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Abstract. A major challenge in component mode synthesis (CMS) remains the absence of a 
robust mode selection algorithm which can provide a measure of accuracy of the reduced 
model compared to the full model. In order to address this challenge, two concepts have been 
proposed in tandem: mode selection and error estimation methods. In this paper, we reassess 
performance of a recently proposed mode selection method and an a posteriori error estima-
tion method, and propose an efficient iterative algorithm that combines these two methods. 
The flexibility-based component mode synthesis (F-CMS) is used to demonstrate the perfor-
mance of the above methods. Numerical examples illustrate the effectiveness of the present 
algorithm. 
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1 INTRODUCTION 

Component mode synthesis (CMS) is a popular reduced-order modeling technique of the 
large finite element model in computational dynamics. After introducing the first approach of 
the CMS method in 1960s, various methods have been proposed [1-12]. In particular, the 
flexibility based CMS (F-CMS) method was developed using localized Lagrange multipliers 
[13], and its extended works have been performed [14,15].  

In CMS methods, since the reduced order model is constructed by assembling substructural 
modes, its accuracy depends on the selection of dominant substructural modes. Generally, the 
frequency cut-off rule has been used to select the substructural modes [15-17], and it relies on 
the basic assumption of the mode superposition which the lower substructural modes contrib-
ute more to the lower global modes. While the frequency cut-off rule is simple and easy to use, 
this assumption is not always true in the CMS methods. For the reason, Park and Park devel-
oped a new mode selection method using residual interface flexibility in the F-CMS method 
[12]. Also, Kim et al. [17] have developed another mode selection method based on the ei-
genvector relation between substructural and global modes, and it shows better performance 
than previous ones but also is applicable to various CMS methods such as Craig-Bampton 
(CB) and Automated multi-level substructuring (AMLS) methods. In addition, Kim and Lee 
recently developed new error estimation methods to directly estimate the relative eigenvalue 
error [18-20] unlike the previous methods [9, 21, 22]. In this paper, we propose an iterative 
mode selection algorithm that combines the mode selection and error estimation methods de-
veloped by Kim et al. [17, 20], and its feasibility is studied using the F-CMS method.   

First, we introduce the F-CMS method in Section 2. The mode selection and error estima-
tion methods are presented in Section 3. A new mode selection algorithm and its performanc-
es  are presented in Sections 4 and 5, respectively. The conclusions are given in Section 6. 

 

2 FLEXIBILITY BASED CMS (F-CMS) METHOD 

The displacement-based discrete energy functional  gu  of the global structure is 
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where gM  and gK  are global mass and stiffness matrices, respectively, and gu  and gf  

are global displacement and force vectors. sM  and sK  are block diagonal mass and stiffness 

matrices of substructures. The substructures and global structure are related with an assembly 
Boolean matrix L . Using )( gu , the eigenvalue problem is obtained 

iggiigg )()( φMφK  , gNi ,...,2 ,1 , ggg qΦu  ,       (2)  

where i  and ig )(φ  are the eigenvalue and eigenvector, respectively. gN  is the number of 

DOFs in the global model. gΦ  and gq  are the global eigenvector matrix and generalized co-

ordinate vector, respectively. Using the localized Lagrange multipliers λ , Equation (1) can 

be redefined as the sum of the substructural and constraint energy functionals 
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in which su  and sf  are the displacement and force vectors of the substructures, respectively, 

bu  is the interface displacement vectors, and B  denotes the interface Boolean matrix. bL  is 
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obtained by yanking out the rows with zero entries of LBT . When su  is decomposed by de-

formable and rigid body modes, Equation (1) can be expressed by ), , ,( bss uλαq  , which 

yields 
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where sΦ  and sR  are the eigenvector matrices of the deformable and rigid body modes of 

substructures, and the corresponding generalized coordinate vectors are denoted by sq  and 

sα . It should be noted that sΦ  and sR  are calculated from the substructural eigenvalue prob-

lem using )(k
sM  and )(k

sK ( sNk ,...,2,1 ). Here, sN  denotes the number of substructures. Then, 

sΦ  can be divided as 
    rrddss qΦqΦqΦ     ,           (5) 
where subscripts d  and r  denote the dominant and residual terms, respectively. To construct 
the effective reduced model, only dominant substructural modes are retained. Substituting 
Equation (5) into Equation (4) and performing the Gauss elimination on rq , the condensed 
equations are obtained. Finally, we have the final reduced eigenvalue problem 

ippiipp )()( φMφK  , pNi ,...,2 ,1 , ppp qΦu  ,        (6)  
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where pM  and pK  are the reduced partitioned mass and stiffness matrices, respectively, and 

i  and ip )(φ  are the approximated global eigenvalue and eigenvector, respectively. rbsF  and 

rbmF  are the static and dynamic parts of residual flexibility. Here, pN  is the number of DOFs 

in the reduced model ( gp NN  ).From the third row in Equation (7a), gΦ  is computed by 

 ΦBFΦRΦΦΦLΦΦ rsqdugg sdb

ˆ .         (8) 

 

3 PREREQUISITES FOR THE MODE SELECTION ALGORITHMS  

3.1 Mode selection method 

The mode selection method developed by Kim et al. [17] is based on the relation between 

the substructural and global eigenvectors. 
dqdΦΦ  in Equation (8) means a direct link between 
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the substructural and the global eigenvectors. Therefore, 
dqΦ  is regarded as a relation matrix 

between the approximate global eigenvector matrix gΦ  and the dominant substructural ei-

genvector matrix dΦ . Consequently, 
dqΦ  can be utilized as an indicator of the contributions 

of the dominant substructural modes to the global modes.  
In order to calculate the substructural modal contribution, we first construct a trial interme-

diate reduced model denoted by a tilde )~(  , and it contains more substructural modes than the 
final reduced model. The numbers of the selected substructural modes for the intermediate 

and final reduced models are defined by dN
~

 and dN  ( dd NN
~ ), respectively. Then, a rela-

tion matrix 
dqΦ

~
 could be calculated solving the eigenvalue problem of the intermediate re-

duced model.  
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)(~  is a component of 
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~
 corresponding to the contribution of the i th 

substructural mode in the k th substructure to the j th global mode, and then the magnitude of 

each row of 
dqΦ

~
 for a substructure implies the contribution level of the corresponding sub-

structural mode to the global modes in gΦ . Then, the substructural modal contributions can 

be calculated as 
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where )(k
iC  is an indicator of the contribution of the i th substructural mode of the k th sub-

structure, and here j  denotes the weighting factor with the following rule 

1j  for U
t

L
t NjN  , otherwise 0j ,      (10) 

in which L
tN  and U

tN  denote the lower and upper limits of the target global modes, respec-

tively. Both mode numbers are used to define the range of the target global modes.  

3.2 Error estimation method 

We here introduce the recently proposed error estimation method [20] that is another prior-
ity of the mode selection algorithm. Since i  and ig )(φ  are the exact eigensolutions of the 

global eigenvalue problem in Equation (2), the following equations should be satisfied 
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Here, the exact global eigensolutions are expressed by the approximated terms and the er-
ror terms i  and ig )( φ  

iii   , 
igigig )()()( φφφ  ,        (12) 

and also, we assume that gK  can be divided as the approximated and its error matrices as 

ggg KKK    with kkgg
T
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in which gK  is error in the global stiffness matrix. Using Equations (12) and (13) in Equa-

tion (11), we have 
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If the approximated global eigenvector ig )(φ   is close enough to the exact global eigen-

vector ig )(φ , the right-hand side in Equation (14) that are much smaller than the terms in the 

left-hand side can be negligible. Consequently, Equation (14) can be rewritten by 

1)()(1  igg
T
ig

i

i φΜφ



,        (15) 

where the left-hand side in Equation (15) is the relative eigenvalue error, and the right-hand 
side is the mass-orthonormality error of the approximated global eigenvector ig )(φ . This der-

ivation procedure shows that the mass-orthonormality error is a direct approximation of the 
relative eigenvalue error. Then, we define the error estimation parameter i  as   

1)()(  igg
T
igi φMφ .         (16) 

 

4 MODE SELECTION ALGORITHM 

We here propose a new mode selection algorithm combining the recently develop mode se-
lection and error estimation methods [17, 20]. The proposed new mode selection algorithm 
will be compared with another mode selection algorithm using frequency cut-off rule. To dis-
tinguish those two algorithms, we here use “eigenvector based mode selection algorithm (E-
MSA)” and “frequency cut-off mode selection algorithm (F-MSA)”. The sequential proce-
dures of these mode selection algorithms are summarized in Tables 1 and 2.  

 
Step 1. Initial preparation 

          (a) gM  and gK  are given. 

          (b) The range of the target global modes is determined: 

                L
tN  and U

tN . 

          (c) Error tolerance   is assigned. 

            (d) dN  is determined for the reduced models. 

Step 2. Construction of the reduce model 
            (a) The substructural eigenvalue problem are solved:  

                 0φMK  i
k

s
k

s
k

i
k

s )]([ )()()()(  , for sNk ,...,2,1 . 

          (b) The dominant substructural modes are selected by the  
                frequency cut-off rule. 
          (c) The reduced model is constructed and solved: 

             ippiipp )()(  φMφK  . 

Step 3. Convergence check 
    (a) Relative eigenvalue error is estimated using Equation (16). 

(b) Convergence is check in target range: 

                i  ( U
t

L
t NiN  ). 

               If the target eigenvalues have converged, stop. 
               Otherwise, continue. 
(c) Increase the number of retained modes: 
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               1 dd NN . 

(d) Go to step 2(b). 

Table 1: Frequency cut-off mode selection algorithm. 
 

Step 1. Initial preparation 

            (a) gM  and gK  are given. 

          (b) The range of the target global modes is determined: 

               L
tN  and U

tN . 

          (c) Error tolerance   is assigned. 

          (d) dN
~

 and dN  are determined for the intermediate and final 

                reduced models, respectively. 
Step 2. Construction of the intermediate reduced model 
            (a) The substructural eigenvalue problem are solved:  

                 0φMK  i
k

s
k

s
k

i
k

s )]([ )()()()(  , for sNk ,...,2,1 . 

          (b) The dominant substructural modes are selected by the 
                frequency cut-off rule for the intermediate reduced model. 

          (c) The intermediate reduced model is constructed pM
~

and pK
~

. 

Step 3. Construction of the final reduce model 

            (a) The intermediate eigenvalue problem is solved and 
dqΦ

~
 is 

                  found: ippiipp )~(
~~

)~(
~

φMφK  . 

          (b) The substructural modal contributions )(k
iC  are calculated 

                using Equation (9) in the target range U
t

L
t NN ~ . 

          (c) The dominant modes are selected using )(k
iC  for the final 

                reduced model. 
          (d)  Final reduced model is constructed and solved: 

              ippiipp )()(  φMφK  . 

Step 4. Convergence check 
            (a) Relative eigenvalue error is estimated using Equation (16). 
          (b) Convergence is check in target range: 

                 i  ( U
t

L
t NiN  ). 

If the target eigenvalues have converged, stop. 
               Otherwise, continue. 
(c) Increase the number of retained modes: 

               1 dd NN . 

          (d) Go to step 3(c). 

Table 2: Eigenvector based mode selection algorithm. 
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5 NUMERICAL EXAMPLES  

We consider a cylindrical shell problem modeled by 24 24 MITC4 shell finite elements 
[23-25], and the free boundary condition is imposed. Length L  is 12m, radius R  is 0.5m, and 
thickness h  is 0.005m. Young modulus is 69GPa, Poisson’s ratio is 0.35, and structural densi-

ty is 2700 3/ mkg . The cylindrical shell is partitioned into two substructures ( 2sN ), see 

Figure 1.   
Performances of the mode selection and error estimation methods are tested in the target 

global range with 5L
tN  and 15U

tN . 70 substructural modes are retained for the interme-

diate reduced model ( 200
~ dN ). Figures 2 and 3 show the performance of the mode selec-

tion and error estimation methods employed in this work. Also, we test the performance of E-
MSA compared with F-MSA. 20 substructural modes are initially retained ( 15dN ), and 

error tolerance   is assigned by 310 . Using E-MSA, total modes in the target range converge 
much faster than F-MSA, see Table 3 and Figure 4. 

 

Figure 1: Cylindrical shell problem. 
 

 Total number of iteration 
Final number of retained 

substructural mode 

E-MSA 8 28 

F-MSA 52 72 

Table 3: Numbers of iteration and retained mode. 

 
Figure 2: Relative eigenvalue error. 
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Figure 3: Exact and estimated relative eigenvalue errors. (a) Frequency cut-off rule, and (b) 

Kim et al. [17]. 

 
Figure 4: Convergence curve of the 14th mode. 
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6 CONCLUSIONS 

We here propose a new mode selection algorithm in the F-CMS method, and then recently 
developed robust mode selection and error estimation methods are employed [17, 20]. The 
proposed mode selection algorithm was compared with the conventional mode selection algo-
rithm using the frequency cut-off rule. We first reassessed the mode selection and error esti-
mation methods, and then tested performance and features of the proposed mode selection 
algorithm using cylindrical shell problem. Those results show the excellent performance of 
the proposed mode selection algorithm. Although it is only studied in the F-CMS method here, 
this idea could be applicable to other CMS methods.  
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