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Abstract. In this paper a general formulation for the nonuniform warping dynamic analysis 
of beams of arbitrary simply or multiply connected cross section, under arbitrary external 
loading and general boundary conditions is presented taking into account the effects of rotary 
and warping inertia. The nonuniform warping distributions are taken into account by employ-
ing four independent warping parameters multiplying a shear warping function in each direc-
tion and two torsional warping functions, respectively, which are obtained by solving the cor-
responding boundary value problems, formulated exploiting the longitudinal local equilibri-
um equation. A shear stress “correction” is also performed in order to improve the stress 
field arising from the employed kinematical considerations. Ten initial boundary value prob-
lems are formulated with respect to the displacement and rotation components as well as to 
the independent warping parameters and solved using the Analog Equation Method, a 
Boundary Element Method based technique in combination with an appropriate time integra-
tion scheme. The warping functions and the geometric constants including the additional ones 
due to warping are evaluated employing a pure BEM approach. 
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1 INTRODUCTION 
In engineering practice, the dynamic analysis of beam-like members under flexure is fre-

quently encountered. Besides, many conditions occurring in engineering practice, such as ro-
tating machinery, wind and traffic loads, blast and earthquake forces, require taking into ac-
count inertial effects in the dynamic analysis of beams. The inclusion of such effects, espe-
cially through distributed mass models, which are considered to be more reliable, requires a 
rigorous analysis. In the vast majority of these cases, Euler – Bernoulli beam theory assump-
tions are adopted, and when shear deformation effect is non-negligible these assumptions are 
relaxed by using Timoshenko beam theory. However, both theories maintain the assumption 
that plane cross sections remain plane after deformation. By maintaining this assumption, the 
formulation remains simple; however, it fails to capture the well-known shear lag phenome-
non, which was reported long ago (e.g. [1-3]) and observed in many structural members (e.g., 
beams of box-shaped cross sections, folded structural members, beams made of materials 
weak in shear). Shear lag is associated with a significant modification of normal stress distri-
bution, especially near the joint of the various cross-sectional components [4], due to non-
uniform distribution of shear warping [Figs. 1(d and e)] [5].  

In up-to-date regulations, the significance of shear lag effect in flexure is recognized; how-
ever, to simplify the analysis, the effective width concept [6-8] is recommended. This simpli-
fying approach may fail to capture satisfactorily the actual structural behaviour of the mem-
ber, because the influence of the shear lag phenomenon is not constant along the beam length. 
Apart from the geometrical configuration of the cross section, it depends also on the type of 
loading [9]. Therefore, it is necessary to include the effects of nonuniform shear warping dis-
tribution in both the static and the dynamic analysis. 

Generalizing the shear lag analysis problem, considerations similar to those made for flex-
ure could be also adopted for the problem of torsion. It is well known that when a beam un-
dergoes general twisting loading under general boundary conditions, it is led to nonuniform 
torsion. This problem has been extensively examined in the literature (e.g. see [10,11]), and 
its major characteristic is the presence of normal stress due to primary torsional warping [Fig. 
1(c)]. In an analogy with Timoshenko beam theory, when shear deformation is of importance, 
the so-called secondary torsional shear deformation effect (STSDE) [12,13] has to be taken 
into account as well. Thus, it could be concluded that the additional secondary torsional warp-
ing due to STSDE [Fig. 1(f)] can cause effects similar to shear lag in flexure, i.e., a 
modification of the initial normal stress distribution. It is noted that because of the complicat-
ed nature of torsion, simplified concepts such as effective width cannot be applied to take this 
behavior into account. 

Toward investigating shear lag effects, the inclusion of nonuniform warping in beam ele-
ment formulations based on so-called higher-order beam theories [14] is of increased interest 
because of their important advantages over more refined approaches (e.g. [15-17]). Beam el-
ements are practical and computationally efficient and offer better insight into the structural 
phenomena, since they permit their isolation and independent investigation. Furthermore, be-
cause of easy parameterization of all necessary data, beam elements are more convenient for 
parametric analyses than more refined models which, in most cases, require the construction 
of multiple models.  

The dynamic analysis of the generalized nonuniform warping problem has received rela-
tively less attention than the static one. Some researchers have employed the assumptions of 
TTT (Thin Tube Theory) and the nonuniform torsion theory with an additional degree of 
freedom for nonuniform warping that is the rate of angle of twist [23-34] or an independent 
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warping parameter [35-36]. Egidio et al [37] describe the non-linear warping of open cross-
section thin-walled beams in terms of the flexural and torsional curvatures. Minghini et al 
[38] take into account shear strain effects due to both nonuniform bending and torsion in the 
analysis of thin walled cross sections. Some other researchers have employed the nonuniform 
torsion theory for beams with arbitrarily shaped cross sections with the rate of the angle of 
twist as an additional degree of freedom [39-46].Sapountzakis and Tsipiras [47] have taken 
into account nonouniform torsion in the analysis of beam with arbitrarily shaped doubly 
symmetric cross sections using a secondary warping function. On the other hand Li et al [48] 
developed an element that includes the effect of warping using a displacement field that is as-
sumed to be cubic in the axial direction and quadratic in the transverse direction. Moreover, to 
the authors ’ knowledge, a BEM procedure for the dynamic analysis of the general nonuni-
form warping problem of beams of arbitrary cross sections has never been reported in the lit-
erature. 

 

   
(a) (b) (c) 

   
(d) (e) (f) 

Fig.1. Normal stress distribution due to flexure (a,b), primary torsional warping (c), shear warping 
(d,e) and secondary torsional warping (f). 

 
In the current study, which is an extension of a previous work of the same authors [49-50] 

at the dynamic regime, a general boundary element formulation for the dynamic nonuniform 
warping analysis of beams of arbitrary cross section, taking into account shear lag effects due 
to both flexure and torsion, is presented. The beam cross section (thin- or thick-walled) is ho-
mogeneous and can surround a finite number of inclusions. The beam is subjected to the com-
bined action of arbitrarily distributed or concentrated dynamic axial loading and transverse 
loading, as well as to bending, twisting, and warping moments. Nonuniform warping distribu-
tions are taken into account by using four independent warping parameters multiplying a 
shear warping function in each direction [49-50] and two torsional warping functions, which 
are obtained by solving corresponding boundary value problems. It is worth mentioning here 
that the stress field arising from the preceding kinematical considerations leads to the viola-
tion of the longitudinal local equilibrium equation and the corresponding boundary condition 
[22] due to inaccurate representation of shear stresses. In the current study, to keep the sim-
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plicity of the formulation to the highest possible level, the increment of the number of un-
knowns in global equilibrium is avoided and a correction of the stress field is performed with 
the aid of the longitudinal local equilibrium equation. Ten initial-boundary value problems are 
formulated with respect to the displacement and rotation components and the independent 
warping parameters and solved using the analog equation method (AEM) [52], a BEM-based 
method in combination with an appropriate time integration scheme (Mean Acceleration 
Method [56]). The warping functions, the additional geometric constants due to warping, and 
the elementary ones are evaluated with a pure BEM approach, i.e., only boundary discretiza-
tion of the cross section is used. After establishment of the kinematical components, the 
aforementioned boundary discretization can be used to evaluate through BEM the normal and 
shear stress components at any arbitrary point of each cross section. 

The essential features and novel aspects of the present formulation are summarized as fol-
lows: 

• The cross section is an arbitrarily shaped thin- or thick-walled. The formulation does not 
stand on the assumption of a thin-walled structure, and therefore the cross section’s warp-
ing rigidities are evaluated exactly (in a numerical sense). 

• An improved stress field is adopted with the aid of the longitudinal local equilibrium 
equation, leading to a better evaluation of stress components without increasing the glob-
al degrees of freedom. 

• The beam is subjected to arbitrary external loading and is supported by the most general 
boundary conditions, including elastic support or restraint. 

• The proposed formulation is suitable for the investigation of flexural and torsional shear 
lag effects in beams of closed or open cross sections. 

• The proposed method uses a BEM approach (requiring boundary discretization for the 
cross-sectional analysis) resulting in line or parabolic elements instead of area elements 
of the FEM solutions (requiring the whole cross section to be discretized into triangular 
or quadrilateral area elements), whereas a small number of line elements are required to 
achieve high accuracy. 

• The use of BEM permits the accurate computation of deriveatives of the field functions 
(e.g., stresses) which is very important in the nonuniform warping analysis of beams. 

• The generalized warping theory of beams presented in [49-50] is extended at the dynamic 
regime. 

• The necessity to include warping inertial and generalized warping effects is investigated 
in both thin- and thick walled open- and closed shaped cross section bars. 

• Both free and forced vibrations of bars are investigated obtaining free vibration character-
istics and both kinematic and stress results in the time domain, respectively. 

2  STATEMENT OF THE PROBLEM  

2.1 Displacement, strain and stress components 

Consider a prismatic beam of length l , of arbitrary cross section of area A . The homoge-
neous isotropic and linearly elastic material of the beam’s cross section, with modulus of elas-
ticity E , shear modulus G , Poisson’s ratio ν  and mass density ρ occupies the two dimen-
sional multiply connected region Ω  of the yz  plane and is bounded by the jΓ  ( 1, 2,...,j K =
) boundary curves, which are piecewise smooth, i.e. they may have a finite number of corners. 
In Fig.2 CXYZ  is the principal bending coordinate system through the cross section’s centroid 
C , while Cy , Cz  are its coordinates with respect to Sxyz  reference system of axes through 
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the cross section’s center of twist S . The beam is subjected to the combined action of the ar-
bitrarily distributed or concentrated time-dependent axial loading ( , )x xp p X t=  along X  di-
rection, transverse loading ( , )y yp p x t= , ( , )z zp p x t=  along the y , z  directions, respective-

ly, twisting moments ( , )t tm m x t=  along x  direction, bending moments ( , )Y Ym m x t= , 
( , )Z Zm m x t=  along Y , Z  directions, respectively, as well as warping moments 

( , )P P
S S

m m x tϕ ϕ= , ( , )S S
S S

m m x tϕ ϕ= , ( , )P P
CY CY

m m x tϕ ϕ= , ( , )P P
CZ CZ

m m x tϕ ϕ=  (Fig.2) which will be 

later defined in section 2.2. 
 

 

(a) 

 

b) 

Fig.2. Prismatic beam under axial-flexural-torsional dynamic loading (a) of an arbitrary 
cross section occupying the two dimensional region Ω  (b). 

 
Under the action of the aforementioned general loading and of possible restraints, the beam 

is leaded to flexural, axial and/or torsional vibrations. In order to take into account nonuni-
form warping distributions which are responsible for shear lag effects due to both flexure and 
torsion, four additional time-dependent degrees of freedom (warping parameters), namely 

( ),x x tη , ( ),Y x tη , ( ),Z x tη , ( ),x x tξ  multiplying a shear warping function in each direction (

Yη , Zη ) and two torsional warping functions ( xη , xξ ), respectively, are employed [49, 50]. 
These additional DOFs describe the “intensities” of the corresponding cross sectional warping 
along the beam length at any time instant, while these warpings are defined by corresponding 
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warping functions ( ( ),P
CY y zϕ , ( ),P

CZ y zϕ , ( ),P
S y zϕ , ( ),S

S y zϕ ), depending only on the cross 
sectional configuration. Thus, the “actual” deformed configurations of the cross section due to 
primary (in each direction) shear and primary, secondary torsional warpings are given as 

( ) ( ), ,P
Y CYx t y zη ϕ , ( ) ( ), ,P

Z CZx t y zη ϕ , ( ) ( ), ,P
x Sx t y zη ϕ  and ( ) ( ), ,S

x Sx t y zξ ϕ  at any posi-
tion and time instant. It is worth here noting that the shear stresses generated by the above 
displacement considerations exhibit an inconsistency concerning the non-vanishing of trac-
tions xnτ  on the lateral surface of the beam [22, 49, 50]. As shown in previous studies, this 
inconsistency may be responsible for non-negligible errors in estimated normal stress values. 
In the present study this inconsistency is removed by performing a suitable shear stress cor-
rection, which is discussed in detail in a previous work of the same authors [49, 50]. Within 
the context of the above considerations, the displacement components of an arbitrary point of 
the beam at an arbitrary time instant are given as 
 

( ) ( ) ( ), , , , , , , , ,P Su x y z t u x y z t u x y z t= + =

( ) ( ) ( ) ( ) ( )
primary

, , , , ,P
Y Z x Su x t x t Z x t Y x t y zθ θ η φ= + − + +



( ) ( ) ( ) ( ) ( ) ( )
secondary

, , , , , ,P P S
Y CY Z CZ x Sx t y z x t y z x t y zη φ η φ ξ φ+ + +


 (1a) 

 ( ) ( ) ( ), , , , ,xv x y z t v x t z x tθ= −  ( ) ( ) ( ), , , , ,xw x y z t w x t y x tθ= +   (1b,c) 
 

where u , v , w  are the axial and transverse beam displacement components with respect to 
the Sxyz  system of axes, while Pu , Su  denote the primary and secondary longitudinal dis-

placements, respectively. Moreover, ( ),v x t , ( ),w x t  describe the deflection of the center of 

twist S , while ( ),u x t  denotes the “average” axial displacement of the cross section. ( ),Z x tθ 

, ( ),Y x tθ  are the angles of rotation due to bending about the centroidal Y , Z  axes, respec-

tively. ( ),x x tη , ( ),x x tξ  are the independent warping parameters introduced to describe the 

nonuniform distribution of primary and secondary torsional warping, while ( ),Y x tη , 

( ),Z x tη  are the independent warping parameters introduced to describe the nonuniform dis-

tribution of primary warping due to shear [49, 50]. ( ),P
S y zϕ , ( ),S

S y zϕ  are the primary and 
secondary torsional warping functions with respect to the center of twist S  [13], while 

( ),P
CY y zϕ , ( ),P

CZ y zϕ  are the primary shear warping functions with respect to the centroid C
[49, 50]. Finally, it holds that CZ z z= − , CY y y= − . 

Employing the displacement expressions given from eqns. (1) to the strain-displacement 
relations of the three-dimensional elasticity for small displacements and the Hooke’s stress-
strain law, the non-vanishing components of the Cauchy stress tensor are obtained as 
 

 

* *
, , , , , , ,

primary secondary

P P P S
xx x Y x Z x x x S Y x CY Z x CZ x x SE u Z Y Eσ θ θ η ϕ η ϕ η ϕ ξ ϕ   = + − + + + +   

 

 (2a) 
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( ) ( ) ( )
primary

P P P P P P
Z CY Y CZ x SG Z Yγ ϕ γ ϕ γ ϕ = ∇ + + ∇ + + + ∇ + t r



 

( )
tertiarysecondary

S S S S S P S T S
Z CY Y CZ x S S x SG Gγ ϕ γ ϕ γ ϕ ϕ γ ϕ   + ∇ + ∇ + ∇ + + ∇  





 (2b) 

 

where 
T

xy xzτ τ =  t , [ ]Tz y= −r  and ( ) ( ) ( )* 1 1 1 2E E v v v= − + −   . If the plane stress 

hypothesis is undertaken then ( )* 21E E v= −  holds [10], while E is frequently considered 

instead of *E  ( *E E≈ ) in beam formulations [10]. The first consideration has been followed 
throughout the paper, while any other reasonable expression of E could also be used without 
any difficulty. Furthermore, ( ),i⋅  denotes differentiation with respect to i , while 

( ) ( ), ,y zy z∇ ≡ ⋅ + ⋅i i  is the gradient operator and yi , zi  the unit vectors along y , z  axes, re-

spectively. ,
P
x x xγ θ= , ,

S
x x x xγ η θ= − , ,

T
x x x x xγ ξ η θ= − + , ,

P
Y x Zvγ θ= − , ,

S
Y Y x Zvγ η θ= − + , 

,
P
Z x Ywγ θ= +  and ,

S
Z Z x Ywγ η θ= − −  are “average” shear strain quantities. In eqns. (2b) the 

primary shear stress terms correspond to the St. Venant shear stresses ( P
xyτ , P

xzτ ) [14], while 

the rest of the terms to warping shear stresses ( S
xyτ , S

xzτ , T
xyτ , T

xzτ ) arising from the use of in-
dependent warping parameters. The above stress components (2) could be employed in order 
to derive the global equations of motion. However, as stated above, attention should be paid 
to the fact that the terms ,

S P
Y CY iγ ϕ , ,

S P
Z CZ iγ ϕ ,  ,

T S
x S iγ ϕ  ( ,i y z= ) are not capable of representing 

an acceptable shear stress distribution, leading to violation of the longitudinal local equilibri-
um equation and the corresponding zero-traction condition on the lateral surface of the beam. 
This observation reveals an analogy with Timoshenko beam theory and nonuniform torsion 
theory with STSDE [12,13]. As a consequence, discrepancies in stress components near fixed 
supports or concentrated loads may arise [12,13,21,49,50]. In the present study, a correction 
of stress components is performed without increasing the number of global kinematical un-
knowns, following the analysis presented in [49, 50]. To this end, three additional warping 
functions ( ),S

CY y zϕ , ( ),S
CZ y zϕ , ( ),T

S y zϕ  are introduced in expressions (2b), which are mod-
ified as 
 

( )
secondaryprimary

P P P P P P S S S S S S
Z CY Y CZ x S Z CY Y CZ x SG Gγ γ γ ϕ γ γ γ   = ∇Φ + ∇Φ + + ∇ + ∇Φ + ∇Φ + ∇Φ +  t r





  

 

tertiary

T
x SG γ Τ + ∇Φ 



 (3) 

 

where 
 

 
P P
CY CYZ ϕΦ = +  S P S

CY CY CYϕ ϕΦ = +  (4a,b) 

 
P P
CZ CZY ϕΦ = +  S P S

CZ CZ CZϕ ϕΦ = +  (4c,d) 
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S P S
S S Sϕ ϕΦ = +  T S T

S S Sϕ ϕΦ = +  (4e,f) 
 

Warping functions (4) can be determined by formulating boundary value problems exploiting 
the longitudinal local equilibrium equation and the associated boundary condition, which will 
be discussed in next section. 

2.2 Global equations of motion 
In order to establish the differential equations of motion, the principle of virtual work in-

cluding virtual work due to inertial forces 
 

 int mass ext+ =W W Wδ δ δ  (5) 
 

is employed, where 
 

 
( )int dxx xx xy xy xz xzV

W Vδ σ δε τ δγ τ δγ= + +∫  (6a) 

 
( )mass , , , dtt tt ttVW u u v v w w Vδ ρ δ δ δ= + +∫  (6b) 

 
( )ext Lat

dx y zW t u t v t w Fδ δ δ δ= + +  ∫  (6c) 
 

In the above equations, ( )δ ⋅  denotes virtual quantities; xt , yt , zt  are the components of the 
traction vector applied on the lateral surface of the beam including the end cross sections, de-
noted by F  and V  is the volume of the beam. Moreover, the stress resultants of the beam can 
be defined as 
 

 
dxxN σ

Ω
= Ω∫  dY xxM Zσ

Ω
=  Ω∫  dZ xxM Yσ

Ω
=  Ω∫  (7a,b,c) 

 
dP

S

P
xx SMϕ σ ϕ

Ω
=  Ω∫  dS

S

S
xx SMϕ σ ϕ

Ω
=  Ω∫  (7d,e) 

 
dP

CY

P
xx CYMϕ σ ϕ

Ω
= Ω∫  dP

CZ

P
xx CZMϕ σ ϕ

Ω
= Ω∫  (7f,g) 

 ( ), , dP P P
y xy CY y xz CY zQ τ τ

Ω
= Φ + Φ  Ω∫  ( ), , dS S S

y xy CY y xz CY zQ τ τ
Ω

= − Φ + Φ  Ω∫  (7h,i) 

 ( ), , dP P P
z xy CZ y xz CZ zQ τ τ

Ω
= Φ + Φ  Ω∫  ( ), , dS S S

z xy CZ y xz CZ zQ τ τ
Ω

= − Φ + Φ  Ω∫  (7j,k) 

 
( ) ( ), , dP P P

t xy S y xz S zM z yτ ϕ τ ϕ
Ω

 = − + +  Ω ∫  (7l,m) 

 
( ), , dS S S

t xy S y xz S zM τ τ
Ω

= − Φ + Φ  Ω∫  ( ), , dT T T
t xy S y xz S zM τ τ

Ω
= Φ + Φ  Ω∫  (7n,o) 

 

where iM  ( ,i Y Z = ) are the bending moments and iM  ( , , ,P S P P
S S CY CZi ϕ ϕ ϕ ϕ= ) are the warp-

ing moments (bimoments). j
iQ  ( ,i y z= ,j P S= ) are the primary and secondary parts of total 

shear forces  iQ  ( ,i y z= ). It is noted that the secondary shear forces are also referred to as 
bishear stress resultants [5,18] since they equilibrate the corresponding warping moments 
(bimoments). Similarly, j

tM  ( , ,j P S T=  ) are the primary, secondary and tertiary parts of 
total twisting moment tM . Moreover, the geometric constants of the beam can be obtained by 
the following definitions [49, 50] 
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dA

Ω
=  Ω∫    dYS Z

Ω
=  Ω∫  dZS Y

Ω
=  Ω∫  (8a-c) 

 
2 dYYI Z

Ω
=  Ω∫  2 dZZI Y

Ω
=  Ω∫  dYZI YZ

Ω
=  Ω∫  (8d-f) 

 
( ) d , , , ,P S P P

i S S CY CZS i i ϕ ϕ ϕ ϕ
Ω

=  Ω     =∫  (8g) 

 
( )( ) d , , , , , , ,P S P P

ij S S CY CZI i j i j y z ϕ ϕ ϕ ϕ
Ω

=  Ω    =∫  (8h) 

 
( ) ( ) d , , , , , , ,S P S P S

ij S S CY CY CZ CZD i j i j Τ
Ω

= ∇ ⋅∇  Ω    = Φ Φ Φ Φ Φ Φ∫  (8i) 

 ( )2 2
, , dP P P

t S y S zI y z z yϕ ϕ
Ω

= + − +  Ω∫  (8j) 

 ( )2 2 dpI y z
Ω

= +  Ω∫  (8k) 
 

while as analyzed also in [49,50] it holds that 
 

 
P P
Z Z

P
YA DΦ Φ≡  S S

Z Z

S
YA DΦ Φ≡  (11a,b) 

 
P P
Y Y

P
ZA DΦ Φ≡  S S

Y Y

S
ZA DΦ Φ≡  (11c,d) 

 Φ Φ≡ S S
x x

S
xI D  Φ Φ≡ T T

x x

T
xI D  (11e,f) 

 

Using the expressions of the strain components, the definitions of the stress resultants 
(eqns. (7)) and applying the principle of virtual work (eqn. (5)), the differential equations of 
motion in terms of the kinematical components can be written as 
 

 
*

, ,xx tt xE Au u pρ− + Α =  (12a) 
 

( )( ) ( )( ), , , , ,S S S T
CY S CY S

P S S
Y Y xx Z x Y Y x x x x xxG A A v GA G D Dθ η η θΦ Φ Φ Φ− + − + + − − +  

 ( ), , ,S T
CY S

x x tt C x tt yGD A v z pξ ρ θΦ Φ+ + − =  (12b) 

 

( )( ) ( )( ), , , , ,S S S T
CZ S CZ S

P S S
Z Z xx Y x Z Z x x x x xxG A A w GA G D Dθ η η θΦ Φ Φ Φ− + + + + − − +  

 ( ), , ,S T
CZ S

x x tt C x tt zGD A w y pξ ρ θΦ Φ+ + + =  (12c) 

 

( ) ( ) ( ) ( )*
, , ,S S S T

CY S CY S

P S S
ZZ xx Y Y x Z Y Y x x xE I G A A v GA G D Dθ θ η η θΖ Φ Φ Φ Φ− − + − + + − − +   

 ,S T
CY S

x ZZ Z tt ZGD I mξ ρ θΦ Φ+ + =  (12d) 

 

( ) ( ) ( ) ( )*
, , ,S S S T

CZ S CZ S

P S S
YY Y xx Z Z x Y Z Z x x xE I G A A w GA G D Dθ θ η η θΦ Φ Φ Φ− + + + − − − − −  

 ,S T
CZ S

x YY Y tt YGD I mξ ρ θΦ Φ− + =  (12e) 

 

( ) ( )*
, , , ,P P P P P S

CY S CY CY CY S

S
x xx Y xx x xx Y Y x ZE I I I GA vϕ ϕ ϕ ϕ ϕ ϕη η ξ η θ− + + + − + +  

 ( )( ),S S S T S T
CY S CY S CY S

x x x xG D D GDη θ ξΦ Φ Φ Φ Φ Φ+ − − + +  
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 ( ), , ,P P P S P P P
CY S CY S CY CY CY

x tt x tt Y ttI I I mϕ ϕ ϕ ϕ ϕ ϕ ϕρ η ξ η+ + + =  (12f) 

 

( ) ( )*
, , , ,P P P P P S

CZ S CZ CZ CZ S

S
x xx Z xx x xx Z Z x YE I I I GA wϕ ϕ ϕ ϕ ϕ ϕη η ξ η θ− + + + − − +  

 ( )( ),S S S T S T
CZ S CZ S CZ S

x x x xG D D GDη θ ξΦ Φ Φ Φ Φ Φ+ − − + +  

 ( ), , ,P P P S P P P
CZ S CZ S CZ CZ CZ

x tt x tt Z ttI I I mϕ ϕ ϕ ϕ ϕ ϕ ϕρ η ξ η+ + + =  (12g) 

 

( ) ( )( ), , ,
P S T S T T
t t t x xx t t x x x t x xG I I I G I I GIθ η θ ξ− + + + + − − +  

 ( )( ) ( ), , ,S S S T S S S T
CY S CY S CZ S CZ S

Y x xx Z xG D D v G D Dη θΦ Φ Φ Φ Φ Φ Φ Φ+ − − + + − ⋅  

 ( ) ( ), , , , , ,Z x xx Y x C tt C tt p x tt tw A z v y w I mη θ ρ θ ⋅ − − + − + + =   (12h) 
 

( ) ( ) ( )*
, , , ,P P P P P P

S S CY S CZ S

S T T
x xx Y xx Z xx t t x x x t xE I I I G I I GIϕ ϕ ϕ ϕ ϕ ϕη η η η θ ξ− + + + + − − +  

 ( )( ) ( ),S S S T S S S T
CY S CY S CZ S CZ S

Y x ZG D D v G D Dη θΦ Φ Φ Φ Φ Φ Φ Φ+ − − + + − ⋅  

 ( ) ( ), , , ,P P P P P P P
S S CY S CZ S S

Z x Y x tt Y tt Z ttw I I I mϕ ϕ ϕ ϕ ϕ ϕ ϕη θ ρ η η η⋅ − − + + + =  (12i) 

 

( ) ( )*
, , , ,P S P S S S

CY S CZ S S S

T
Y xx Z xx x xx t x x x xE I I I GIϕ ϕ ϕ ϕ ϕ ϕη η ξ ξ η θ− + + + − + +  

 ( ) ( ), ,S T S T
CY S CZ S

Y x Z Z x YGD v GD wη θ η θΦ Φ Φ Φ+ − + + − − +  

 ( ), , ,S S SP S P S
S S SCY S CZ S

x tt Y tt Z ttI I I mρ ρ
ϕ ϕ ϕϕ ϕ ϕ ϕ

ρ ξ η η+ + + =  (12j) 
 

where the externally applied dynamic loads are related to the components of the traction vec-
tor applied on the lateral surface of the beam xt , yt , zt  as 
 

 
( ), d , , ,i ip x t t s i x y z

Γ
=      =∫   (13a) 

 
( ), dt z ym x t t y t z s

Γ
= −  ∫  (13b) 

 
( ), dY xm x t t Z s

Γ
=  ∫  ( ), dZ xm x t t Y s

Γ
= −  ∫  (13c,d) 

 
( ) ( ), d , , , ,P S P P

i x S S CY CZm x t t i s i ϕ ϕ ϕ ϕ
Γ

=      =∫  (13e) 
 

The above governing differential equations (eqns. (12)) are also subjected to the initial condi-
tions ( ( )0,∈x l ) 
 

 ( ) ( )0,0 =u x u x  ( ) ( ), 0,,0t tu x u x=  (14a,b) 
 ( ) ( )0,0 =v x v x  ( ) ( ), 0,,0t tv x v x=  (14c,d) 

 ( ) ( )0,0Z Zx xθ θ=  ( ) ( ), 0,,0Z t Z tx xθ θ=  (14e,f) 
 ( ) ( )0,0 =w x w x  ( ) ( ), 0,,0t tw x w x=  (14g,h) 
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 ( ) ( )0,0Y Yx xθ θ=  ( ) ( ), 0,,0Y t Y tx xθ θ=  (14i,j) 
 ( ) ( )0,0 =x xx xθ θ  ( ) ( ), 0,,0x t x tx xθ θ=  (14k,l) 
 ( ) ( )0,0x xx xη η=  ( ) ( ), 0,,0x t x tx xη η=  (14m,n) 
 ( ) ( )0,0x xx xξ ξ=  ( ) ( ), 0,,0x t x tx xξ ξ=  (14o,p) 
 

together with the corresponding boundary conditions of the problem at hand, which are given 
as 
 

 1 2 3ba u Nα α+ =  (15a) 

 1 2 3byv Vβ β β+ =  1 2 3bzw Vγ γ γ+ =  (15b,c) 

 1 2 3Z bZMβ θ β β+ =  1 2 3Y bYMγ θ γ γ+ =  (15d,e) 

 1 2 3P
CZ

Z bM ϕβ η β β+ =    1 2 3P
CY

Y bM ϕγ η γ γ+ =    (15f,g) 

 1 2 3x btMδ θ δ δ+ =  1 2 3P
S

x bM ϕδ η δ δ+ =  1 2 3S
S

x bM ϕδ ξ δ δ+ =    (15h,i,j) 
 

at the beam ends 0,x l= , where bN , byV , bzV , bZM , bYM , P
CYbM ϕ , P

CZbM ϕ , btM , P
SbM ϕ , 

S
SbM ϕ  are the reaction forces, moments and warping moments respectively. 

Finally, , , , , , , , ,k k k k k k k k k kα β β β γ γ γ δ δ δ              

  ( 1, 2,3k = ) are functions specified at the 
boundaries of the beam ( 0,x l= ). The boundary conditions (15) are the most general bounda-
ry conditions for the problem at hand, including also the elastic support. It is apparent that all 
types of the conventional boundary conditions (clamped, simply supported, free or guided 
edge) can be derived from these equations by specifying appropriately these functions (e.g. 
for a clamped edge it is 1 1 1 1 1 1 1 1 1 1 1α β β β γ γ γ δ δ δ= = = = = = = = = = 

 , 

2 3 2 3 2 3 2α α β β β β β= = = = = = =  

3 2 3 2 3 2 3 2 3 2 3 0β γ γ γ γ δ δ δ δ δ δ= = = = = = = = = = = =  

  ). 

2.3 Warping functions due to shear P
CYΦ , 

P
CZΦ , 

S
CYΦ , 

S
CZΦ  

The analysis described in the previous section presumes that the warping functions P
CYΦ , 

P
CZΦ , S

CYΦ , S
CZΦ   with respect to the centroidal principal bending system CXYZ  are already 

established. According to the procedure presented in [49, 50], examining each primary warp-
ing function P

CiΦ  ( ,i Y Z=  ) separately, a boundary value problem in each direction is formu-
lated as 
 

 
2 P

CY Z∇ Φ =               , 0 on the boundaryP
CY nΦ =          (17a,b) 

 
2 P

CZ Y∇ Φ =                 , 0 on the boundaryP
Z nΦ =          (18a,b) 

 

where ( )P P P
CY YY Z CYI AΦ = − Φ , ( )P P P

CZ ZZ Y CZI AΦ = − Φ , while ( ),n⋅  indicates the derivative 

with respect to the outward normal vector to the boundary n  (directional derivative). After 
establishing P

CiΦ  ( ,i Y Z=  ), geometric constants P
iA  ( ,=  i Y Z ) can be evaluated employing 

definition (8i) as 
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( )2

P P
Z Z

ZZP
Y

I
A

DΦ Φ

=

                     

( )2

P P
Y Y

YYP
Z

I
A

DΦ Φ

=  (19a,b) 

 

Moreover, after evaluating P
CiΦ  ( ,i Y Z=  ), warping functions P

Ciϕ  ( ,i Y Z=  ) can be estab-
lished through eqns. (4c,d).  

Subsequently, S
Ciϕ  ( ,i Y Z=  ) employed in order to correct shear stresses are indirectly 

computed through S
CiΦ  ( ,i Y Z=  ) which can be established by formulating the following 

boundary value problem in each direction 
 

 
2 S P

Ci Ciϕ∇ Φ = ,  ( ,i Y Z=  )             , 0 on the boundaryS
Ci nΦ =           (20a,b) 

 

while it holds that ( )P P
CY CY

S S P
CY CY ZZ I Aϕ ϕΦ = Φ + , ( )P P

CZ CZ

S S P
CZ CZ YY I Aϕ ϕΦ = Φ +  and 

( )P P
CY CY

S S S
CY Z CYI Aϕ ϕΦ = − Φ , ( )P P

CZ CZ

S S S
CZ Y CZI Aϕ ϕΦ = − Φ . After establishing S

CiΦ , the geomet-

ric constants S
iA  ( ,=  i Y Z ) can be evaluated employing definition (8i) as 

 

 

( )2
P P
CZ CZ

S S
CZ CZ

S
Y

I
A

D
ϕ ϕ

Φ Φ

=

                                      

( )2
P P
CY CY

S S
CY CY

S
Z

I
A

D
ϕ ϕ

Φ Φ

=  (21) 

 

2.4 Warping functions due to torsion P
Sϕ , 

S
SΦ , 

T
SΦ  

Similarly with the previous section, the torsional warping functions are established inde-
pendently as follows. P

Sϕ  is given by the following boundary value problem (St. Venant prob-
lem of uniform torsion) as 
 

 
2 0P

Sϕ∇ =                      , on the boundaryP
S n y zzn ynϕ = −         (22a,b) 

 

It is noticed that in order for P
Sϕ  to be the primary torsional warping function, the analysis has 

to be carried out with respect to the center of twist S , which is initially specified according to 
the procedure presented in [11]. Following the strategy presented in the previous section, S

SΦ  
can be established by formulating the following boundary value problem as 
 

 
2 S P

S Sϕ∇ Φ =     , 0 on the boundaryS
S nΦ =          (23a,b) 

 

where ( )P P
S S

S S S
S t SI Iϕ ϕΦ = − Φ . Employing eqn. (8i), S

tI  is evaluated as 
 

 

( )2
P P
S S

S S
S S

S
t

I
I

D
ϕ ϕ

Φ Φ

=  (24) 
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while, after evaluating S
SΦ , S

Sϕ  can be established through eqn. (4a). The final boundary val-

ue problem for T
SΦ  is constructed as 

 

 
2 T S

S Sϕ∇ Φ =     , 0 on the boundaryT
S nΦ =           (25a,b) 

 

while it holds that ( )S S
S S

T T P S
S S S tI Iϕ ϕϕΦ = Φ +  and ( )S S

S S

T T T
S t SI Iϕ ϕΦ = − Φ . Finally, employ-

ing definition (10b), T
tI  is evaluated as 

 

 

( )2
S S
S S

T T
S S

T
t

I
I

D
ϕ ϕ

Φ Φ

=  (26) 

 

It is remarked that all boundary value problems (17), (18), (20), (22), (23), (25) have solu-
tion, since the condition ( ), d 0ni s

Γ
=∫ , ( , , ,P S P S T

j j x x xi ϕ= Φ Φ Φ ,Φ  , ,j Y Z=  , , 1,...,m n M= ) 

[21] is satisfied. It is also worth here noting that, since the problems (17), (18), (20), (22), 
(23), (25) have Neumann type boundary conditions, each warping function contains an arbi-
trary integration constant indicating a parallel displacement of the cross section along the 
beam axis. The evaluation of these constants is performed as presented in [11]. 

3 NUMERICAL SOLUTION 
According to the precedent analysis, the flexural-torsional dynamic analysis of beams of 

arbitrary composite cross section including generalized warping effects reduces in establish-
ing the components ( ),u x t , ( ),v x t , ( ),w x t , ( ),x txθ , ( ),Z x tθ , ( ),Y x tθ , ( ),x x tη , 

( ),Y x tη , ( ),Z x tη  and ( ),x x tξ  having continuous derivatives up to the second order with 
respect to x  at the interval ( )0, l  and up to the first order at 0,x l=  and up to the second or-
der with respect to t , satisfying the initial-boundary value problem described by the coupled 
governing differential equations of equilibrium (eqns. (12)) along the beam, the initial condi-
tions (eqns. (14)) and the boundary conditions (eqns. (15)) at the beam ends 0,x l= . Eqns. 
(12), (14), (15) are solved using the Analog Equation Method [52]. Application of the bound-
ary element technique yields a system of linear coupled differential-algebraic equations of 
motion which can be solved employing any efficient time-integration scheme (e.g. Mean Ac-
celeration Method). The geometric constants defined in eqns. (8) are evaluated by converting 
the domain integrals into line ones along the boundary using integration by parts, the Gauss 
theorem and the Green identity. The expressions of these constants are given in the appendix 
A of [50].  

4  NUMERICAL EXAMPLES 
On the basis of the analytical and numerical procedures presented in the previous sections, 

a computer program has been written and representative examples have been studied. A 
commercial FEM package with solid and beam modeling capabilities [51] is employed to 
compare and verify the results of the proposed method. 
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(d) 
Fig. 3. Cross sections of beams of examples 1 (a) along with three types of boundary conditions (b-d). 

 

Example 1 
In the first example, the free vibration characteristics of four HEB500 cross section (Fig. 

3a) steel ( E 210GPa= , G 80.8GPa= , v 0.3= , 2 47.85kN sec / mρ = ) beams of lengths 
2.5l m, 3.5m, 4.5m, 5.5m=  for three types of boundary conditions (clamped at both ends 

(Fig. 3b), cantilever (Fig. 3c), simply supported with fixed torsional rotation (Fig. 3d)) have 
been analyzed. More specifically, the generalized eigenvalue problem of eqn(35) has been 
solved to obtain the natural frequencies for the Generalized Warping Beam Theory (GWBT). 
For comparison reasons Timoshenko Beam Theory (TBT [51]) and Solid (3-D hexahedral 
elements extruded by quadrilateral surfaces) FEM (Solid FEM [51]) models have been ana-
lyzed. In the Solid models, rigid diaphragms at every set of nodes having the same longitudi-
nal coordinate have been employed, pointing out that the diaphragms are designed so as each 
set of nodes has the same translation and rotation in the cross section plane, corresponding to 
the assumption employed in the proposed method that the cross section maintains its shape at 
the transverse directions during deformation (no distortion). In GWBT solutions 88 elements 
have been used while in TBT [51] 100 elements per meter of length. The number of Solid 
FEM [51] elements that have been used is 24300. There are three types of natural frequencies 
under examination, namely bending natural frequencies with deflections along the y  ( v  natu-
ral frequencies) and the z  axis ( w  natural frequencies) and torsional natural frequencies ( xθ  
natural frequencies). 
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Table 1. Discrepancies (%) of natural frequencies between GWBT- Solid FEM [51] and TBT [51]- Solid FEM 

[51] of the clamped beam of example 1 for various lengths. 

Natural 
frequency 

type 

l=2.5m l=3.5m l=4.5m l=5.5m 

GWBT TBT GWBT TBT GWBT TBT GWBT TBT 

1st v -0.04 11.46 -0.21 12.48 -0.39 12.96 -0.59 13.23 

2nd v 0.07 9.25 -0.14 11.00 -0.34 11.96 -0.56 12.52 

3rd v 0.16 7.43 -0.08 9.50 -0.29 10.83 -0.52 11.67 

4th v 0.23 6.02 -0.02 8.12 -0.25 9.68 -0.48 10.75 

1st w 0.77 4.35 0.44 5.61 0.26 6.99 0.17 8.21 

2nd w 1.10 3.36 0.71 3.80 0.48 4.63 0.33 5.59 

3rd w 1.16 3.38 0.77 3.36 0.56 3.78 0.41 4.39 

4th w 1.24 3.19 0.80 14.34 0.58 3.17 0.44 3.59 

1st θx -0.64 54.61 -1.35 54.29 -0.22 52.42 -0.39 49.93 

2nd θx 0.17 30.71 -0.11 36.00 -0.30 37.73 -0.46 38.03 

3rd θx -1.14 12.06 -1.99 22.40 0.14 26.93 -0.38 29.09 

4th θx 0.49 -5.02 0.10 -39.43 -0.19 17.69 -0.43 21.57 

 

  
(a) 
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0.60

0.80

1.00

0.0 0.5 1.0 1.5 2.0 2.5
x (m)

GWBT

Solid FEM

TBT

 
(b) 

Fig. 4. 1st torsional modeshape of the clamped beam of length 2.5l m=  of example 1 as obtained from 
Solid FEM [51] (a) in comparison with those obtained by GWBT and TBT [51] (b). 

 
In Tables 1, 2 and 3the natural frequencies as obtained from GWBT and TBT [51] are 

compared with Solid FEM [51] solutions for the clamped, cantilever and simply supported 
boundary condition, respectively. Figs. 4a and 4b illustrate the 1st torsional modeshape of bar 
of length 2.5l m=  of example 1 as obtained from Solid FEM [51] and comparison among 
those obtained by GWBT and TBT [51] and Solid FEM [51] , respectively. Figs. 5a, 5b and 
6c illustrate the first four bending natural frequencies with deflections along the y  axis, the z  
axis and torsional natural frequencies, respectively as obtained from GWBT, TBT [51] and 
Solid FEM [51] solutions for the clamped boundary condition. Figs. 6a and 6b show the first 
four torsional natural frequencies for the cantilever boundary condition and the first four 
bending natural frequencies with deflections along the y  axis for the simply supported 
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boundary condition, respectively, as calculated by GWBT, TBT [51] and Solid FEM [51] so-
lutions. 

From the results of Tables 1-3, it is concluded that TBT [51] can not predict the natural 
frequencies as accurate as GWBT can. In more detail the discrepancies of GWBT with respect 
to Solid solutions is up to 2.00% (absolute value) for any of the examined boundary condition 
or length. On the contrast the discrepancies of TBT [51] with respect to Solid FEM [51] solu-
tions is up to 54.61% for Table 1, 52.49% for Table 2 and 16.91% for Table 3 (absolute val-
ues). 

 
Table 2. Discrepancies (%) of natural frequencies between GWBT- Solid FEM [51] and TBT [51]- Solid of the 

cantilever beam of example 1 for various lengths. 

Natural 
frequency 

type 

l=2.5m l=3.5m l=4.5m l=5.5m 

GWBT TBT GWBT TBT GWBT TBT GWBT TBT 

1st v -0.15 13.39 -0.27 13.58 -0.42 13.66 -0.61 13.70 
2nd v -0.09 11.39 -0.24 12.48 -0.41 12.97 -0.60 13.24 
3rd v -0.02 9.16 -0.20 11.03 -0.38 12.01 -0.58 12.57 
4th v 0.05 7.05 -0.15 9.41 -0.34 10.83 -0.56 11.70 
1st w 0.13 9.88 0.07 11.46 0.04 12.30 0.02 12.77 
2nd w 0.54 2.90 0.29 5.17 0.17 7.04 0.09 8.49 
3rd w 0.56 2.09 0.36 3.35 0.24 4.62 0.16 5.82 
4th w 0.54 -0.47 0.37 1.68 0.26 2.88 0.18 3.93 
1st θx 0.13 52.49 0.20 42.86 0.21 36.37 0.29 31.75 
2nd θx -0.06 31.13 -0.17 31.13 -0.25 29.58 -0.40 27.62 
3rd θx 0.00 16.11 -0.16 21.44 -0.27 23.22 -0.35 23.58 
4th θx 0.21 1.42 -0.12 11.73 -0.33 16.24 -0.55 18.39 

 
Table 3. Discrepancies (%) of natural frequencies between GWBT- Solid FEM [51] and TBT [51]- Solid FEM 

[51] of the simply supported beam of example 1 for various lengths. 

Natural fre-
quency type 

l=2.5m l=3.5m l=4.5m l=5.5m 

GWBT TBT GWBT TBT GWBT TBT GWBT TBT 

1st v -0.14 12.98 -0.27 13.36 -0.43 13.53 -0.62 13.62 
2nd v -0.10 11.04 -0.24 12.25 -0.41 12.83 -0.61 13.14 
3rd v -0.06 8.84 -0.21 10.76 -0.38 11.82 -0.59 12.43 
4th v -0.02 6.94 -0.18 9.21 -0.36 10.65 -0.57 11.56 
1st w -0.01 7.34 0.00 9.53 0.01 10.88 0.00 11.71 
2nd w -0.05 3.19 -0.04 4.97 -0.04 6.63 -0.03 8.01 
3rd w -0.05 2.01 -0.07 2.93 -0.07 4.11 -0.07 5.30 
4th w 0.00 1.83 -0.07 2.13 -0.08 2.84 -0.09 3.70 
1st θx -0.10 9.81 -0.08 9.64 -0.06 8.79 -0.04 7.79 
2nd θx -0.16 4.63 -0.24 8.35 -0.33 9.61 -0.42 9.93 
3rd θx -0.15 -4.64 -0.25 3.54 -0.38 7.04 -0.52 8.72 
4th θx -0.15 -16.19 -0.24 -3.07 -0.38 2.94 -0.53 6.10 
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Fig. 5. Comparison of first four bending natural frequencies with deflections along the y  axis (a) and the z  

axis (b) and first four torsional natural frequencies among GWBT, TBT [51] and Solid FEM [51] solu-
tions of clamped beam of example 1 for various lengths. 
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Fig. 6. Comparison of first four torsional natural frequencies of cantilever beam of example 1 (a) and of first 

four bending natural frequencies with deflections along the y  axis of simply supported beam of example 
1 for various lengths among GWBT, TBT [51] and Solid FEM [51] solutions. 

 
Example 2 

As a final example, the forced vibrations of a box shaped cross section (Fig. 7a) steel (
E 21 GPa= , G 8.08 GPa= , v 0.3= , 2 42.5 kN sec / mρ = ) beam of length l 30m= , clamped 
at end 1 and simply supported with fixed torsional rotation at end 2 (Fig 7b), have been exam-
ined. The beam is subjected to a uniform distributed dynamic load ( )zp t  (Fig 7a, b) along the 
axis of symmetry Z . Three load cases have been examined (Fig 7c). The time history of load-
ing is constant for load case I and sinusoidal for load cases II and III. The frequency of load 
case III is . sec51 48 rad that is very close to the first natural frequency as calculated by model 
B ( . sec56 44 rad ) while it is not valid for load case II that is . sec30 00 rad . 

More specifically, the initial boundary value problem of eqns(12),(14),(15) has been solved 
to obtain the response of Generalized Warping Beam Theory (GWBT). For comparison rea-
sons Timoshenko Beam Theory (TBT [51]) and Solid (3-D hexahedral elements extruded by 
quadrilateral surfaces) FEM [51] models have been analyzed. In the Solid model, rigid dia-
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phragms at every set of nodes with the same properties as in the first example have been used. 
In GWBT solution 62 elements have been employed as in TBT [51]. The number of Solid 
FEM [51] elements that have been used is 16400. 
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Fig. 7. Cross section (a), boundary conditions and loading (b), load cases (c) of the beam of example 2. 
 

Figs. 8a, 10a and 11a illustrate the time history of the displacement w at .x 16 94m=  
(position of maximum displacement) for Load Cases I, II and III, respectively. 

Figs. 8b, 10b and 11b illustrate the time history of normal stress xxσ  at the point A  (see 
Fig. 7a) at .x 1 5m=  of the beam for Load Cases I, II and III, respectively. From these figures, 
it is deduced the results of the Solid FEM [51] solution are closer to the proposed methodolo-
gy (GWBT) than the TBT [51], so the effect of Generalized Warping is pronounced. 
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Figs. 9a, 9b and 9c show the distribution of normal stresses xxσ  at 1.5x m=  for Load Case 
I acording to Solid FEM, GWBT and Timoshenko solutions, respectively, at time instances 
that appears the maximum stress at point A for each solution. The discrepancies of the distri-
bution and the extreme values of GWBT and TBT [51] with respect to Solid FEM [51] solu-
tions indicates that GWBT is much more appropriate for the analysis than the TBT [51]. 
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Fig. 8. Time history of the displacement w at .x 16 94m=  (a) and normal stress xxσ  at the point A  at 
.x 1 5m=  (b) of the beam of example 2 for Load Case I. 

5  CONCLUSIONS  
In this paper a boundary element solution is developed for the nonuniform warping dynam-

ic analysis of arbitrary cross section beams including shear lag effects due to both flexure and 
torsion. The beam is subjected to arbitrarily distributed or concentrated external loading, and 
its ends are supported by the most general boundary conditions. The formulation based on 
displacements stems from an improved stress field and is capable of yielding more accurate 
stress component values. The main conclusions that can be drawn from this investigation are  
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Fig. 9. Distribution of normal stresses xxσ  at 1.5x m=  for Load Case I of example 2, acording to 
Solid FEM [51] (a), GWBT (b) and TBT [51] (c) solutions at time instances 0.516sec, 
0.5025sec and 0.0624sec, respectively. 
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Fig. 11. Time history of the displacement w at .x 16 94m=  (a) and normal stress xxσ  at the point A  
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as follows: 

• The developed procedure retains most of the advantages of a BEM solution over a FEM 
approach, although it requires longitudinal domain discretization. 

• The accuracy and the validity of the proposed method are noteworthy.  
• TBT cannot predict the bending natural frequencies as accurate as GWBT can. 
• By GWBT normal stresses are evaluated with high accuracy compared with solid FEM 

model results. 
• The developed formulation is capable of giving accurate results without increasing the 

number of the involved kinematical unknowns. 
• In the treated examples, the influence of flexural and torsional shear lag effects was ap-

parent, modifying significantly the distribution of normal stress. 
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