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Abstract. Depending on the numerical accuracy required, we can choose a simple mass spring
system or a solid element model in carrying out structural seismic response analysis. The impor-
tant issue is the consistency of the models, and meta-modeling proposed by the authors gives a
solution to this issue. Presuming that continuum mechanics is the foundation of structural seis-
mic response, for which a suitable Lagrangian is formulated, a model is constructed by making
suitable mathematical approximations, and hence the model is consistent in the sense that it is
used to solve the identical physical problem of estimating structural seismic responses. In this
paper, we explain the basic concepts of meta-modeling and present numerical experiments of
constructing consistent models for actual structures such as a large scale tunnel and a freeway
bridge.
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1 INTRODUCTION

In earthquake engineering, the use of a structure element, such as truss, beam, plate, or shell
is a usual practice; see, for instance, [8, 9]. It is rare that solid element analysis is made for
a structure of complicated configuration, even though solid element analysis becomes much
easier and less expensive due to the progress of computer hardware and software. While there
are several reasons for rare use of solid element analysis, a major reason is that it is believed
that the structure element analysis is able to make more accurate estimation, compared with the
solid element analysis.

The authors are proposing ameta-modelingtheory [1]. The essence of this theory is that there
are structure mechanics modelings that areconsistentwith continuum mechanics modeling.
Hence, the structure element analysis that stems from consistent structure mechanics modeling
is mathematical approximation of the solid element analysis that corresponds to continuum
mechanics modeling. That is, structure mechanics modeling solves the physical problem of
continuum mechanics modeling by applying suitable approximation.

There is a trade-off relation between computational cost and numerical accuracy; see Table 1.
According to meta-modeling, solid element analysis that uses a model of high fidelity is an
extreme case of high accuracy and high cost. Structure element analysis ends up much less
computational cost, with some loss of the numerical accuracy. A key issue here is that the
same physical problem is solved; due to difference in mathematical approximation, the physical
problem is converted to different mathematical problems. The meta-model theory clarifies this
point, and it is the choice of a user whether he employs solid or structure element analysis
considering the trade-off relation between the computational cost and the numerical accuracy
of solving the same physical problem.

The content of this paper is as follows. First, the meta-modeling theory is briefly summarized
in Section 2. As illustrative examples, we study lumped mass modeling and beam theory and
present beam theory that is consistent with continuum modeling in Section 3. Numerical ex-
amples of applying meta-modeling to tunnel and highway networks are presented in Section 4.
Concluding remarks are made at the end.

2 SUMMARY OF META-MODELING

We start from a Lagrangian of an elasticity body,V . For simplicity, we assume that the body
is homogeneous and has isotropic elasticity tensor and density, denoted byc andρ, respectively.
Denoting velocity and strain byv andϵ, respectively, we write the Lagrangian as

L[v, ϵ] =
∫
V

1

2
ρv · v − 1

2
ϵ : c : ϵdv, (1)

where · and : are the inner product and the second-order contraction. For displacementu
which satisfies suitably prescribed boundary and initial conditions, we computev = u̇ and

Table 1: Trade-off relation between computational cost and numerical accuracy.
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Figure 1:Assumption of one-dimensional stress-strain relation.

ϵ = sym∇u with ˙(.) and∇(.) being temporal and gradient of(.) and sym standing for the
symmetric part of a second-order tensor.

Structure mechanics does not use the fourth-order tensorc as material property ofV . It
uses Young’s modulus,E, instead. More specifically, structure mechanics employs a one-
dimensional stress-strain relation expressed in terms ofE. For instance, in the Cartesian co-
ordinate of{x1, x2, x3}, the normal stress and strain components in thex1-direction are related
as

σ11 = E ϵ11,

rather thanσ = c : ϵ or

σ11 = c1111ϵ11 + · · · = (1− ν)E

(1 + ν)(1− 2ν)
ϵ11 + · · · .,

whereσ is stress tensor. While it is usually used, it is not understood that the assumption of the
one-dimensional stress-strain relation is not validated in experiments, which assure the tensorial
relation ofϵ andσ via the fourth-order tensorc; see Fig.1.

Meta-modeling does not employ the one-dimensional stress-strain relation [1]. Instead, it
modifies the Lagrangian as

L∗[v, ϵ,σ] =

∫
V

1

2
ρv · v − (σ : ϵ− 1

2
σ : c−1 : σ)dv. (2)

wherec−1 is the inverse fourth-order tensor ofc. It is readily shown that, if non-zero compo-
nents ofϵ andσ areϵ11 andσ11 only, the second term in the integrand becomesσ11ϵ11− 1

2
σ2
11/E,

and the variation with respect toσ11 is

δ

(
σ11ϵ11 −

1

2

σ2
11

E

)
=
δσ11
E

(Eϵ11 − σ11).

As is seen, the one-dimensional stress strain relation is derived from the mathematical operation
of taking variation. It is readily shown thatL∗ of Eq. (2) is equivalent withL of Eq. (1) in the
sense thatu that stationarizesL∗ coincides withu for L.

Meta-modeling leads to consistent modeling which solves the variational problem ofL∗. If
no approximation is made foru (that producesv andϵ) andσ, it results in continuum mechanics
modeling, and the governing equation foru is the wave equation, i.e.,

ρ ü(x, t)−∇ · (c : ∇u(x, t)) = 0; (3)

see, for instance, [4]. If certain approximations are made foru andv, it results in a consistent
modeling that solves the same variational problem of the Lagrangian using different partial
differential equations.
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Figure 2:Schematic view of mass spring system consisting of two mass points.

3 EXAMPLES OF META-MODELING

In this section, we present two examples of applying the meta-modeling theory to make
consistent modeling. They are modeling for mass spring system and modeling for beam theory.

3.1 Mass spring system

As the simplest case, we consider a mass spring system which consists of two mass points,
as shown in Fig. 2. According to the meta-modeling theory, we consider an approximate dis-
placement function of the following form:

u(x, t) =
2∑

α=1

Uα(t)ϕα(x), (4)

whereUα is a certain direction component of theα-th mass point andϕα is displacement mode;
by definition, a component ofϕα(xα) which corresponds toUα takes on a value of 1, withxα

being the location of theα-th mass point, andϕα(xβ) = 0 for α ̸= β.
For simplicity, we substituteu of Eq. (4) intoL of Eq. (1) rather thanL∗ of Eq. (2) which

requires setting ofσ. We obtain

L =
∑
α,β

1

2
mαβU̇αU̇β − 1

2
kαβUαUβ

where

mαβ =

∫
V

ρϕαϕβ dv, kαβ =

∫
V

∇ϕα : c : ∇ϕβ dv. (5)

We choose{uα} so that some elements of{mαβ} and{kαβ} vanish and the aboveL becomes

L =
1

2
M1(U̇1)2 +

1

2
M2(U̇2)2 − 1

2
K1(U1)2 − 1

2
K2(U2 − U1)2. (6)

As is seen, thisL corresponds to a Lagrangian of the mass spring system shown in Fig. 2;M1

andM2 are the bottom and top masses, andK1 andK2 are the spring connecting the bottom
mass to the ground and the top mass to the bottom mass, respectively.
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Figure 3:Schematic view of consistent mass spring system consisting of two mass points.

It is easily seen that in order to deriveL of Eq. (6),{ϕα} must satisfy∫
ρϕ1 · ϕ2 dv = 0,

∫
(∇ϕ1 +∇ϕ2) : c : ∇ϕ2,dv = 0.

Choosing{ϕα} that satisfy the first condition is relatively easy, compared with choosing{ϕα}
that satisfy the second condition.

It is of interest to use the first two dynamic modes ofV , denoted by{ψα} with natural
frequency{ωα} (α = 1, 2). By definition,ψα andωα satisfy

ρ (ωα)2ψα +∇ · (c : ∇ψα) = 0,

and
∫
ρψα ·ψβ dv = 0 and

∫
∇ψα : c : ∇ψβ dv = 0 for ωα ̸= ωβ. As is seen,{ψα} decouple

the kinematic energy but do not decouple the strain energy. That is, if{ψα} are used for{ϕα}
of Eq. (4), the Lagrangian becomes

L =
1

2
M1(U̇1)2 +

1

2
M2(U̇2)2 − 1

2
K1(U1)2 − 1

2
K2(U2 − U1)2 − 1

2
K3(U2)2. (7)

Figure 3 showsa spring system which correspond to the above Lagrangian. This system has
a third spring, denoted byK3, that connects the top mass (M2) to the ground. This spring is
essential to make the system consistent so that the natural frequency coincides with that of the
continuum. It should be noted that{ϕα} are set to satisfy the condition that a component of
ϕα(xα) which correspond toUα is 1, but that they do not have to satisfyϕα(xβ) = 0 for α ̸= β.

3.2 Beam theory

According to the meta-modeling theory, a governing equation of beam theory is derived from
L∗ of Eq. (2), by using{u,σ} of the following non-zero components:

u1 = −z w′(x, t), u3 = w(x, t), σ11 = z s(x, t). (8)

Here, thex1- andx3-axes are the longitudinal and (bending) transverse directions, andx andz
are used instead ofx1 andx3.

SinceL∗ becomes a functional ofw ands, the variation ofL∗ with respect to these functions
is

δL =

∫
δw

(
ρ(ẅ2 − z2ẅ′′ + z2s′′

)
δsz2(

s

E
+ w′′) dxdydz. (9)
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Recall thatc is assumed to be homogeneous and isotropic; Young’s modulus and Poisson’s ratio
areE andν. It thus yieldss = −E w′′ and

ρA ẅ2 − ρ I ẅ′′ − (E I w′′)′′ = 0, (10)

whereA =
∫

dzdy andI =
∫
z2 dzdy. As is seen, this equation forw coincides with the

governing equation of Rayleigh beam theory; at quasi-static state, Eq. (10) yields the governing
equation of Bernoui Euler beam theory, too.

A beam element solution is now regarded as an approximate numerical solution of solving
the variational problem ofL∗. A beam element solution which isclosestto a solid element
solution is determined by minimizing a suitable distance in the function space of{u,σ}. For
instance, when a solid element solution{u,σ} is given, we measure the distance of a beam
element solution given byw as follows:

N(w) =
1

|u|2

∫
(w − u1)

2 + (−zw′ − u3)
2 dv+

1

|σ|2

∫
(σ11 − zEw′′)2dv, (11)

where||2 is the L2 norm ofu andσ; 1
|u|2 and 1

|σ|2 are necessaryso thatN does not have physical
dimension of length nor stress.

It is a usual practice of the beam element analysis that a rotation function,θ, is introduced
besides for deflection,w. This θ providesu1 = −zθ andσ11 = −Ezθ′, since it is defined as
θ = −w′. In numerical computation,θ is discretized separately fromw in order to obtain a
more accurate solution. Hence,w′ is replaced byθ in N of Eq. (11) whenθ is used in the beam
element analysis.

The conversion from the solid element solution to a beam element solution is readily made
by minimizingN . In discretized index form,u andσ are expressed as

u =
∑
α

uαϕα(x), σ =
∑
α

c : (uα ⊗∇ϕα(x)), (12)

whereuα andϕα are theα-th nodal displacement and shape function, respectively. Similarly,
w andθ are expressed as

w =
∑
β

wβψβ(x), θ =
∑
β

θβψβ(x), (13)

wherewβ, θβ andψβ are theβ-th nodal displacement, rotation and shape function, respectively.
In order to minimizeN , {wβ} and{θβ} satisfy∑

β

Aγβwβ +
∑
α

Bγαuα3 = 0,
∑
β

Cγβθβ −
∑
α

Dγαuαi = 0, (14)

deflection in z-direction

Young’s modulus
area and second moment of inertia

Figure 4:Schematic view of beam and coordinate system.
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Figure 5:Schematic view of cantilever beam.

for γ = 1, 2, · · · , where

Aγβ = (ψγψα), Bγα = (ψγϕα), Cγβ = (z2ψγψβ) +
(u : u)

(σ : σ)
E2((ψγ′(ψβ′),

Dγα
i = δ3i(zψ

γϕα) +
(u : u)

(σ : σ)
(Eψγc33ij

∂ϕα

∂xj
). (15)

Here, for simplicity,() is used to denote the volume integration taken overV , and summation
convention is employed (repeated indices are summed).

4 NUMERICAL EXPERIMENTS FOR CONSISTENT MODELS

4.1 Cantilever beam

Biaxial bending in beam or column is encountered in structural analysis [5]FF. Prediction
of bidirectional bending made by ordinary methods is not a simple task due to coupling of bi-
axial bending with axial force; the ordinary methods employs interpolation and curve fitting
of element stress (or nodal stress that is computed from element stress) in order to compute
biaxial bending moment. The meta-modeling theory is readily able to decouple biaxial bending
moment without introducing any assumption, since it uses genuinely mathematical approxima-
tion of functions. In this subsection, we examine the capability of the meta-modeling theory of
handling the de-coupling of biaxial bending moment.

A cantilever with uniform square (200× 200 mm) cross section is used in the present numer-
ical experiment; see Fig. 5 for the problem setting of the cantilever. Three boundary conditions
of displacement are posed at one end, while the other end is clamped. Sufficiently fine mesh
is used for both the solid and beam element models. This is essential for the numerical model
that is used in the meta-modeling, in order to remove (or minimize) numerical errors caused by
coarse meshing.

A solid element solution is converted to a beam element solution, according to the procedures
present in the preceding section. The cross-section forces which are computed by the converted
beam element solution are shown in Fig. 6. For comparison, the cross sectional force which are
computed by the conventional method that uses interpolation and curve fitting of element stress
are shown in the figure, too. As is seen, there are some differences in the converted forces and
the estimated ones. However, the difference is not significant, suggesting that the cross sectional
force computed by the converted beam element solution is sufficiently accurate.

It should be emphasized that de-coupling of the biaxial bending moment is successfully made
in the proposed conversion method that is based on the meta-modeling theory. The converted
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Figure 6:Distribution of cross-sectional force of cantilever computed by converted beam element solution.

beam element solution has a set of displacement and cross-sectional force. The conventional
method which calculates cross-sectional force from element stress does not produce such a set.
Moreover, interpolation and curve fitting of element stress is laborious when cross sectional
force and moment are computed at every cross section. The proposed conversion method is
much simpler, since it casts a solid element solution to a beam element solution just by solving
Eq. (14) so that the closest beam element solution is found.

4.2 Tunnel structure

A tunnel needs a ramp tunnel which connects the main tunnel to the ground level. By this
nature, the ramp tunnel has a complicated configuration and the resulting seismic response
ought to be complicated; it often passes through several soil layers of different wave velocities.
Therefore, two-dimensional analysis of cross-section has limited accuracy in estimating such
complicated responses. Three-dimensional solid element analysis is needed if the seismic re-
sponse has to be evaluated at highest accuracy [2, 3]. For the purpose of design, cross sectional
forces and moment are of primary importance, and hence the results of the three-dimensional
solid element analysis must be converted to cross sectional force and moment, in the same
manner as shown in the preceding subsection.

A solid element model of a main tunnel connected by a ramp tunnel is used in the present
numerical experiment; see Fig. 7 for a schematic view of the tunnel. It should be mentioned that
this model is a part of a solid element model that is used for large-scale numerical computation
of the main tunnel, the length of which is longer than 2,000 m. A targeting frequency range of
the present model is 0 to 6 Hz, and suitably fine meshing is made for the model. Longitudinal
ground motion is input to the tunnel; see Fig. 8 for the wave form of the input ground motion.

For simplicity, we convert a solid element solution at an instant at when displacement takes
on a maximum value. It is indeed laborious to convert a time series of the solid element solution
to that of the beam element solution. However, this conversion is much easier than computing
cross sectional force and moment by the conventional method that uses interpolation and curve
fitting of element stress. Spatial distribution of three cross sectional forces which are computed
from the converted beam element solution are presented in Figs. 9 and 10; the latter shows
rapid change in the cross sectional forces along the longitudinal direction of the tunnel. At
three cross sections, the forces that are computed by the converted beam element solution are
compared with those computed by the ordinary method; see Table 2 for the values of the cross
sectional forces.

As is seen in Fig. 10, the main part of the tunnel behaves like rod rather than beam, since the
axial force is dominant in the cross sectional forces and the shear force and bending moment
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Figure 7:Schematic view of large scale tunnel with ramp tunnel.
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Figure 8:Input ground motion of tunnel.

Table 2:Comparison of cross sectional force of tunnel computed by converted beam element solution.

ocation proposed ordinary

400 -109.21 -105.22

500 -23.15 -30.22

600 -36.88 -32.24

ocation proposed ordinary

400 59.66 65.25

500 1.27 3.21

600 1.45 3.25

a) z-direction shear force b) y-direction shear force

is small. It is also easily seen that the distribution of the cross sectional forces is not uniform;
concentration is observed between 400 m and 500 m along the tunnel longitudinal direction.
Choosing a part of the tunnel in which the cross sectional forces are concentrated is easily
found. The location of such concentration of the cross sectional force could be different from
that of stress. For the purpose of design, it is surely better to use the cross sectional forces if
they are easily computed.

Difference in computing the cross sectional force between the present conversion method
and the ordinary method is not negligible. Larger relative difference is found for the shear force
compared with the axial force. But this is probably because the shear force is smaller than the
axial force. These results suggest that the numerical accuracy of computing the cross sectional
force from the converted beam element solution is sufficiently high, just like the cantilever of
the preceding subsection. We can see a potential usefulness of the conversion method that is
based on the meta-modeling theory, since it accurately estimates cross sectional forces that are
associated with the converted displacement of the beam theory.
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Figure 9:Distribution of cross-sectional force of tunnel computed by converted beam element solution.
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Figure 10:Detailed distribution of cross-sectional force of tunnel computed by converted beam element solution.

4.3 Freeway bridge structure

A freeway bridge which consists of a few pier and a deck is large in scale and compli-
cated in configuration, and it is another target of seismic response analysis that uses the three-
dimensional solid element analysis. Modeling connection between the pier and the deck is not
straightforward since shoes and bearings that have distinct friction characteristic are used there.
Indeed, there are cases when analysis models have natural frequencies different from the ob-
servation. The meta-modeling theory could help us to construct a solid element model of high
fidelity by gradually increasing the complexity of consistent models.

As an example, we consider a freeway bridge as shown in Fig. 11; it has a curved deck
supported by fourteen piers. The material properties are summarized in Table 3. Beside for the
deck being curved, the height of the piers is not uniform and each pier has its own configuration.
For simplicity, however, we assume that all the piers share the identical cross section, as shown
in Fig. 12, while the height of the piers is different.

According to the meta-modeling theory, we construct a mass spring system for each pier; the
system consists of one mass and one spring. The mass and stiffness of each pier are presented
in Fig. 13. And the natural frequency of the mass spring system of each pier is summarized in

Table 3: Material properties of freeway bridge.

density of pier (concrete)

density of deck (steel)

Young’s modulus (concrete)

Young’s modulus (steel)

damping ratio (concrete)
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Figure 11:Schematic view of freeway bridge.
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Figure 12:Cross section of freeway bridge.

Table 4:Comparison of natural frequency of freeway bridge computed by converted beam element solution.

transverse (Hz) longitudinal (Hz)

lumped mass 3.426 3.426

frame 3.420 3.421

Table.4.
For some piers, the maximum displacement of the mass spring system is compared with that

of the frame model; see, for intance, [6, 9, 11, 12] for the comparison of the seismic response
of bridge piers. The frame model is made by manual work, while the mass spring system is
automatically constructed according to a given data of the freeway bridge; the mass spring
system is much simpler than the frame model and hence we can make such automated model
construction. While there are some differences in the natural frequency, they are not significant;
see Table4. This suggests that, for the natural frequency of the first mode, the mass spring
system that is constructed by the meta-modeling theory is sufficiently accurate.

We compute seismic response of the piers of the free bridge using the mass spring system.
Input ground motion is shown in Fig.15. For comparison, we carry out the seismic response
analysis using the frame model. The difference in the displacement response of the two models
is presented in Fig.16.

As is seen in Fig.16, there are some difference in the response. This difference is inevitable
since even the natural frequency of the mass spring system is different from that of the frame
model; see Table4. However, this difference is not significant since the peak displacement
reaches a few ten centimeter. Again, this suggests high accuracy of the consistent mass spring
system in computing the seismic response analysis.

Small difference in the seismic response is partial due to the nature of input ground motion
which does not have large contribution of the higher modes of the bridge piers. It is inevitable
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Figure 13:Mass and stiffness of mass spring system for bridge piers.
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Figure 14:Maximum displacement of freeway bridge computed by converted beam element solution.

for a simple mass spring system to fail computing higher modes accurately. A simple solution
to overcome this shortcoming of the mass spring system is to use a more complicated mass
spring system which consists of a few masses and springs. Consistency is surely required for
such a mass spring system which may need additional springs; compare Fig.3 with Fig. 2.

5 CONCLUDING REMARKS

This paper presents the meta-modeling theory and its application, in order to construct a set
of consistent models for structure seismic response analysis. The consistency of modeling is that
it solves the same variational problem of continuum mechanics by using different mathematical
approximation. Consistent mass spring system and beam theory are explained. Numerical
experiments demonstrate that for actual structures, this theory is applicable to construct a set of
consistent models.

The present numerical experiments use linear analysis only. It is surely necessary to study
the material and kinematic non-linearity, in applying the meta-modeling theory to construct
consistent non-linear models. The key issue of this study is to find a Lagrangian for the non-
linear case.
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