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Abstract. This contribution contains a novel investigation of the influence of warping of the
cross-section of twisted beams on their eigenvibrations. The investigation is based on the
analogy of the bending beam theory and the non-uniform torsion theory of thin-walled open
and closed cross-sections. Based on them, the differential equations for dynamic loads,
considered as equivalent static loads, are presented. The effect of the secondary torsion
moment deformation is taken into account. A part of the first derivative of the twist angle is
taken as a warping degree of freedom. The solution of this differential equation is then used
for setting up the transfer matrix. The numerical investigation contains the analysis of the
natural frequencies and mode shapes of straight cantilever beams with and without
consideration of the influence of warping of the cross-section. Beams with open and closed
cross-sections are considered. Obtained results are compared with the ones calculated by
standard solid and warping beam finite elements.
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1 INTRODUCTION

Beam structures are often exposed to time-dependent loads. Commercial FEM codes allow
performing modal and transient dynamic analysis by 3D beam finite elements with and
without consideration of the warping effect. Very often the improved Saint-Venant theory of
torsion is used and special mass matrices are proposed. Mostly, the bicurvature is chosen as
an additional warping degree of freedom and the secondary torsion moment deformation
effect (STMDE) is not considered.

For example in [1], the beam element can be used with a lumped or a consistent mass
matrix. The consistent mass matrix includes warping effects but does not include the effect of
shear deformation. For the standard beam element, the consistent mass matrix is based on
reference [2] with the exception that there are additional terms arising from the warping
constant | . For the warping element, lumped masses for the warping degree of freedom

(bicurvature) are defined [3]. As stated in [1], for solid and closed thin-walled sections, the
standard beam element can be used without significant error. However, for the open thin-
walled sections, the warping beam element should be used. In [4], the warping beam finite
element is recommended to be used only for open thin walled section beams. In [5], the finite
beam element is implemented with unrestrained or restrained warping (BEAMI188). In [6], the
warping beam finite element can be used only for elastostatic analysis of straight beams. It
should be noted that in technical practice as well as in the Eurocodes 3 (EC3) the effect of
non-uniform torsion by the steel beams with closed cross-sections is not considered.

In the most recent literature relatively little information can be found that refers to the
solution for free and forced torsional vibration of beams with hollow cross-sections that
include non-uniform torsion effects. In [7], a boundary element method is developed for the
nonuniform torsional vibration problem of doubly symmetric composite bars of arbitrary
variable cross-section. Dynamic analysis of 3-D beam elements, restrained at their edges,
subjected to arbitrarily distributed dynamic loading, is presented in [8]. In [9], Ref. [7] is
extended taking the geometrical nonlinearity into account, and in [10], the effect of rotary and
warping inertia is implemented. In [11], the nonlinear torsional vibrations of thin-walled
beams exhibiting primary and secondary warping are investigated. In [12], a solution for the
vibrations of Timoshenko beams by the isogeometric approach is presented, but warping
effects are not considered. In [13], geometrically non-linear free and forced vibrations of
beams with non-symmetrical cross sections are investigated by the Saint-Venant theory of
torsion. In [14], an axial-torsional vibration of rotating pretwisted thin-walled composite box
beams, exhibiting primary and secondary warping, are investigated. In [15], a new
formulation of a 3D beam element is presented with a new method of describing the
transversal deformation of the beam cross-section and its warping.

As follows from the above overview of research papers on the area of nonuniform torsion
and of the papers [16], [17], [18], the effect of warping should be considered also by torsion
of closed thin-walled section beams. This fact was yet also experimentally proved by
elastostatic torsional loading of hollow section beams [17]. It was also shown that the effect
of the secondary torsion moment has to be taken into account especially by closed-section
beams. Because the bicurvature cannot be used in the constraint equations, e.g. [1], it is
straightforward to consider the part of the first derivative of the angle of twist caused by
bimoment as the warping degree of freedom also for modal analysis. The new degree of
freedom can be used in the constraint condition (it is e.g. exactly equal to zero at the clamped
end of the beam), and it can make modal analysis more accurate as this is the case for
nonuniform torsion elastostatic analysis [16 — 18]. That is the motivation for the investigation
in the following chapters of the present paper.
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In chapter 2, the differential equations of 4™ order for nonuniform torsion eigenvibrations
are established. The part of the bicurvature caused by the bimoment is taken into account as
the warping degree of freedom, and the STMDE is also considered. The general
semianalytical solution of the differential equation is presented and the transfer matrix
relation is established. In chapter 3, the numerical investigation is performed. The results of
modal analysis of open I and rectangular hollow cross-section beams by our method are
presented and compared with the ones obtained by commercial FEM codes. The effect of
STMDE is studied and evaluated. Final assessment of the proposed method and of the
obtained results is listed in the summary and conclusions.

2 EIGENVIBRATIONS DUE TO NONUNIFORM TORSION

W) =y (0) T ()
' M, (x)

Fox MT(X).IZMT,,(X)JFME-(X)

Figure 1: Non-uniform torsion: torsional moments and angles of twist.

Fig. 1 refers to determination of the eigenvibrations due to non-uniform torsion. It shows
the torsional moment My (X) , representing the sum of the primary torsional moment
M1p (x) and the secondary torsional moment Mg (X), and the bimoment M, (x). Fig. 1
also shows the angle of twist, y(x), corresponding to M, (). It represents the sum of the

angle of twist, resulting from the primary deformation y, (X) and the secondary deformation

w§ (X). Here and in the following, =d /dx.

P Yi(x)
—4—-—» ———
pLo W(x)
—4—»—-—-——-—-—
/
M,(x)  M;(x) M (x)+dM; (x) M, (x)+dM,(x)
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Figure 2: Non-uniform torsion: equivalent static line load and line moment acting on an infinitesimal beam
element.

Fig. 2 illustrates an infinitesimal element of the beam. It is loaded by the torsional line
moment ol pa)zl/l(X) and the line bimoment pl a,a)zt//,'w (X), where |, stands for the warping

constant. These line moments represent the static equivalent of the respective dynamic action.
In the following, the equilibrium equations will be formulated, considering the analogy
between non-uniform torsion and second-order beam theory, see Table 1. They are obtained
as

M1 (x)==pl o’y (x), (1)

M, (X) =M+ (X) =M, (X)+ pl 0wy (X) = Mg (X)+ pl 0wy (X), )
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where
Mr (X) = Mg, () + Mg (%) G
According to Table 1:
M
vig ()= - Mo lX) @
and
w'(X) =y (X)+vs (X) (%)
with
’ _ MTP(X)
w'(x)= oI, (6)
' MTS(X)
V/S(X)_ GITs » (7)

where |15 denotes the secondary torsion constant.

Differentiation of equation (5) with respect to X and consideration of the equations (4) and (7)
gives

ML (x) - M, (%) Mis(x)
Gl El, Gl

Making use of the equations (1) and (4) and of the derivative of equation (3) in equation (8)
yields

p() =iy () + ®)

Mrs(X) __My(0  Mr(0-Mrpp(x)

w00 =yiy (0 +

Gl El, Gl ©)
_ M0, =PI 0-Mp(0 - M, (0 | =P1@’ v ()= Glry" ()
El, Gl El, Gl '
Multiplication of equation (9) by El , results in
7 Ela) 2 7
ELy"(0)+ M, () +—2-( pl ,0"p () + Gl (X)) =
Gl 10)

Gl El
—El |14+ |y"(X)+ M (X)+—2( pl . * \r(x) = 0.
w( GITS]W) (0 GITS(” 0@’ )y (%)

Differentiation of equation (10) with respect to X and substitution of equation (3) into the so-
obtained relation yields

El, (1 +§ijl//”(x) +

ITs

El,
GITS

(P10 )00+ My () =My () + pl 0wy (0 =0. (11)

Consideration of the equations (5), (6), and (7) in equation (11) yields

El, [1 +Gijy/’”(x) + El,
G S

' ! ' M s(x)
I, Gl (plpwz)l//(x)+MT(X)—GIT'//(X)+plww2(,/, (X)_GTI—j:O' (12)

Ts
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Differentiation of equation (12) with respect to X and consideration of equation (3) results in
Gly

El
El |1+ "(X) + @
w{ GITSJW 0 (GITS

Substitution of equation (1) and of the derivative of equation (6) into (13) gives
Gly ) El, . - Gl 2 " o[ P10 _o. (14)
EIwE1+GITsj1// (X)+[ I plyw +(1+GI ]plwa) GIT}// )+ ply0 { Gl 1}//(X)—O.

G Ts Ts Ts
Equation (14) is a linear homogeneous differential equation of fourth order for the angle of
twist. It can be verified by means of the analogy between non-uniform torsion and second-
order beam theory (see Table 1).
For free-of-warping cross-sections, for which |,=0, equation (14) degenerates to the

plwa)2
GITs

pl oo + pl 0 —GIT]y/”(X)+ M4 (X) - (M7 (0-Mf,0)=0. (13)

equation for Saint-Venant torsion.
The general semianalytical solution of the differential equation (14) can be written as follows:

v (x) =lg (X) w7 +by (X)yi + (X)wi"+bs (X)wi", (15)

where by (x), by (x), b, (x), by (x) denote the transfer functions and w;, w{,w’,w{" represent
the integration constants referring to the starting point i (e.g. v, =y, (X) for x=0, etc...).

Equation (15) and its first three derivatives with respect to X are integrated into the following
matrix equation:

v ] [0 B0 B0 B30 [wi
w00 |_| B0 B0 b0 b0 | | 16
w00 || B0 bI0O b0 B0 | fw
v"(0) (600 B0 B0 b0 (v
w(X) B(x) H‘/’,I—J

In equation (16), B(x) is a matrix containing the solution functions and its first three
derivatives at X, l/I(X) is a vector containing the angle of twist and its first three derivatives at
X, and w;is a vector containing the angle of twist and its first three derivatives at the starting

point i. The transformation matrix 7 in the following matrix equation relates the vector
!/I(X)to the “static vector” Z(X), containing w(x), WM (X), Mw(x), and M (X)

1
l//(X) 0
i ()| _
M, (X)| |-geehe
IVIT (X) 0
Z(x)

0

o*El,plppl, . w*pl?
2
GlTs(Gl'rs*wZPlM) Glyg—0®pl,

’”2G|Tsﬂ|m ‘

mﬂali

Gl —a’pl, Gl —apl,
0

~GliGlys + 07 (El,pl, +(Glys +Glr)pl,, )

(o107 -G

0

1, (Gl +Glry)

Glrs

0

0

%El,, (Gly +Glys) pl,y

2 4 12
o Clysply,  @'ply

Glyg (Gl —@?pl
TS( * Pm)[ G'Ts"UZ/”m GITs_wzplm

0

EIN(GIT +GITS)
Pl ~Glrg

|

T

Details concerning determination of 7 are given in [20].
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z A
Non-uniform torsion Second-order beam theory
Angle of twist v (X) W( X) Deflection
Bimoment M, (X) M (x) Bending moment
Torsional moment M+ ( X) R ( X) Transversal force
Primary torsional moment M Tp (X) Nw’ ( X Without a mechanical meaning
Secondary torsional moment M (X) Vv (X) Shear force
Derivative of the twist angle with ' ' Derivative of the deflection with
respect to X v (X) W (X) respect to X
Derivative of the twist angle from
the primary deformation with | ¥y (X) gz)(X) Rotation of the cross-section
respect to X
Derivative of the twist angle from . vV (X)
the secondary deformation with | g (X) Y= a Shear force/Shear stiffness
respect to X
Torsional stiffness (Saint-Venant) G|-|- N Axial force according to second-
order beam theory
Secondary torsional stiffness Gl G Shear stiffness
ry Ts

Warping stiffness El, El Bending stiffness
Warping inertia moment pl o Pl Mass inertia moment
Primary torsional inertia moment pl p PA Mass inertia force

Table 1: Analogy between non-uniform torsion and second-order beam theory.

By substitution of equation (16) into (17) the static vector Z (X) at X is obtained as

Z(x)=F4(X)-Z;,

(18)

where Z; is the a static vector at the starting point i and F,;(X) is the transfer matrix, given as

Fi(X)=T-B(x)-T"".

(19)

Calculation of the warping eigenfrequencies involves the following steps: At first, the
equations (16) and (17) and the transfer matrix F,; (X) are specialized for the beam length L.

The transfer equation (18) is specialized for the nodes i and K to the transfer matrix F (X = L).

Taking into account the boundary conditions, the reduced system of two homogeneous
algebraic equations is obtained. The circular natural frequencies @ i j=1, 2,..., follow from
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the zeros of the determinant of the reduced system of equations. An iterative method was used
to find the zeros of the determinant. The natural frequencies f i = /27, j=1,2,..., are

determined subsequently.

The above algorithm was implemented into the software MATHEMATICA [21]. The
eigenfrequencies were calculated for cantilever beams with thin-walled open and closed
cross-sections. In chapter 3, the results of the numerical experiments are presented and
compared with the results obtained from the available commercial software.

3 NUMERICAL EXAMPLES

In this chapter, the results of modal analysis concerning the nonuniform torsion
eigenmodes of chosen open and closed shaped beams are investigated.
3.1 Cantilever beam with an | cross-section

Saint-Venant and nonuniform torsion eigenfrequencies of the cantilever beam (Fig. 3) with
length L =2m were calculated. The cross-section is the one of a HEA-100 [22]. In Table 2
and Table 3, the cross-sectional parameters and the material properties are listed, respectively.

a) b)

Figure 3: Cantilever beam with an I cross-section a) system, b) cross-section.

Cross-sectional parameters [22]:
Polar moment of inertia: I,=l,+1, =4830- 1077 | m
Torsion constant: l; =52.4-107° m*
Secondary torsion constant: l7s =2581.3-107° m*
Warping constant: l,=2581-10"1 m®
Table 2: Cross-sectional parameters for nonuniform torsion.
Material characteristics:
Young’s modulus: E=21-107 kN/m?
Poisson’s ratio: v=0.3
Shear modulus: G=8.0769-10" kN/m?
Mass density: p="7.85 t/m?

Table 3: Material properties.
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In the torsional modal analysis the following boundary conditions were applied:
a) Saint-Venant torsional vibration:

w(N|,_o =i =0, M7 (X)|,_, =M7 =0. (20)
d) Warping vibration (according to chapter 2):
W(X)|X:0 = l//i = O’ lr/lll\/l (X)|X:0 = l/ll’\/l i = 0:»
Ma)(x)|Xz|_ = Ma),k = 0: I\/IT (X)|X:|_ = MT,k =0.

Important notice: According to the analogy between non-uniform torsion and second-order
beam theory (Table 1), it holds at the clamped beam end:

) ) oW
for the flexural vibration case —

=w #0 but ¢|X:0 =@, =0; and for the warping

OX Ix=0
vibration 2 =y #0 but 9¥m =y . =0.
OX |x=0 OX Ix=0 M.

Table 4 contains a comparison of the results for the first three eigenfrequencies with
corresponding results obtained by the computer programs RSTAB [6] and ANSYS [5]. All
values were obtained by the mentioned computers programs with following number of finite
elements:
- 39700 elements of the type SOLID186 and 200 elements of the type BEAM188 —
ANSYS [5];
- 50 elements of the type BEAM — RSTAB [6].

Eigenfrequencies [Hz]
Type of eigenvibrations | f. | Proposed ANSYS [5]
J
method RSTAB [6] SOLID186/BEAM188
. ‘ f; 41.7 41.7 ---/36.3
Saint-Venant ' torsion fz 125.2 125.5 /1091
about the x-axis
f; 208.8 209.9 ---/181.9
Warping torsion about | f; 3 I A E—— 50.8/---
the X-axis including f
deformations due to the |—2 1774 | - 172.8/-—
secondary torsional | f3 3662 | oo 356.8/---
moment
Warping torsion about | f; 51.6 |  coemmeee- 50.8/46.5
the X-axis without
fs | 1787 | commmeeee
deformations due to the |2 178.7 172.8/165.5
secondary torsional | 3 3730 | e 356.8/356.7
moment

Table 4: First three eigenfrequencies of a cantilever beam with an I cross-section.

As expected, the difference between the uniform torsional eigenfrequencies (Saint-Venant)
and the eigenfrequencies obtained by the proposed method and the commercial programs
RSTAB [6] are negligible. But there is a visible deviation from the BEAM188 (warping
unrestrained) results. These discrepancies are caused by the fact that in the FEM model based
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on BEAM188 element the non-round transition between the web and the flange of I - profile
was assumed, which has a small influence on the cross-sectional characteristics.

In nonuniform torsion analysis without STDME by the proposed approach and by the
BEAMI188 finite element with restrained warping the eigenfrequencies difference has
decreased. The both results agree relatively well also with the SOLID186 solution results.

Our nonuniform torsion approaches with and without STMDE produce nearly the same
results, what proves the fact, that the secondary torsion moment does not play significant role
in torsion of open-section beams. On the other hand, the first three eigenfrequencies
calculated with STMDE are closer to the SOLID186 solution results.

The first three torsional modes of the beam are shown in Fig. 4 and 5. They were obtained
by means of the SOLID186 finite element [5]. It is seen that the cross-section satisfies the
deformation conditions for nonuniform torsion of thin-walled cross-sections, as given by the
thin tube theory (TTT). The torsional eigenmodes can be evaluated by means of the transfer
relations (17), but the graphical representation is quite cumbersome (as it is also the case for
the beam finite elements). This problem will be treated in our future work.

Figure 4: Mode shapes corresponding to the first and the second warping eigenfrequencies [5].

Figure 5: Mode shape corresponding to the third warping eigenfrequency [5].

3.2 Warping eigenfrequencies and mode shapes of a cantilever rectangular hollow
section beam with constant ratio of A/b = 80/40 and h/b = 50/40, and with variable
length L and wall thickness .

Fig. 6 refers to the investigated cantilever beam. Fig. 6(a) shows the rectangular hollow beam
and Fig. 6(b) illustrates the cross-section.
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\J

Z
a) b)

Figure 6: Cantilever beam with a rectangular hollow cross-section: a) system, b) cross-section.

The chosen material characteristics and the cross-sectional parameters are listed in Tables 3
and 5. The boundary conditions are the same as in section 3.1, expressions (20) and (21). In
the following, the cross-sectional parameters and the cross-sectional characteristics are
calculated by ANSYS [4] and [23] fort =5 mm and t = 10 mm:

Cross-sectional parameters [5], [23] :
b =40 mm
7t A
t t
Y = =
'
VA
h/b/t=40/40/5 A=7-10"*
h/b/t=40/40/10 A=12.10"%
h/b/t=50/40/5 A=8-107*
h/b/t=50/40/10 A=14-10_4
Cross-sectional area | h/b/t=60/40/5 A=9.10"* m?
[5]: h/b/t=60/40/10 A=16-10_4
h/b/t=70/40/5 A=10-10"*
h/b/t=70/40/10 A=18-10_4
h/b/t=80/40/5 A=11-10"*
h/b/t=80/40/10 A=20-10_4
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Polar moment of
inertia [5, 23]:

h/b/t=40/40/5
h/b/t=40/40/10

— _ -8
lo=l,+1,=29.167-10

— _ -8
l,=Il,+1, =40.000-10

h/b/t=50/40/5
h/b/t=50/40/10

— _ -8
l,=1,+l, =43.333-10

— _ -8
l,=l,+1, =61.833-10

h/b/t=60/40/5
h/b/t=60/40/10

— _ -8
1,=1,+1, =61.500-10

— _ -8
1,=1,+1, =90.667-10

h/b/t=70/40/5
h/b/t=70/40/10

— _ -8
1,=1,+1, =84.167-10

— _ -8
1,=1,+1, =127.500-10

h/b/t=80/40/5
h/b/t=80/40/10

— _ -8
1,=1,+1, =111.833-10

— _ -8
1,=1,+1, =173.333-10

Torsion constant [5]:

h/b/t=40/40/5

l; =23.111-10°8

h/b/t=50/40/5 Iy =33.099-107°

h/b/t=60/40/5
h/b/t=60/40/10

l1 =43.641-107°
l; =65.382-107°

h/b/t=70/40/5
h/b/t=70/40/10

l; =54.561-10°
l1 =82.473-107°

Secondary torsion
constant [23]:

h/b/t=80/40/5 l; =65.753:107°
h/b/t=40/40/5 l1s =0.169-107°
h/b/t=50/40/5 l1s = 0.374-107°
h/b/t=60/40/5 l1s =2.048-107°
h/b/t=70/40/5 l1s = 4.503-107°
h/b/t=80/40/5 lrs =7.910-107°

h/b/t=80/40/10

lg =12.754-1078
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h/b/ =40/40/5 l,=0.160-10""
., =46.
h/b/ =50/40/5 1, =1.080-10""
=23
: h/b/t=60/40/5 =4.652-1072
Warping constant [5]: | 7/t = 60/40/10 L _oreag.i0-3 | ™
»=92.
h/b/ =70/40/5 |, =12.371-10"*2
»=23.
h/b/ =80/40/5 »=25.762-1071
=47

Table 5: Cross-sectional parameters [4] and [23] for t =5 and 10 mm.

The aim of the investigation is the evaluation of the influence of the warping and the STMDE
on the eigenfrequencies of the closed-section beam depending on the beam length and the
wall thickness.

Tables 6 — 8 contains a comparison of the results for the first three torsional eigenfrequencies
obtained by proposed method (Saint-Venant torsion, in lines a) and non-uniform torsion with
STMDE, in lines b)) and with corresponding results obtained by the computer programs
RSTAB [6] and ANSYS [5] for t =5 mm and t = 10 mm, respectively. The results of RSTAB
[6] are based on number of 50 Saint-Venant torsion beam finite elements (denoted by WW-E).
The results of ANSYS [5] solution are based on number of 37 500 of SOLID186 elements
(denoted by 3D-E) and on number of 100 of BEAMI188 elements (warping unrestrained)
denoted by WW-E, and non-uniform torsion (warping restrained without STMDE) denoted by
W-E.

Type of Eigenfrequencies [Hz]
eigen- f. | Proposed | Typeof | RSTAB | ANSYS
vibrations J method | elements [6] [5]
f | 61490 | WW-E | 6149.0 6149.0
- a) f, | 184468 | WW-E | 184473 | 18449.0
=) f; | 307447 | WW-E | 30746.8 | 30753.0
S E W-E | —eee- 6205.8
S = f -
3 1| 63330 g ET 7493 .8
- W-E | - 19827.0
g f
- e I 7 Wl R— 223150
W-E | - 36090.0
f
3| 303302 Fp e 40007.0%
f, | 30745 | WW-E | 3074.5 3074.5
- a) f, | 92234 | WW-E | 92235 9224.3
Sg f, | 153724 | WW-E | 15372.6 | 15376.0
S = . 3126.9 W-E | - 3082.9
= ! ' 3D-E | --—omee- 4041.8
N W-E | e 9442.7
g f
L P 2 A N v = s p— 10957.0%
W-E | - 16322.0
f
3| 158255 3D-E | - 18816.0%*
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f, | 20496 | WW-E | 2049.6 | 2049.7
a) b | 61489 | WW-E | 61489 | 61495
§ = f; | 102482 | WW-E | 102483 | 10251.0
I g A — 2052.3
S = f
= v 20733 3D-E | oo 3306.8
on
- WE | e 6218.9
= 1 f
< b) 2 | 62409 3D-E | -cooeee- 7497.3%
WE | e 10562.0
f
I A T WoR I— 11961.0*
f | 15372 | WW-E | 15372 1537.3
a) b | 46117 | WW-E | 46117 | 4612.1
wv
SE f; | 76862 | WW-E | 76862 | 7688.2
I g A — 1538.4
S [S f °
T S | 15505 3D-E | -meoeeee- 1430.8
=)
- A — 46423
= |l f
< - b) 2 | 46634 3D-E | --ooeee- 5728.0%
W-E | - 7825.3
f
3 | 78072 3D-E | oo 9221.4%
f, | 12298 | WW-E | 12298 1229.8
. a) f, | 36894 | WW-E | 3689.4 | 3689.7
SE , | 61490 | WW-E | 61490 | 6150.5
I g W-E | e 1230.4
S = f .
= v 12382 3D-E | —ooooee- 1178.8
w
- W-E | - 3705.4
< - b) z | 37219 3D-E | --ooeee- 4735.5%
WE | e 6222.5
f
3 | 62243 3D-E | --eooeee- 7464.6*

Table 6: Torsional eigenfrequencies of a cantilever beam with a hollow cross-section (Fig. 6) with
hxbxt=80x40x5 [mm] and varying length L: a) Sant-Venant torsion; b) Warping torsion including

deformations due to the secondary torsion moment.

Type of Eigenfrequencies [Hz]
eigen- f. | Proposed | Typeof | RSTAB | ANSYS
vibrations | ! | method | elements [7] [4]
fi 6088.3 WW-E 6088.4 6088.4
= a) f, | 18265.0 | WW-E | 182654 | 18267.0
S g fs | 30441.7 | WW-E | 30443.9 | 30449.0
=
= W-E | -----eee- 6154.7
S f
% S 1| 6291.0.1 IDE | 9096 3%
I —
W-E | -------- 19856.0
E AP i il I S g pe— 22694.0%
W-E | ----—---- 36482.0
f
3 | 382961 T 39558.0*
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f, | 30442 | WW-E | 30442 | 3044.2
o a) f, | 91325 | WW-E | 9132.6 | 9133.3
= f; | 15220.8 | WW-E | 15221.1 | 15225.0
I E W-E | - 3054.2
S = f -
2 S N e T ) ¥ o — 2975.0
I W-E | e 9392.1
- f :
i v 2 | 93866 PR T 12326.0%
= E | oo

f; | 15723.6 ;Iv)EE _________ 1196239333_60*

f, | 20294 | WW-E | 2029.4 | 2029.5
o a) f, | 60883 | WW-E | 60884 | 6088.9
S f, | 101472 | WW-E | 10147.3 | 10150.0
¥ E (A R — 2032.6
S = f ;
22 R R I 2019.8
I en

W-E | s 6171.8

- f
si v I N ¥ o — 9200.8*
< W-E | - 10519.0

f

3 | 103883 o 13346.0%

f, | 15221 | WW-E | 1522.1 1522.1
o a) f, | 45663 | WW-E | 45663 | 4566.7
SF f, | 76104 | WW-E | 76105 | 7612.4
i E W_E --------- 1523 5
S = f -
= | 1537.0 Z >N ST E— 1522.0
I < W-E | e 4602.9
- f '
é L b) 2 4624.8 3D-E | - 8037.7*
= E | ccmmmoo-

f, | 77475 3\?;% _________ 13233;3*

i | 12177 | WW-E | 1217.7 | 1217.7
o a) f, | 3653.0 | WW-E | 3653.1 | 3653.3
SE f; | 60883 | WW-E | 6088.8 | 6089.9
Y E A — 1218.4
S = f -
22 R Y 1219.7
I

W-E | s 3672.3

- f
é L b) 2 3689.9 3D-E | —ooe 3443 0%
<= E | ccommo-

f; | 61745 3\?’)% _________ 56016716'72*

Table 7: Torsional eigenfrequencies of a cantilever with a rectangular hollow cross-section (Fig. 6) with
hxbxt=80x40x10 [mm] with varying length L: a) Saint-Venant torsion; b) Warping torsion including
deformations due to the secondary torsion moment.
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Eigenfrequencies [Hz]

Type of
eigen- fi | Proposed | Typeof | RSTAB | ANSYS
vibrations method | elements [7] 4]
| 71249 | WW-E | 71250 | 7125.0
s | o f, | 213748 | WW-E | 213753 | 21377.0
5 f, | 35624.6 | WW-E | 35627.1 | 35634.0
S A — 7135.1
O |
23 i A ) » S g - 7145.9
[~ W-E | - 21643.0
% LA f2 | 214616 {1 22261.0*%
W-E | oo 36312.0
B | 358206 —EET 36583.0
| 35625 | WW-E | 3562.5 | 3562.5
s | a f, | 10687.4 | WW-E | 10687.5 | 10688.0
g E f, | 178123 | WW-E | 17812.7 | 17817.0
S W-E | oo 3563.8
o |
23 o G ) » S R 3576.3
& W-E | o 10724.0
- f
< Il b 2| 107169 =51 10435.0%
= W-E | oo 17980.0
| 178804 =y p—T 18632.0%
| 23750 | WW-E | 23750 | 2375.0
s | a f, | 71249 | WW-E | 71250 | 71256
$E f, | 118749 | WW-E | 11875.0 | 11878.0
S W-E | o 2375.4
O e |
23 i 23786 mEE T 2382.1
Il & W-E | e 7136.4
- f
< Il b 2| 71388 P E T 7092.7
= W-E | oo 11928.0
| 119067 {1 11389.0%
| 17812 | WW-E | 17812 | 17812
s | a f, | 53437 | WW-E | 5343.7 | 5344.
S f, | 89061 | WW-E | 89062 | 8908.4
3 A — 1781.4
O e |
23 i A ) » S — 1785.6
I < W-E | - 5348.8
— f
5 LA o IS ) S R 5336.7
W-E | oo 8929.7
| 89239 mpE 8793.5%
| 14250 | WW-E | 14250 | 1425.0
s | f, | 42750 | WW-E | 4275.1 | 42753
g E , | 71250 | WW-E | 71254 | 71267
S W-E | e 1425.1
o |
23 o A ) » S O s 1427.9
@ W-E | - 4277.7
- f
< Il b IR ) S — 4273.9
= A — 7137.7
| 71361 T 7081.7

deformations due to the secondary torsion moment.
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Table 8: Torsional eigenfrequencies of a cantilever beam with a hollow cross-section (Fig. 6) with
hxbxt=50x40x10 mm and with varying length L: a) Saint-Venant torsion; b) Warping torsion including
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The main conclusion drawn from Tables 6 — 8 is that, in contrast to the previous example, the
influence of warping and the STMDE on the torsional eigenfrequencies of the beam with a
rectangular hollow cross-section is not significant. It could be explained by the fact, that the
beam stiffness is influenced by warping very locally only. This local action influences
strongly the stress state at the restrained cross-sections of the closed sectional beam through
the bimoment and secondary torsion moment, but not the eigenfrequency.

As expected, the influence of the STMDE on the eigenfrequency increases with decreasing
beam length L. For very small beam length the system is closer to 3D solid. Thus, the beam
theory is not longer suitable. For longer beams the warping and the STMDE influence on the
torsional eigenfrequencies is less significant.

The best agreement of results obtained by the solid finite elements (denoted by 3D-E) and the
proposed method (as well by the Saint-Venant and the warping beam solutions), achieved for
the 1% torsional eigenfrequency. For the higher modes the discrepancy increases. The 2™ and
3" torsional eigenfrequency (denoted as 3D-E and by “*”in Tables 5 — 7) show buckling of
the cross-sectional walls. This effect cannot be considered as by the proposed method as by
the beam finite elements with restrained and unrestrained warping. These discrepancies are
partly reduced by the beam with larger length with smaller section ratio h/b and by greater
wall thickness t.

The mode shapes corresponding to the first three torsional eigenfrequencies (obtained by the
SOLID186 finite element) are shown in Figs. 7 — 9 (evaluated for hxbxt=80x40x10 and
L =400 [mm]). Except for the first torsional eigenmode, the cross-section walls are buckling.
Therefore a comparison of the eigenfrequencies obtained by means of beam theories with
eigenfrequencies based on 3-D solid theory is problematic.

Figure 7: Mode shape corresponding to the 1% torsional eigenfrequency [5].

Figure 8: Mode shape corresponding to the 2™ torsional eigenfrequency [5].

Figure 9: Mode shape corresponding to the 3™ torsional eigenfrequency [5].
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4 SUMMARY AND CONCLUSIONS

On the bases of the analogy of the beam theory and the nonuniform torsion theory of thin-
walled open and closed cross-sections, the differential equation of 4™ order for nonuniform
torsion eigenvibration was established. The general semianalytical solution of the differential
equation was presented and the transfer matrix relation was established. The results from
modal analysis of open I and rectangular hollow section beam by the proposed method were
presented and compared with the ones obtained by commercial FEM codes. In the theoretical
investigations by the authors, the effect of the secondary torsion moment deformation
(STDME) was taken into account. A part of the first derivative of the twist angle was chosen
as a warping degree of freedom. Contrary to the bicurvature, this warping degree of freedom
can by used for satisfaction of boundary conditions.

The main conclusions that can be drawn from this investigation are as follows:

(1) Eigenvibrations of open I-section beam:

- The results of modal analysis concerning nonuniform and uniform torsion of open
section beams show large differences of the eigenfrequencies. This verifies the-well
known fact that the warping effect must be taken into account by torsional analysis of
open cross-sections in static and in dynamic analysis.

- The proposed approach for calculation of nonuniform torsional eigenvibrations with
and without STMDE produces nearly the same results. This proves the fact that the
secondary torsion moment does not play a significant role in torsion of open-section
beams. On the other side, the torsional eigenfrequencies obtained with STMDE are
very close to results obtained by 3D solid finite elements.

(2) Eigenvibrations of rectangular hollow-section beam

- In contrast to the open cross-section, the influence of warping (with or without
STMDE) on the nonuniform torsional eigenfrequencies of beams with a rectangular
hollow cross-section is not significant. This is explained by the fact, that the beam
stiffness is affected by warping only very locally. This has a strong influence on the
local stress state at the restrained cross-sections, but not on the eigenfrequency. As
expected, the influence of the STMDE on the eigenfrequency increases with
decreasing length of the beam. For longer beams the influence of warping and of
STMDE on the torsional eigenfrequencies is less significant.

- The best agreement of results obtained by the solid finite elements and the proposed
method (as well by the Saint-Venant and the warping beam solutions), achieved for
the 1% torsional eigenfrequency. For the higher modes the discrepancy increases. The
higher torsional eigenmodes show buckling of the cross-sectional walls. This effect
cannot be considered as by the proposed method as by the beam finite elements with
restrained and unrestrained warping. These discrepancies are partly reduced by the
beam with larger length with smaller section ratio h/b and by greater wall thickness t.

- Because of to the discrepancies between the warping torsion eigenfrequencies of
beams with a closed section obtained by the beam theory and the 3D solid theory, an
experimental verification of the results is needed.

In future work on the bases of the presented method, a new 3D finite beam element for modal

and transient structural analysis will be established, wherein the STMDE and the new warping
degree of freedom will be included. It is expected, that for forced torsional vibrations of
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closed-section beams, with restrained warping, the effect of warping and of the secondary
torsion moment will be stronger than it is in case of modal analysis.
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