanishing of the latter two parameters, we get critical condi-

tions for the modal shapes, that, by analogy with the previous treatment, we can be referred to 

as Cross Over Modes (COM). Concerning the COM conditions we can state that only the first 

symmetric modes has a unique critical curve: in fact, as the edge slopes vanish the peak up-

ward displacement does the same. 

3 AEROELASTIC ANALYSIS 

For sake of simplicity, the wind-structure interaction has been modelled by means of The-

odorsen Theory that consider a thin airfoil immersed in a uniform and constant potential air 

stream. The main advantage is that the formulation will be independent from the actual sec-

tional shape of the bridge’s deck. Though we are implicitly modelling the deck by means of a 

thin plate, the inaccuracy introduced by the modelling could be comparable to numerical ap-

proximations typical of finite elements discretization. 

3.1 Theodorsen formulation 

Let’s write the aerodynamic lift and couple acting on the axis of the bridge’s deck. 

𝐿(𝑡) = 𝜋𝑏2𝜌𝑎 ∙ 𝑤̈𝑑 + 2𝜋𝑏𝜌𝑎𝑈 ∙ {𝐶𝑤 ∙ 𝑤̇𝑑 +
𝑏

2
(1 + 𝐶𝜃) ∙ 𝜃̇𝑑} + 2𝜋𝑏𝜌𝑎𝑈

2𝐶𝜃 ∙ 𝜃𝑑 (7) 

𝑀(𝑡) = −
𝜋

8
𝑏4𝜌𝑎 ∙ 𝜗̈𝑑 + 𝜋𝑏

2𝜌𝑎𝑈 ∙ {𝐶𝑤 ∙ 𝑤̇𝑑 +
𝑏

2
(1 − 𝐶𝜃) ∙ 𝜃̇𝑑} + 𝜋𝑏

2𝜌𝑎𝑈
2𝐶𝜃 ∙ 𝜃𝑑  (8)

Where we have used the air density 𝜌𝑎 ≅ 1.18 𝑘𝑔/𝑚3, the mean wind speed 𝑈 and the so-

called Theodorsen complex functions, that notice, being dependent on the actual reduced fre-

quency 𝑘̃(∙), are different for the flexural 𝐶𝑤 and the torsional motion 𝐶𝜃. 

𝐶(∙) = 𝐶(𝑘̃(∙)) = 𝐹(𝑘̃(∙)) + 𝑖 ∙ 𝐺(𝑘̃(∙)) (9) 

𝑘̃(∙) = 𝜔(∙)
𝑏

𝑈
(10) 
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Figure 7: Real part of Theodorsen complex function. Figure 8: Imaginary part of Theodorsen complex function. 

3.2 Linear coupled equations on motion 

Before proceeding, we stress the fact that aeroelastic forces introduces additional linear terms 

only. Hence, also the linear equations of motion becomes coupled and the system loses its 

symmetries in stiffness and damping, thus becoming susceptible of static divergence and flut-

ter dynamic instability. The dimensionless linear coupled equations of motion reads: 

𝑑2𝑤̃𝑑

𝑑𝜏2
+ 𝑐̃𝑤𝑤 ∙

𝑑𝑤̃𝑑

𝑑𝜏
+ 𝑐̃𝑤𝜗 ∙

𝑑𝜗̃𝑑

𝑑𝜏
+ 𝜇2 ∙ 𝑤̃𝑑

′𝑣 − 𝑤̃𝑑
′′ + 𝜆𝐿

2ℎ̃𝑤 + 2𝑘̃𝜗𝜗 ∙ 𝜃𝑑 = 0 (11) 

𝐽𝑡̃ ∙
𝑑2𝜗̃𝑑

𝑑𝜏2
+ 𝑐̃𝜗𝜗 ∙

𝑑𝜗̃𝑑

𝑑𝜏
+ 𝑐̃𝜗𝑤 ∙

𝑑𝑤̃𝑑

𝑑𝜏
+
𝛽2

𝜒2
∙ 𝜗̃𝑑

′𝑣
− (1 + 𝛽2) ∙ 𝜗̃𝑑

′′
− 𝑘̃𝜗𝜗 ∙ 𝜃𝑑 + 𝜆𝐿

2ℎ̃𝜗 = 0(12)

In the above equations, we have neglected the additional mass 𝑚̃𝑎  and torsional inertia 𝐽𝑎̃
coming from the participating air mass. In fact from the available data [5,12,31-40] it turns 

out that they are always negligible contributions with respect to structural ones.  

The following definitions hold. 

{

𝑐̃𝑤𝑤 = 2(𝜉𝑤 ∙ 𝜔̃𝑤 +√𝐽𝑡̃ ∙ 𝑚̃𝑎 ∙ 𝛺̃𝜗 ∙ 𝑢̃ ∙ 𝐶𝑤)

𝑐̃𝑤𝜗 = √𝐽𝑡̃ ∙ 𝑚̃𝑎 ∙ 𝛺̃𝜗 ∙ 𝑢̃ ∙ (1 + 𝐶𝜃)

𝑐̃𝜗𝜗 = 2√𝐽𝑡̃ ∙ {𝜉𝜗 ∙ √𝐽𝑡̃ ∙ 𝜔̃𝜗 +
1

4
∙ √𝑚̃𝑎 ∙ 𝛺̃𝜗 ∙ 𝑢̃ ∙ (1 − 𝐶𝜃)}

𝑐̃𝜗𝑤 = −√𝐽𝑡̃ ∙ 𝑚̃𝑎 ∙ 𝛺̃𝜗 ∙ 𝑢̃ ∙ 𝐶𝑤

𝑘̃𝜗𝜗 = 𝐽𝑡̃ ∙ 𝛺̃𝜗
2
∙ 𝑢̃2 ∙ 𝐶𝜃

 (13) 

where 𝜉(∙) is the structural equivalent viscous damping ratio, assumed for simplicity constant 

and equal to 0.5%, whilst 𝑢̃ represent the mean wind speed 𝑈 normalized with respect to the 

static divergence one 𝑈𝐷 in correspondence of the same structural parameters. 

𝑈𝐷 = √𝐽𝑡̃ ∙ 𝛺̃𝜗
2
∙ √

2𝐻

𝜋𝜌𝑎𝑙2
(14) 

Notice the difference between 𝛺̃(∙) and 𝜔̃(∙), which represent, respectively, the circular fre-

quency obtained from the undamped structural model and the one coming from the complete 

aeroelastic analysis. Consequently, the first will be constant and the second will vary as the 

mean wind speed does. 

Lastly, the generic dimensionless reduced frequencies can be defined as follows. 
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𝑘̃(∙) = (𝜔̃(∙) − 𝑖𝛼̃(∙)) ∙ √𝑚̃𝑎 (√𝐽𝑡̃ ∙ 𝛺̃𝜗 ∙ 𝑢̃)⁄  (15) 

The linearized equation, considered in this Section, is of basic importance in order to obtain 

the wind speed which corresponds to flutter onset. In fact, having obtained a modal projection 

of the governing equations, one can enforce the flutter conditions by considering a null value 

for torsional or flexural damping. Figure 9 shows an example of computation: for the specific 

structural parameters, torsional flutter happens in correspondence of the wind speed marked 

by a red circle. 

Figure 9 Variation of flexural and torsional frequencies and damping ratios with wind speed level. 

4 INTERNAL PARAMETRIC RESONANCE 

The recent work by Airoli and Gazzola [22] and previous works by different authors [19,20] 

contain the numerical and analytical proof, respectively, that suspension bridges can suffer of 

internal parametric resonance. This kind of phenomenon strongly differs from the well-known 

ordinary resonance characteristic of linear vibrating systems. The main differences lie in the 

fact that, regarding the parametric resonance, no external sources of energy are a priori need-

ed since energy is just transferred from one mode to another. 

4.1 Modal projection of nonlinear aeroelastic equations 

In order to catch the internal resonance phenomenon, it is necessary to consider the fully non-

linear equation of motion, supplemented by the aeroelastic terms considered in Section 3. By 

applying a modal projection of the governing equations, based on generic (rather than expo-

nential) time-varying functions, one finds: 

{

𝑀𝑤,𝑛 ∙ 𝑧̈𝑛 + 𝐶𝑤,𝑛 ∙ 𝑧̇𝑛 + 𝐶𝑤𝜗,𝑛𝑚 ∙ 𝛾̇𝑚 + 𝐾𝑤,𝑛
(𝐿)
∙ 𝑧𝑛 + 𝐾𝑤𝜗,𝑛𝑚

(𝐿)
∙ 𝛾𝑚 +

+𝐾𝑤,𝑛
(𝑄)
∙ 𝑧𝑛

2 +𝐾𝑤𝜗,𝑛𝑚
(𝑄)

∙ 𝛾𝑚
2 +

+𝐾𝑤,𝑛
(𝐶)
∙ 𝑧𝑛

3 + 𝐾𝑤𝜗,𝑛𝑚
(𝐶)

∙ 𝑧𝑛 ∙ 𝛾𝑚
2

}

= 𝛤𝑤,𝑛 (16) 

{

𝐽𝜗,𝑚 ∙ 𝛾̈𝑚 + 𝐶𝜗,𝑚 ∙ 𝛾̇𝑚 + 𝐶𝜗𝑤,𝑚𝑛 ∙ 𝑧̇𝑛 + 𝐾𝜗,𝑚
(𝐿)

∙ 𝛾𝑚 +

+𝐾𝜗𝑤,𝑚𝑛
(𝑄)

∙ 𝛾𝑚 ∙ 𝑧𝑛 +

+𝐾𝜗,𝑚
(𝐶)

∙ 𝛾𝑚
3 + 𝐾𝜗𝑤,𝑚𝑛

(𝐶)
∙ 𝛾𝑚 ∙ 𝑧𝑛

2
}

= 𝛤𝜗,𝑚(𝜉, 𝜏) (17) 
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The following equivalent masses, damping, stiffness and forcing terms have been introduced. 

𝑀𝑤,𝑛 = ∫ 𝑊𝑛
2(𝜉)𝑑𝜉

1

0
;    𝐶𝑤,𝑛 = 𝑐̃𝑤𝑤 ∙ 𝑀𝑤,𝑛;    𝐶𝑤𝜗,𝑛𝑚 = 𝑐̃𝑤𝜗 ∙ ℎ̃𝑊𝑛,𝛩𝑚  (18) 

𝐾𝑤,𝑛
(𝐿)

= ∫ 𝑊𝑛(𝜉) ∙ [𝜇
2 ∙ 𝑊𝑛

′𝑣(𝜉) −𝑊𝑛
′′(𝜉)]𝑑𝜉 + 𝜆𝐿

2 ∙ ℎ̃𝑊𝑛
21

0
;   𝐾𝑤𝜗,𝑛𝑚

(𝐿)
= 2𝑘̃𝜗𝜗 ∙ ℎ̃𝑊𝑛,𝛩𝑚 (19) 

𝐾𝑤,𝑛
(𝑄)

=
3

2
∙ 𝜆𝑄

2 ∙ ℎ̃𝑊𝑛 ∙ ℎ̃𝑊𝑛′2;    𝐾𝑤𝜗,𝑛𝑚
(𝑄)

= 𝜆𝑄
2 ∙ {ℎ̃𝛩𝑚 ∙ ℎ̃𝑊𝑛′ ,𝛩𝑚′ +

1

2
∙ ℎ̃𝑊𝑛 ∙ ℎ̃𝛩𝑚′2} (20) 

𝐾𝑤,𝑛
(𝐶)

=
1

2
∙ 𝜆𝐶

2 ∙ (ℎ̃𝑊𝑛′2)
2
;    𝐾𝑤𝜗,𝑛𝑚

(𝐶)
= 𝜆𝐶

2 ∙ {
1

2
∙ ℎ̃𝛩𝑚′2 ∙ ℎ̃𝑊𝑛′2 + (ℎ̃𝑊𝑛′ ,𝛩𝑚′ )

2
} (21) 

𝑀𝜗,𝑚 = ∫ 𝛩𝑚
2(𝜉)𝑑𝜉

1

0
⇒ 𝐽𝜗,𝑚 = 𝐽𝑡̃ ∙ 𝑀𝜗,𝑚 (22) 

𝐶𝜗,𝑚 = 𝑐̃𝜗𝜗 ∙ 𝑀𝜗,𝑚;    𝐶𝜗𝑤,𝑚𝑛 = 𝑐̃𝜗𝑤 ∙ ℎ̃𝑊𝑛,𝛩𝑚 (23) 

𝐾𝜗,𝑚
(𝐿)

= ∫ 𝛩𝑚(𝜉) ∙ [
𝛽2

𝜒2
∙ 𝛩𝑚

′𝑣(𝜉) − (1 + 𝛽2) ∙ 𝛩𝑚
′′(𝜉)] 𝑑𝜉 + 𝜆𝐿

2 ∙ ℎ̃𝛩𝑚
21

0
− 𝑘̃𝜗𝜗 ∙ 𝑀𝜗,𝑚 (24) 

𝐾𝜗𝑤,𝑚𝑛
(𝑄)

= 𝜆𝑄
2 ∙ {

2 ∙ ℎ̃𝛩𝑚 ∙ ℎ̃𝑊𝑛′ ,𝛩𝑚′ +

+ℎ̃𝑊𝑛 ∙ ℎ̃𝛩𝑚′2

} (25) 

𝐾𝜗,𝑚
(𝐶)

= 𝜆𝐶
2 ∙ (ℎ̃𝛩𝑚′2)

2
;    𝐾𝜗𝑤,𝑚𝑛

(𝐶)
= 𝜆𝐶

2 ∙ {(ℎ̃𝑊𝑛′ ,𝛩𝑚′ )
2
+
1

2
∙ ℎ̃𝑊𝑛′2 ∙ ℎ̃𝛩𝑚′2} (26) 

𝛤𝜗,𝑚 = ∫ 𝛩𝑚(𝜉) ∙ 𝑚̃(𝜉, 𝜏)𝑑𝜉
1

0
 (27) 

It is important to notice that in the torsional equation of motion it is not possible to define a 

second order term independently from the flexural component. This is because the rotations of 

the deck introduces an asymmetric response of the two main cables, which strongly depend on 

the flexural amplitude of vibration affecting the stiffness of the cables system. This property 

of the system will be fundamental in the following in order to study the stability of vibrations. 

4.2 Vortex-shedding modelling 

In many real-life systems, mainly in the electrical field, the parameters which govern the 

equations of motion may vary periodically in time [41]. When dealing with suspension bridg-

es, this is not the case since structural parameters are fixed and can vary only in a very long 

period. Nevertheless, in view of the peculiar non-linear coupling of the governing equations 

and accounting for the presence of aeroelastic phenomena, one can easily realize that para-

metric resonance may occur in suspension bridge in the presence of a periodic external action. 

This may happen even if the wind velocity remains constant, because of the vortex-shedding 

phenomenon. It is well known that, under certain conditions, vortex detaches from the im-

mersed body in a regular and periodic variation in time and space. This condition is the so-

called Von Kármán vortex street phenomenon, that has been verified experimentally to occur 

in circular cylinders in a range of Reynolds number of about 250 < 𝑅𝑒 < 2 ∙ 105.

In the case of bridges, vortex-shedding effect can be represented by means of a sinusoidal 

transverse force: 

𝐹𝐿 =
1

2
∙ 𝜌𝑎 ∙ 𝐵 ∙ 𝑈

2 ∙ 𝐶𝐿 ∙ sin (𝜔𝑉𝑆 ∙ 𝑡) (28) 

where 𝜔𝑉𝑆 is the frequency of vortex shedding and 𝐶𝐿 is the lift coefficient, which basically 

depends on the cross section shape, on the Reynolds number and on the surface roughness. 

The equivalent modal lift force has the following dimensionless format. 
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 𝛤𝑤,𝑛 = 𝛤0 ∙ ℎ̃𝑊𝑛 ∙ sin (𝜔̃𝑉𝑆 ∙ 𝜏)  (29) 

 𝛤0 = 𝐵̃ ∙ 𝑐̃𝐿 ∙ 𝐽𝑡̃ ∙ 𝛺̃𝜗,𝑚
2
∙ 𝑢̃2 (30) 

where we have introduced the non-dimensional counterpart for the deck’s width and the nor-

malized lift coefficient with respect to the analytical one characterizing thin airfoils.  

 𝐵̃ = 𝐵 𝑓⁄ = 0.17 ÷ 0.51 ≅ 0.32 (31) 

 𝑐̃𝐿 = 𝐶𝐿(𝜃𝑑) 2𝜋⁄  (32) 

It is worth noting that the stability analyses will be carried out by considering the forcing fre-

quency as an independent variable. When examining the results, it will be necessary to ac-

count for the well-known Strouhal relationship, which connects the vortex shedding 

frequency to the mean wind speed: 

 𝜔𝑉𝑆 = 2𝜋 ∙ 𝑓 = 2𝜋 ∙ 𝑆𝑡 ∙ 𝑈 𝐷⁄  (33) 

Moreover, the presence of the lock-in region will be accounted for, by considering an interval 

of wind velocity in which there is a synchronism between structural and vortex shedding fre-

quency. The dimensionless format of Strouhal relationship reads:  

 𝜔̃𝑆𝑡 = 𝜋 ∙ 𝑆𝑡 ∙ (𝛼̃ √𝑚̃𝑎⁄ ) ∙ √𝐽𝑡̃ ∙ 𝛺̃𝜗,𝑚 ∙ 𝑢̃ (34) 

where 𝛼̃ = 𝐵 𝐷⁄  is the aspect ratio of the cross section: from avalable bridges data [5,12,31-

40] 𝛼̃ = 3 ÷ 12. Concerning the Strouhal number St, we will make reference to numerical 

investigations of [43]: it seems reasonable to consider 𝑆𝑡 ≅ 0.1. 

Finally, we must remember that vortex-shedding is a self-limited phenomenon due to the ad-

ditional viscous aerodynamic damping. By experimental investigations, it is known that oscil-

lations of circular cylinders never overcome the 20% of the cross flow dimension of the body. 

Consequently an empirical upper bound for dimensionless vertical vibrations should be taken 

about equal to 0.01. 

4.3 Formulation of perturbed system of equations 

In order to study the stability of the suspension bridge vibrations as long as dominant flexural 

motion occurs, we will make reference to the work of Hermann and Hauger [29]. 

First, we need to assume small flexural vibrations and negligible torsional ones, allowing us 

to study the linear equation of motion of a SDOF damped and periodically forced oscillator: 

 𝑧𝑛(𝑡) < 𝜀 ⇒ 𝑧𝑛
2(𝑡) ; 𝑧𝑛

3(𝑡)  ≅ 0  (35) 

 𝛾𝑚(𝑡) ≅ 0 ⇒ 𝑐̃𝐿 = 𝐶𝐿(𝜃𝑑 = 0) 2𝜋⁄  (36) 

The governing equation reads: 

 𝑀𝑤,𝑛 ∙ 𝑧̈𝑛 + 𝐶𝑤,𝑛 ∙ 𝑧̇𝑛 +𝐾𝑤,𝑛
(𝐿) ∙ 𝑧𝑛 = 𝛤0 ∙ ℎ̃𝑊𝑛 ∙ 𝑠𝑖𝑛 (𝜔̃𝑆𝑡 ∙ 𝜏)  (37) 

The solution will be given by the superposition of a homogenous solution and a particular 

steady integral. Since we are looking for unstable solutions, the transient conditions are not of 

interest. Hence the steady state solution will be driven as usual by the so called complex dy-

namic amplification factor. 

 𝑧𝑛,𝑆𝑆(𝑡) = 𝑧𝑛,0 ∙ 𝑠𝑖𝑛(𝜔̃𝑆𝑡 ∙ 𝜏 − 𝜑) (38) 

 𝑧𝑛,0 = 𝛤0 ∙ ℎ̃𝑊𝑛 ∙ |𝐻(𝛿)| 𝑀𝑤,𝑛⁄  (39) 
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|𝐻(𝛿)| = {𝛺̃𝑤,𝑛
2
∙ √(1 − 𝛿2 − (𝑐̃𝑤𝑤

𝐼 𝛺̃𝑤,𝑛⁄ ) ∙ 𝛿)
2
+ ((𝑐̃𝑤𝑤

𝑅 𝛺̃𝑤,𝑛⁄ ) ∙ 𝛿)
2

}

−1

(40) 

𝑡𝑔(𝜑) = (𝑐̃𝑤𝑤
𝑅 𝛺̃𝑤,𝑛⁄ ) ∙ 𝛿 (1 − 𝛿2 − (𝑐̃𝑤𝑤

𝐼 𝛺̃𝑤,𝑛⁄ ) ∙ 𝛿)⁄  (41) 

𝛿 = 𝜔̃𝑆𝑡 𝛺̃𝑤,𝑛⁄  (42) 

The second step requires to introduce a small perturbation to the actual forced system, in 

terms of both flexural and torsional DOF: 

𝑧𝑛(𝑡) = 𝑧𝑛,0 ∙ sin(𝜔̃𝑆𝑡 ∙ 𝜏 − 𝜑) + 𝑧𝑃,𝑛(𝑡)   𝑤𝑖𝑡ℎ   𝑧𝑃,𝑛(𝑡) < 𝜀 (43) 

𝛾𝑚(𝑡) = 𝛾𝑃,𝑚(𝑡)   𝑤𝑖𝑡ℎ   𝛾𝑃,𝑚(𝑡) < 𝜀 (44) 

Then, by substituting the above definitions in the complete modal aeroelastic system of equa-

tions and by suitable linearization, one gets the so-called Perturbed system. 

𝑀𝑤,𝑛𝑧̈𝑃,𝑛 + 𝐶𝑤,𝑛𝑧̇𝑃,𝑛 + 𝐶𝑤𝜗,𝑛𝑚𝛾̇𝑃,𝑚 + 𝐾𝑤,𝑛
(𝐿)𝑧𝑃,𝑛 + 𝐾𝑤𝜗,𝑛𝑚

(𝐿) 𝛾𝑃,𝑚 = 0 (45) 

𝐽𝜗,𝑚𝛾̈𝑃,𝑚 + 𝐶𝜗,𝑚𝛾̇𝑃,𝑚 + 𝐶𝜗𝑤,𝑚𝑛𝑧̇𝑃,𝑛 + {𝐾𝜗,𝑚
(𝐿) + 𝐾𝜗𝑤,𝑚𝑛

(𝑄) 𝑧𝑛,0 sin(𝜔̃𝑆𝑡𝜏 − 𝜑)} 𝛾𝑃,𝑚 = 0 (46) 

As previously mentioned, the second order term of torsional motion is dependent simultane-

ously and linearly on both motions while the flexural one depends quadratically on the two 

independent contributions. This makes possible that a small but not vanishing vertical pertur-

bation influences the torsional response, even in a linearized formulation. This kind of phe-

nomenon can be classified as a Parametric excitation problem. In fact, in the perturbed system 

there is no forcing term but just a periodically varying structural parameter. The fact that it 

depends on the actual vortex-shedding excitation is hidden inside the terms 𝑧𝑛,0 and 𝜑. 

We have stressed many times the fact that being a self-limiting phenomenon; vortex shedding 

is able to induce just small flexural perturbations. However, because their effects on torsional 

vibrations is amplified by the quadratic coupled modal stiffness 𝐾𝜗𝑤,𝑚𝑛
(𝑄)

, it will be of basic

importance to understand its influence on the system response. Consequently, we can say that 

in the design process will be useful whether is possible to tune the geometrical and mechani-

cal properties of the suspension bridge in order to minimize that cross stiffness. 

4.4 Floquet stability conditions 

In the previous section, we ended up with the definition of the perturbation system, that is a 

system of two ordinary differential equation of second order and with periodic coefficients. 

The stability of such a system can be easily analyzed by exploiting the well-known Floquet 

Theorem. It has been proved [28] that solutions of those kind of systems can be written as the 

product between a periodic function 𝑃(𝑡) and an exponential one 𝑀(𝑡). Consequently, we get 

asymptotically stable solutions in Lyapunov sense if the periodic function does not diverge. 

To check this, we need first to reduce the perturbed system (45-46) of Hill’s equation to an 

equivalent system of the first order. 

𝒙̇ = 𝑱 ∙ 𝒙 (47) 

The procedure requires a simple change of variables that leads to the following definition of 

Jacobian matrix 𝐽. 

𝒙 = {𝑧𝑃,𝑛 𝛾𝑃,𝑚 𝑧̇𝑃,𝑛 𝛾̇𝑃,𝑚}𝑇 (48) 

𝑱 = {
0 𝑰

−𝑴−1 ∙ 𝑲 −𝑴−1 ∙ 𝑫
} (49) 
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𝑴 = {
𝑀𝑤,𝑛 0

0 𝐽𝜗,𝑚
} (50) 

𝑫 = {
𝐶𝑤,𝑛 𝐶𝑤𝜗,𝑛𝑚
𝐶𝜗𝑤,𝑚𝑛 𝐶𝜗,𝑚

} (51) 

𝑲 = {
𝐾𝑤,𝑛
(𝐿) 𝐾𝑤𝜗,𝑛𝑚

(𝐿)

0 𝐾𝜗,𝑚
(𝐿) + 𝐾𝜗𝑤,𝑚𝑛

(𝑄) ∙ 𝑧𝑛,0 ∙ sin(𝜔̃𝑆𝑡 ∙ 𝜏 − 𝜑)
} (52) 

The so-called monodromy matrix gives us the variation of the solution vector after a period. 

Hence, in order to compute such a matrix, it is simply necessary to perform a numerical inte-

gration of the equivalent first order system over the reference period 𝑇 = 2𝜋  assuming a 

number of initial conditions equal to the number of unknowns. The initial values has to be 

chosen in such a way that the fundamental matrix of solutions is unitary on the main diagonal 

at the initial instant. This allows us to define the monodromy matrix as follows. 

𝑪 = {[𝒙(𝑇)]𝑧(0)=1 [𝒙(𝑇)]𝛾(0)=1 [𝒙(𝑇)]𝑧̇(0)=1 [𝒙(𝑇)]𝛾̇(0)=1} (53) 

Finally, in order to check the stability of the system it is necessary that any of the eigenvalues 

of the Monodromy matrix exceeds the unity, in absolute value. 

4.5 Stability maps analysis 

In the following, we will comment the numerical results obtained from a parametric analysis 

of the stability of the perturbed system. Results will be collected inside stability maps that are 

able to synthetize the main information necessary to distinguish between stable and unstable 

regions. Each of them, in fact, will be characterized by the circular frequency of vortex shed-

ding 𝛺𝑉𝑆 and by a mean wind speed level 𝑈. 

Two model will be analyzed. The first, called Structural, accounts for geometrical and me-

chanical properties of the suspension bridge only. This preliminary analysis is useful in order 

to check if the non-linearities of the dynamic system are strong enough to find out resonance 

conditions different from the primary linear one. Hence, in this model the term playing a fun-

damental role is 𝐾𝜗𝑤,𝑚𝑛
(𝑄)

 since it’s the only one able to couple the equations of motion. In fact

all damping and stiffening terms coming from aeroelastic effects will not be taken in account. 

In the second, Aeroelastic, model both structural and aerodynamic parameters will be consid-

ered. The task of this model is to find out if and under which conditions wind effect on sus-

pension bridges, coupled with parametric resonance, is able to lead the structure to unstable 

conditions. Results will be of relevance only if the structure reaches those critical conditions 

in correspondence of a wind speed lower than the flutter one. 

In both models we will analyze different resonance conditions besides the linear primary one, 

such as harmonic, subharmonic and superharmonic of order two for both the flexural and the 

torsional vibrations, and further additive combinational and anti-resonance type. 

ℎ𝑎𝑟𝑚𝑜𝑛𝑖𝑐  ∶   𝛺𝑉𝑆 = 𝜔𝑖 (54) 

𝑠𝑢𝑏ℎ𝑎𝑟𝑚𝑜𝑛𝑖𝑐  ∶   𝛺𝑉𝑆 = 2 ∙ 𝜔𝑖 (55) 

𝑠𝑢𝑝𝑒𝑟ℎ𝑎𝑟𝑚𝑜𝑛𝑖𝑐  ∶   𝛺𝑉𝑆 = 𝜔𝑖 2⁄ (56) 

𝑐𝑜𝑚𝑏𝑖𝑛𝑎𝑡𝑖𝑜𝑛𝑎𝑙   𝑠𝑢𝑚  ∶   𝛺𝑉𝑆 = 𝜔𝑤 +𝜔𝜗 (57) 

𝑎𝑛𝑡𝑖 − 𝑟𝑒𝑠𝑜𝑛𝑎𝑛𝑐𝑒  ∶   𝛺𝑉𝑆 = |𝜔𝑤 − 𝜔𝜗| (58) 
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We choose to consider just the second order type of internal resonance since we want to catch 

just the critical conditions near the classical primary linear resonance. 

Let’s analyze some numerical results starting from the Structural model. 

As we can see, Figure 10, the Structural model is able to catch the main resonance of the sys-

tem. In fact, besides the primary linear flexural one the system undergoes resonance also as 

the forcing frequency is near the torsional one. Since the excitation frequency is associated to 

flexural motion, this kind of phenomenon can be associated to an internal resonance of kind 

1:1. Further, the model is able to catch also the so-called 2:1 internal resonance as the flexural 

motion is characterized by a frequency that doubles the torsional one. On the other hand, the 

effect of other kind of resonances is less evident. 

It is worth noting that the presence of internal resonances reduces drastically the critical wind 

speed level, that in the case of the simple structural model is represented by the torsional di-

vergence speed. However, it’s evident that in this case the vortex-shedding phenomenon does 

not seem to be able to explain any of the previous unstable conditions. In fact, the linear mod-

el proposed by Strouhal never reaches the critical conditions in terms of frequencies and am-

plitudes (wind speed) that lead the system response to diverge in time. 

 

Figure 10: Stability map of the Structural model for slender deck section. The lock-in interval is denoted by a 

couple of red triangular marks around the critical vortex shedding frequency (red diamond mark). 

As already mentioned, in the definition of the dimensionless Strohual circular frequency, a 

relevant role is played by the deck sectional aspect ratio. In fact, it strongly modifies the slope 

of the Strohual curve, which consequently can enter the unstable regions. This means that in 

the design process is fundamental to take in consideration this fact, since the choice of the 

sectional dimensions of the deck will be of fundamental importance for the dynamic stability 

of the overall structure. 

As we can see in Figure 11, by reducing the aspect ratio down to 𝛼̃ = 3 the vortex shedding 

phenomenon is able to explain the main resonant unstable conditions that are the flexural pri-

mary linear and the second order subharmonic internal torsional ones. 
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Figure 11: Stability map of the Structural model for bluff deck section. 

Hence, we can conclude that very bluff deck sections can be useful to increase torsional and 

mainly flexural stiffness of the suspension bridge, but they lead the structure to be more sus-

ceptible to parametric instabilities due to vortex shedding. 

Let’s now analyze the Aeroelastic model accounting for the fluid-structure interaction effects 

on the dynamic stability if the system, Figure 12. As already mentioned in the flutter analysis, 

the fluid-structure interaction makes the frequencies being dependent on the actual wind 

speed level, consequently we see curved lines representing the main internal or external reso-

nance conditions. Moreover, the wind-structure interaction enlarges the unstable regions. This 

is valid also for wind speed which is by far lower than the one required to reach the critical 

flutter condition. Hence, the interaction between Aeroelasticity and Parametric resonance can 

lead to unexpected unstable conditions. 

Figure 12: Stability map of the Aeroelastic model for slender deck section. 
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Even though the unstable region is more merged than in the pure structural model, we still 

recognize the main resonances, that are the linear primary and the 2:1 internal ones. The pres-

ence of wind not only obscures the stability maps but it also reduces (increases) the critical 

wind speed required to reach the torsional 2:1 internal (the flexural 1:1 external) resonances. 

In fact, as we can see the flutter instability is of torsional type. 

An interesting feature is that near the curve of anti-resonance we get always a larger stable 

region. In fact, as reported also in different papers [41], the so called anti-parametric reso-

nance with respect to the parametric and additive parametric ones has a stabilizing effect on 

the dynamic response of the system. This is due primary to the fact that this phenomenon is 

able to increase significantly the damping of the system. This particular property can be ex-

ploited trying to find the optimal geometrical and mechanical parameters able to maximize 

this intrinsic damping effect. The physical explanation of this feature hides behind the fact 

that as parametric excitation occur there is energy transfer between the two main interacting 

modes. Consequently, since higher order modes are characterized by higher damping ratios, 

then the system is able to dissipate faster that energy with respect to the system without Para-

metric excitation. Notice that we are dealing with an energetic exchange; hence, being the en-

ergy transfer not unidirectional, we should observe modulated vibrations time histories. 

As we can see, as long as the deck is slender enough vortex sheeding is not sufficient to bring 

the structure to unstable conditions, while as the deck sectional aspect ratio reduces, Figure 13, 

the dynamic response diverges as the wind speed reaches levels that are much lower than 

those expected by the only flutter analysis.  

Figure 13: Stability map of the Aeroelastic model for bluff deck section. 

Now we are able to comment the previous information in terms of flexural antinodal dis-

placements by means the singles degree of freedom oscillator formulation. In fact, once we 

define the wind speed and the shedding frequency we know respectively the forcing term 𝛤0 

and the complex dynamic amplification factor 𝐻(𝛿). Considering Figure 14, we recognize 

immediately the usual shape characterizing every SDOF forced oscillator. We must remind 

that the equivalent oscillator is much more damped in the Aeroelastic model. Nevertheless, 

the total damping is never high enough to limit flexural oscillations to be lower than the ca-

ble’s initial sag. 
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Figure 14 Unstable antinodal displacements of the Aeroelastic model for slender deck section. 

Concerning the results related to bluff decks’ section, for which unstable conditions are feasi-

ble, it is better to focus the attention on amplitudes that ranges up to 0.1 ∙ 𝑓 (Figure 15).  

First, it is worth noting that we have a lower bound representing the flexural motion in corre-

spondence of torsional flutter instability for the Aeroelastic model. Second, it is important to 

underline that, according to Strouhal linear law, only in correspondence of 2:1 internal reso-

nances the unstable conditions are feasible: in fact, all the other situations require too much 

high antinodal displacements that are difficult to observe in real life situations. Notice that the 

critical amplitudes so obtained are small enough to fulfil approximately the empirical limit 

threshold 𝑧𝑚𝑎𝑥 = 0.2 ∙ 𝐷 𝑓⁄ ≅ 0.009  reminding us that vortex-shedding is a self-limiting

phenomenon. 

Figure 15 Unstable antinodal displacements of the Aeroelastic model for bluff deck section. 
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5 CONCLUSIONS 

In this paper, a non-linear dynamic model of a suspension bridge is devised, with the purpose 

of providing a unified framework for the study of aeroelastic and internal parametric reso-

nance instabilities. 

Following the classical Deflection Theory, it has been possible to write the nonlinear static 

flexural response of a suspension bridge. The next step has consisted in the generalization of 

the displacement field in order to account for the torsional response of the deck-cables system. 

A deep insight in analytical aerodynamic field paves the way for the study of aeroelastic ef-

fects. Wind forces introduce additional mass, damping and stiffness that not only couples the 

linear equations of motion but also led the system to be no more self-adjoint. In fact, it loses 

its symmetries both in damping and stiffness matrices, making the structure susceptible re-

spectively to flutter instabilities and static divergence problems. 

The non-linear system has been treated in the framework of Floquet stability theory, thus 

achieving the stability maps in terms of wind speed and frequency of vortex shedding. After a 

thorough examination of the achieved results, we can conclude saying that parametric reso-

nance is a critical phenomenon that can be activated by vortex-shedding as far as the sectional 

shape factor is low enough. This should warn very much engineers, since a phenomenon like 

vortex-shedding is usually taken in consideration just concerning serviceability limit states. 

On the contrary, we have just found that under certain conditions such a phenomenon may 

lead to very strong and critical unstable conditions in correspondence of wind speed that can 

be considered safe with respect to classical static divergence or dynamic flutter instabilities. 

The present study can be improved by considering the possible slackening of vertical hangers, 

which may introduce an additional non-linearity to the system. In fact, the structural model 

considered herein is based on perfectly bilateral behavior of hangers, so that the deck dis-

placement parameters are univocally connected to the cable displacements. In the presence of 

large upward displacement, slackening may occur, thus leading to a loss of stiffness for the 

whole system. In spite of this limitation, the model still provides valid results: in fact, view 

that the first modes are considered only, the unstable behavior corresponds to small displace-

ments, see Figure 15. In the future development of this work, when dealing with higher modes, 

it will be unavoidable to introduce the loss of stiffness due to slackening. 
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