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Abstract. A new Hybrid Computational System is presented, developed for the identification
of homogeneous, elastic, hexagonally orthotropic plate parameters. Attention is focused on
the construction of dispersion curves, related to Lamb waves. The main idea of the hybrid
system lies in the separation of two essential basic computational stages, corresponding to
the direct and inverse analyses. In the frame of the first stage an experimental dispersion
curve DC.,, is constructed, applying Guided Wave Measurement technique. The other stage is
supported on the application of artificial neural network trained ‘off line’. Two case studies
are presented, corresponding either to pseudo-experimental computer simulations or to labo-
ratory tests.
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1 INTRODUCTION

The presented paper is related to a new area of science and technology, called Structure
Health Monitoring (SHM). It has been increasingly developing for some time now. SHM
deals with structures and various processes closely connected with the life and maintenance of
a variety of engineering structures. An important role for SHM is played by systems which on
the base of monitoring or measurements can reflect the actual state (health) of structures. This
permits control of the structure and warning against failures or dangerous events. Non-de-
structive methods of structure examination and ‘on line’ methods of information transmission
are especially valuable for aspect of SHM, see, e.g. [1, 2, 3].

From among non-destructive methods, the application of ultrasonic waves is worth em-
phasizing for the evaluation of material properties and detection of various defects, cf, refer-
ences in [2]. In what follows we are discussing a comparatively simple problem of the appli-
cation of the Lamb Waves (LWSs) propagation in thin, elastic and homogeneous plates, cf. [4-
6]. These waves are guided in the vibration plane, perpendicular to the plate mid-surface and
are propagated over a comparatively long distance.

The presented paper is related to the identification of parameters of anisotropic plates. The
formulation of mathematical models of such plates and the identification of ‘a priori’ un-
known parameters or defects is much more difficult than in isotropic plates. In such a situa-
tion we can tread the solutions obtained for isotropic plates as a special case, called even
“bench mark” solutions for the analysis of orthotropic plates.

The Lamb equations make it possible to formulate the Dispersion Curve (DC). A relation
k(f| par) can be written, where: k — DC wavenumber, f — frequency of vibrations as an inde-
pendent variable, par — vector of plate parameters. For example, in the case of isotropic, ho-
mogeneous plate, this vector is completed from the following constants: par = {E, v, p, d},
where: k and v, — Young’s modulus and Poisson ratio, p and d — plate density and thickness,
respectively.

Unfortunately, the Lamb equations can be derived in an implicit and very elegant form (see
e.g. books [4, 5] for the case of isotropic plates), but they can be analysed only by numerical
methods. There is a variety of such numerical methods based on FEM, BEM and FDM. What
seems especially numerically efficient are their modifications and combinations, see e.g.
LISA/SIM (Local Interaction Simulation Approach/ Sharp Interface Model), EFIT (Elasto-dy-
namic Finite Integration Technique), see [7-11]. Unfortunately, these methods are rather “nu-
merical costly” since they need a great number of numerical operations.

What seems to be especially numerically efficient, there is the formulation of semi-analyti-
cal methods (SEM) as the application of EFIT/LISA/FDM, with introducing of the Finite Dif-
ference Method (FDM) , see [12-14]. Unfortunately, the above listed methods are rather nu-
merical costly since they need a great number of numerical operations.

Another disadvantage of the application of the aforementioned methods appears in the
identification analysis, called in mathematics as the reverse approach.

This approach is related to the application of the paradigm of minimizing the difference
between the “distance” between known and search states. Let us take as an example the norm
of the experimental and numerically simulated values of the dispersion curves:

kr(zlutr)n _kepo % =0 . (l)

In fact, the described approach, called in literature Classical Method (CM) of optimization,
is refers to a sequence of direct problem solutions, see [14]. In our paper [15] we developed
another approach, based on the application of Artificial Neural Networks (ANNs). This ap-
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proach is related to the formulation of a corresponding Hybrid Computational Method
(HCM). The system is composed of two stages. Stage A relates to the physical tests on mate-
rial models (laboratory tests or measurements on laboratory models or structures). In Stage B
data, satisfying the Lamb equations, are identified by ‘off line’ trained ANN. Then, prepro-
cessed data of the Stage A are substituted as inputs into the trained network. Thus, the pro-
posed HCS works ‘numerically on line’ as a method of one substitution of data from Stage A
to Stage B.

The sketched HCM was checked in paper [15]. The results, obtained in this paper can also
serve us as a “bench mark” in validation of our proposal. The main goal o our paper is a gen-
eralization of the approach developed in [15] to the appropriate modification of HCS for the
identification of parameters for elastic orthotropic composite materials. In the present paper
we adopted a hexagonal (five parameters) orthotropic material, corresponding to the unidirec-
tional reinforced composite lamina.

Obviously, the identification of composite parameters is much more complicated than this
applied for the isotropic material. Instead of the Armikulova’s dimensionless Lamb equations,
see [17], used for isotropic material, we now apply the finite difference equations, formulated
in [13]. These equations have been adopted for computing patterns for the orthotropic mate-
rial in Stage B for generating patterns needed for the ‘off line’ training and testing ANN as a
component of HCS.

The basics on Lamb waves, and corresponding equations for the analysis of a thin plate
made of hexagonally orthotropic material, are presented briefly.

Next, case studies are discussed. The first case refers to pseudo-experimental verification
of the identification results, supported on data taken from [4] for hexagonally orthotropic
plate. The other case study relates to data taken from laboratory tests on unidirectional rein-
forced composite lamina, see [17]. In both case studies the results of an extensive numerical
analysis are connected with the sensitivity of Lamb dispersion curves to variations of material
parameters.

2 LAMB WAVES IN ELASTIC THIN PLATES
2.1 Some basics of LW equations
The Lamb plane of vibrations is shown in Fig. 1.

trasversal longitudinal vibrations
vibrations

plate mid—surface

direction of
reinforcement

Lamb plane
of vibration

v
Z W ILamb plane

of vibration

Figure 1: a) Lamb waves propagations with longitudinal, transverse and shear horizontal waves, b) Inclination
angle « of vector wave-number k from reinforcement direction x;
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Fig. 2 illustrates the influences of displacements normal to the plate mid-surface which
cause the symmetric and anti-symmetric modes of vibrations. These vibration modes can be
drawn as radial in-plane and out of-plane motions, see [5].

WM™y ™™\
DTy g g,

A)
4

Radial in-plane motion

(S)

Out-of-plane motion

Figure 2. LW modes: (S) Symmetric (radial in-plane motion), (A) Anti-symmetric mode (out of-plane motion)

The adopted elastic, hexagonal, orthotropic material, has five independent elastic con-
stants. The stiffness matrix of this material is shown in Table 1.

Cu Cp Cn

Cx Cos=
_ =Cn—2Cyu
Coo= 7Cy | Cn | Ca

Cu

CSS

CSS

Table 1: Stiffness matrix for hexagonal orthotropic material with 5 independent constants

The stiffness matrix of this material corresponds to the unidirectional reinforced compos-
ite lamina, see [11].

Two equations, which are the basis for deriving of Lamb equations, are: i) eigenvalue
problem equations and ii) dispersion equations cf. e.g. [1, 5, 16].

2.2 Eigenvalue equations for composite lamina

The Cartesian coordinate system is adopted with z axis normal to the midsurface of a com-
posite lamina, see Fig. 1. The displacement vector has components on the z distance to the
plate midsurface:

W = {u,v,w}= {U@), V(2), W(@)} &' 72 = e T €

where: k =[k,,k, 1" — wave number vector of length k =[k| = +,/k? + k2 = w/c, and @ is
angular frequency, c, is phase frequency. The direction of wave propagation depends on the
angle ¢, i.e. k = k[cosa,sina]”, k2, see Fig. 1b.

The displacement functions (2) can be separated into symmetric and snit-symmetric
modes, see [18].

Ugscos&z =C,cos&z, V,cos€z=C,cos€z, Wgsin&z =C;siné z, 39S)

Ugcos&z =C;ysinéz, V,sinéz=C,sin§z, W,sinz =C5cos¢ z, (BA)
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where: &; — eigenvalues that will be computed as solutions of the characteristic equations of
the eigenvalue problem

2.3 Eigenvalue equations for composite lamina

From the equations of motion, see [18], we can formulate the following equations of the
eigenvalue problem:

Iy —x 2 I I3 ¢ 0
[C-x’11C" =| I Ty - x° Iy Cy =10, 4)
I3 I3 53— x ’ Cs 0

where: y > = p @°, p *is the plate density. The expressions for I'; can be found in [??]. For in-
stance I'j; =Cq k3 + C66k32/ +Cs5E7 .

Characteristic equations related to the eigenvalue analysis Eq. (4) leads to the 6-the order
algebraic equations, which can be solved only by means of numerical methods. That is why
we apply the finite difference method, see [13], related to the LINSA system, see Appendix.

The Lamb wave equations are derived from the boundary conditions:

0, €D yesn =0, T,x(E D) ,en=0 )

From the condition of existence of a non-trivial solution of the set of homogeneous equa-
tions (5) the dispersion Lamb function can be found. It has the following implicit form, see
[18]:

F(k,f,Cyj. x>, SvA=0. (6)

3  BASIC ALGORITHMS FOR PLATE PARAMETERS IDENTIFCATION
3.1 Four essential algorithms for GWM

In the Guided Wave Monitoring or Measurements (GWM) four essential steps can be dis-
tinguished, see [2]. The steps are sketched in Fig. 3, underlining Step IV.

Steps I and II correspond to carrying out the experimental test and initial processing of
measured responses (signals).
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Step I: Laboratory testing

Step II: Signals
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Fig. 3. Four essential steps for identification of plate parameters, applying Lamb wave measurement technique
and identification procedures in step IV: CL —Classical approach, ANN — artificial neural network

Step III contains signals processing, applying B-scanning and 2D-FFT transformation [19].
The estimated local maxima on the plane (f, k) enable us to trace the dispersion curves. In Fig. 3 there
are shown DCs, which fulfill symmetric and anti-symmetric modes of DCs. They are, in fact, a set of

points { f,} .k }7—, where m =0, 1, 2, ... are numbers of vibration modes.

Step IV starts from the selection of points which are simulated by numerical methods. In the case
presented in Fig.2 only the points related to modes A, and Soare shown.

This point is based on algorithms developed in [15] for elastic, isotropic plate parameters identifi-
cation. In the present paper we have introduced some modifications, corresponding to the identifica-
tion of elastic, hexagonal orthotropic material, see Table 1.

3.2 Hybrid Computational System and corresponding procedures

The Hybrid Computational System is composed of two computational Stages A and B, see
Fig.3. Stage A is devoted to the testing analysis, to testing and processing of experimental data. Stage
A corresponds to the direct analysis. Step B deals with the inverse analysis, starting from the extended
Essential Step IV, see Fig. 3. In beginning the dispersion curves are selected from the spectrum of
modes, shown in Essential Step III. In Fig. 3 the selection of two vibration modes was made, corre-
sponding to modes Ay and Sy .

The basic roles in reverse analysis plays ANNSs, see [5, 20-22].The algorithms of Stage B were de-
veloped in [15]. In the present paper we discuss briefly only the main algorithms taken from paper
aforementioned.
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3.2 Algorithms of HCS

In our paper we have decided to restrict our analysis to a range of dispersion curves (DCs), since
the considered composite lamina are adopted to be after numerical homogenization and material pa-
rameters are constant along the plate length 2 L, see Fig. 1. The adopted reference range is related to
frequencies of excited vibrations, i.e. fit € [ fuin , fmax ] . The values and forms of corresponding points
of experimental curves are processed in order to have experimental approximate dispersion curves re-
lated to the formulation processes. The value of f. is taken from laboratory tests. After numerical pro-

cessing, an approximate vawenumber function Kex, ( f|Par) is obtained. In what follows the formu-
lated dispersion curves can be written shortly in the form k (X[Y), where: X — independent variable, Y
— given values of other variables.

In the presented paper we are discussing hexagonal orthotropic material with the stiffness matrix
C shown in Table 1. In such a special case, the vector of identified plate parameters is

sparg.a) ={C11,C2,C44,Ce6,Ci2,d}. The following parameters are fixed: P fixea — density
of plate, N = number of station in the FDM formulas, see Appendix.

3.2.1 Simulation computation in Stage A

Stage A corresponds to the standard procedure, related to Guided Wave Monitoring
GWM) technique, discussed in many books and papers, e.g. see references in [4, 5]. The main
attention is focused on Stage B.

After evaluation of reference range f.e;" for selected modes vibrations, a set of experi-
mental data can be completed.

Dep=1{f/, Kl m}ja. ma, (7)

where: j =1, 2, ..., J— numbers of dispersion points, m — numbers of vibration modes.
On the basis of data, approximate experimental curves can be formulated. The parameters
of these curves are computed by means of the Least Squared Method (LSM):

LMS ~
exp) E— ‘xexp' (8)

KM= =( f B, (1),D
In the presented paper, M = 2 modes are adopted, i.e. Agand So. The reference basis func-
tion vector BF, (f) should corresponds to the adopted reference range fret € [ fmin » fmax ] and to
shape of the dispersion curve, represented by computed values of vector ®exp . Components

of this vector correspond to internal parameters, which control the transition from Stage A to
Stage B.

3.2.3 Identification computation in Stage B

The main part of the stage B corresponds to an ANN, which is a solver of the inverse
problems of identification of the plate parameters. Similarly as in [15].the Multi Layered Per-
ceptron (MLP) network, see Haykin [24], of the following architecture can be designed:

MLP: o siy-H@say—spara. , )

where: I — number of inputs, H — number of sigmoid functions in the hidden layer designed.
The corresponding set P, composed of P pattern pairs, was adopted for the training of the
MLP neural network from the view point of the identification purposes:
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P ={aP?,tP =Sparp}5:1. (10)

The input vectors o ? can be computed for Armirkulova’s approximation in case of iso-
tropic material of the plate, see [17] .We can start from a cloud of P points (f?, k*), fulfilling
the Lamb dimensionless equations.

In case of the considered orthotropic material, instead of Armikulova’s formulas the Finite
Difference Method was adopted, see Appendix. These equations can be related to known target
values t? and the LSM method is applied for the anisotropic materials, computing the p-the
input patterns:

k| f B (f), spar?| —2MS.FOM g, (11)

The patterns of the training set are selected from reference ranges of the output vector components
of the output vector spar ? . After the training of MLP, relative errors of the neural approximation can
be computed:

1 P
Rey=— (1—yP /tP)=100% | (12)
p=1

where: y and t are computed and target values of the vector spar components.
The values of components of the vector of experimental curve parameters (11) are substituted into
the trained MLP for computing:

~ LMS
aexp — Spary ;p- (13)

It should be emphasized that the identification computations in the Stage B are carried out
‘off line’. Thus, solution (13) is obtained by patterns corresponding to the exact Lamb dispersion
curves. It equals spary p, with the accuracy corresponding to the MLP network errors (12). Thus,
we can conclude that

Spar mrp = SPalident = SPaAFexact , (14)

The formula (14) gives identification in one substitution, without any iteration. We can call this
approach the ‘numerically on line’ process.

4 CASE STUDIES
4.1 Identification of a pseudo-experimental hexagonal orthotropic composite
In this case study, the material constant values shown in Table 1, were taken from [4]:

C11 =128.2 GPa, C22: C33: 14.95 GPa, C44: 381, GPa, C55: C56: 6.73 GPa,
Ci2= Ci13=6.90 GPa, C3= C»—2 Cy = 7.33 GPa, and p = 1.58 g/cm? N =9, (15)
where: N — number of FD stations along the plate thickness.

4261



Data (15) were applied in HCS for three excitations related to different direction of the
Lamb planes, see Fig.: 1) a=0°% ki=k, k,=0,2) «a=90°% k,=0,k,=k,3) a=45° k.=k, =
k.

The computations were made for the reference range f.. € [0.05, 0.5] MHz, see Fig. 4. In
this Figure four LDCs modes are shown Ay, SHo, Sp and A; for the Lamb planes & = 0°, 90°
and 45°.

Dispersion curves, d=2 mm, o=0, C”:(v 9%[0.9, 1.0, 1.1] GPa Dispersion curves, d=2 mm, a=90, CI;G.‘)*[O.(), 1.0, 1.1] GPa
25 25 .

v ('12"09 v CU*O()

. ('11"10 . (‘,‘2‘10

LoCrLl . L CrLl .

2 2
. .
= Ao = Ay
£ 1 E :
FRES v * Els— . .
= . 1 SH, = * 1 SH,
2 . 3 )
H . ‘ £ . .
5 1 g 1F
z . * 2 . .
= . = .
. .
. .
05 . Pl 05 . F
. . i o 0 e . . i L0 e
. e 1 . b - . . L
i . * 1 . A| : . 1 i . T A
0 L] ! . . . . . i . , 0 ] ! . . ) : f L
0 0.05 0.1 0.15 02 025 03 035 0.4 0.45 0.5 0 0.05 0.1 0.15 02 025 03 035 0.4 0.45 0.5
Frequency, f [MHz] Frequency, f [MHz]

Dispersion curves, d=2 mm, o=45, Cu:().‘)*[().‘)ﬁ 1.0, 1.1] GPa

v C,%009
- -
o CL*10 A
4 €L B
|l 2
.
g =
%:‘ SHU ¥
. H
213 i
s
- . ! 0
2 i
£ = |
£ 1
5 i H LN
& 1
= ¥
N
¥
0.5 M ]
L}
]
0 . . . . . . . . )
0 005 01 015 02 025 03 035 04 045 05

Frequency, f [MHz]

Figure 4. Sensitivity of modes Ao, SHo, Soand A; for variations of material parameter Ci,

The Shear Horizontal mode SHj is not dispersive and cannot be reconstructed by standard
B-Scans techniques. The corresponding LDCs are close to straight lines. The dispersion curve
is a linear functions, see [4], p. 244. The corresponding formula can be used for the calcula-
tion of the stiffness Cgs value:

k=2n./p/Ces f — Cgs=41°p (f/k)> . (16)

For example, if we take the approximate value of wavenumber, k =1.52 x 10 m™’, then
for f = 0.5 MHz the stiffness equals Ces= 6.74 MPa.

Similar sensitivity analysis was made for the other four parameters. The recognition of
sensitivity of LDCs to perturbations by small values of plate parameters is indispensable for a
proper selection of dispersion modes. Such recognition has been taken into account for evalu-

4262



ation of reference ranges of the hexagonal, orthotropic material parameter variations in order
to prepare patterns for ANNs training.

The carried out identification of data (15) taken from [4], and treated in the present paper
as pseudo-experimental data, gave identified values very close to those in the above men-
tioned paper.

4.2 Identification by HSM on the base of a laboratory test

Let us start from the Stage A , Essential Step III, see Fig. 3. There are presented Scan-B
maps in which LDCs as local maxima, found in the 2D-FTT transform space, see [19]. Corre-
sponding curves were measured on carbon fiber reinforced plastic (CFRP). The Lamb waves
propagated in directions & = 0° 90° and 45°, corresponding to modes A,, By outlines of A;
mode.

According to remarks in the previous Case Study, DC of SH, could not be reconstructed
because it is related to a non-dispersive wave.

angle -90°

wavenumber [rad/mm]
wavenumber [rad/mm]

0 A f 2, . 4
0 0.2 04 06 038 1

frequency [MHz]

3

25

wavenumber [rad/mm]
&

frequency [MHz]

Figure 5. B-Scans and Diffusion Curves in a = 0° 90° and 45° 2D-direction of vibration in FFT transform space
for unidirectional reinforced composite lamina

It is visible that LDCs can be recognized in the reference range fiet € [fmin, fmax]- Moreover,
the CDs shape can be reconstructed in an analytical form with an inaccuracy. We can apply
the straight, sloppy lines as approximate LDCs. Such an approximation corresponds to the ap-
plication of a single basis functions k(f) for fe [0.2, 0.35] MH, see Fig. 6.

Then we can perturb a selected identified parameter and observe which mode is more sen-
sitive to parameter perturbation.

In this study case, see Fig.6a, the perturbation of the stiffness Ci; causes larger changes of
the mode So. Now we can construct a set of points corresponding to 20 regularly placed station
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fi forj=1, ..., J. For R changes of the stiffness Ci;, we have J X R patterns for finding an op-
timal of parameter Cy; by means of the Mean Square Method.

a) b)

Disp. curves A and 8 (2=0°): Aprox. for C *[0.5:0.01:1.1] Disp. curves A and 8 (0=0%): Aprox. for C *[0.5:0.01:1.1]

€, (A )=81.79 GPa
C, (A =362 GPa

umber. k [1/mm]

€, |(8,)-10038 GPa
1Sy R Suus not sensitive to C, ) [——} R

02 . S 02 e ———

S, [, meassseees

015 02 0.25 03 035 04 g
Frequency, f[MHz] 015 02 025 03 0.335 04
* Frequency, f[MHz]

Figure 6. Sensitivity of modes Agand Soto changes of plate stiffness Ci; and Cus

Optimal value of the parameter C;; can be also found by means of the mode A, .Similar
perturbations of other parameters can points out which of optimal solutions is proper.

There no doubt that in case of identification of the parameter Cu the identification by
means of the mode Ay is better than by S .

The approach discussed above fully corresponds to the general method discussed in Point
3.2.3, where the basis functions (BF) are used. In the considered case study a straight BF is
used with the left and right bound points are L and R, respectively, see Fig. 6. The vector of
parameters is:

o4 s1)= {k (f =0.2MHz), k (f =0.25MHz), k (f =0.30 MHzz), k (f =0.25 MHz), (f = 0.35 MHz)}
7)
The basis function with parameters (17) was used as a good approximation of LDCs. Se-

lected results of the identification analysis are shown in Table 2. They correspond to the neu-
ral network MLP: 4-6-1 with one BF and MLP: 8-6-3 with two BFs.

MLP Number of Identified Relative testing
Neural parameters Model, parameters eITors
networks o° ReT [%]
P L Cj MPa max mean

Cu 93.00 6.11 0.64
8-10-3 2541 | 847 Ao, S0,0° | Crz 0.019 | 0.005 | 0.001
Cu 3.74 12.97 4.30
Cu 99.45 0.65 0.059
4-6-3 2541 | 847 Ao, 0° Ci 0.301 0.010 | 0.001
Cu 3.81 19.50 8.13
4-6-1 101 | 34 S0,45° | Cn 17.46 0.049 | 0.003

4-6-1 41 14 Ay, 45° | Css 5.62 0.158 | 0.008

Table 2. Identified values of stiffness constants
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It is worth mentioning that the results shown in Table 2 were obtained for 100 ‘trained off
line’ networks. The computed value of the stiffness equals Co;= Cy— 2 Csy= 17.46 — 2x3.74 =
9.98 GPa. The stiffness Css for computed for wave-number, evaluated from Fib. 4, o = 45°,
for f = 0.5 MHz as k =1500 m™. The stiffness value calculated by formula (16) equals Css =
Css = 8.58 GPa.

5. SOME REMARKS AND FINAL CONCLUSIONS

e The presented paper is a continuation and development of paper [14], where the mod-
eling and analysis are related to an isotropic material. In the presented paper the con-
sidered analysis is much more extended than in [15].

e It was proved that the main idea of the Hybrid Computational System (HCS), i.e. sep-
aration of direct and reverse analyses can be extended to the analysis of orthotropic
material. This can be carried out owing to the application of Artificial Neural Net-
works (ANN).

¢ In the present paper the attention was focused on the analysis of the hexagonal model
of orthotropic material, useful in the analysis of unidirectional reinforced composites.

e The search for starting values of material constants was based on the sensitivity anal-
ysis of the Lamb Dispersion Curves changes of material constants.

e The obtained results seem to be useful for the development of HCS for a numerically
efficient analysis of composite plies [16].

A APPENDIX

A semi-analytical method for dispersion curves computation

The regular discrete grid was adopted for the space stations across the plate thickness, see
Fig. A1l. The regular grid of points is used with spacing {Ax, Ay, Az}.

a) b) )
»
o SR _.f'/ _______ o)

f 1] i 4 } ol
TS A Ol O O A

7 L } ol A A~ P -
| . b i ’ R v e AN oL 4o o
i : | Lo A - 1
| : 1 4

N PR !

V;Z Ly 0T ;7p _______ o // o

Fig. A1l. a) Grid layer stations at plate cross-section, b) internal grid point c) upper boundary grid point.

At each station the elastodynamic equation is discretized. The equilibrium at a station
point is given by the semi-analytical LISA equation and, following [13], and it can be ex-
pressed as:

S°W 1

St2 AV

G ( wxlil,XZ il,X3 +1

), (A1)

Ps
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where: G(W) — function of material properties, particle displacements and discretizing para-
meters, AV— volume enclosed by neighbouring grid points, p; — sum of density values for all
cells surrounding the station point (see Fig. A1).

Subsequently, equation (A1) is re-formulated in the spectral domain along x,-1, directions.
Effectively, grid points adjacent to the considered station point, namely, w1 ¥>X2*1.x3%1 are
substituted by (v ®n®Xaen 1:x3 040 S Hike AxERy Ay - ywhere W denotes a discrete-space-
Fourier-transformed quantity. It should be noted that the left-hand-side of Eq. (A1) is trans-
formed as, i.e. the time remains as non-discretized (continuous) quantity. Letting
psw? W=x3_,W, where y2, is the semi-analytical (S-A) counterpart.of

Xx =At? /(p,AV) ,we obtain:

i(£ky Axtk,A
e( X yAy)

2 a7 1 ~ x3,(n—1,n,n+1)
—X5.4 W=—"-G(W?™ , , A2
X5-a AV ( ) (A2)

where indices ¥ for n = 1, 2 have been omitted for brevity. Formula given by Eq. (6) is the

bulk wave dispersion equation of the semi-analytical method and involves only the trans
formed displacement values for X3, (n+1) grid points.

Manipulating and assembling (A2), using the scheme presented in Fig. 3, leads to an ei-
genvalue problem analogous to (4). The solution of Eq. (A2) provides the (k, ¥s.4) pairs for the
Lamb waves. For the definition and implementation details, the reader is referred to [10].
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