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Abstract. The paper investigates the contribution of the warping deformations and the shear
center location on the dynamic response of 3D thin-walled beams obtained with an original
consistent co-rotational formulation developed by the authors. Consistency of the formulation
is ensured by employing the same kinematic assumptions to derive both the static and dynamic
terms. Hence, the element has seven degrees of freedom at each node and cubic shape functions
are used to interpolate local transversal displacements and axial rotations. Accounting for
warping deformations and the position of the shear center produces additional terms in the
expressions of the inertia force vector and the tangent dynamic matrix. The performance of the
present formulation is assessed by comparing its predictions against 3D-solid FE solutions.
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1 INTRODUCTION

The purpose of the present paper is to further develop the dynamic formulation proposed
in [31] so that beams with arbitrary thin-walled open cross-sections can be studied. For that, two
main ideas are used. Firstly, a seventh degree of freedom is added at each node to describe the
warping of the cross-section. Consequently, the linear interpolation for the local axial rotation
used in [31] is replaced by a cubic interpolation. Secondly, the main difficulty in the nonlinear
analysis of beams with arbitrary cross-sections is that, due to the eccentricity of the shear center,
the cross-section rotations are usually not defined at the same point. To avoid this difficulty, the
kinematic description proposed by Gruttmann et al. [1] is adopted. In this approach, the warping
function is modified and all the cross-section rotations are defined at the centroid.

Consequently, the inertia terms are consistent with the static ones developed by Battini and
Pacoste in [5] since the same corotational kinematic description is used to derive all the terms.
Regarding the dynamic terms, i.e. the inertia force vector and tangent dynamic matrix, the for-
mulation proposed in [31] is extended and several additional terms are introduced. The contri-
bution of these terms in the performance of the formulation is then investigated in the numerical
examples. Regarding the static deformational terms, i.e. the internal force vector and tangent
stiffness matrix, the corotational beam element developed by Battini and Pacoste [5] is adopted.
However, in order to introduce the bending shear deformations, the cubic Hermitian functions
are modified as suggested in the Interdependent Interpolation Element (IIE) formulation [39].

2 PARAMETRIZATION OF FINITE ROTATION

In this section, the basic relations concerning the parameterizations of finite rotations are
briefly presented. For a more complete description, the reader is referred to textbooks and
review papers such as [2,12,16,20,21, 28].

Figure 1: Finite rotation of a vector

The coordinate of a vector X, that is rotated into the position x (see Fig. 1) is given by the
relation

x = RXx,. (D

Due to its orthonormality, the rotation matrix R can be parameterized using only three indepen-
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dent parameters. One possibility is to use the rotational vector defined by
0=0n, )

where n is a unit vector defining the axis of the rotation and 6 = (GTG)l/ 2

rotation.

is the angle of the

The relation between the rotation matrix and the rotational vector is given by the Rodrigues’
formula
sinf~ 1—cos@~~ ~

R=1+ 5 0+ 02 00 =exp(0), (3)

where 0 is the skew matrix associated with the vector 0.

The variation of the rotation matrix in spatial and material form is given by
SR = 6WR = Réw. )

Physically, 6w represents infinitesimal spatial rotation superposed onto the rotation R. dw,
which is also denoted as spatial spin variables, is related to the variation of the rotational vector
through

ow =T(0) 606, (&)
with
1—cosO~ 6O —sinf~~
T;(0) =1+ 02 0+ 07 00. (6)

The time derivative of the rotation matrix in spatial and material form is given by
R=wR =Ro, (7
where the axis vectors w and @ are spatial and material angular velocities, respectively.

The spatial and material quantities are connected by the relations

dw=Rdo, (8
w=Ro, 9
Ww=Ra®. (10)

The variation of the material angular velocity is given by (see [8])
5® = fw+® dw, (11

with o denoting the time derivative of the material spin variables.
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€3

Figure 2: Initial and current configuration of the beam

3 KINETIC ENERGY

In the present paper, the kinematic description proposed by Gruttmann et al. [1] is adopted
(see Fig. 2). A beam with an arbitrary cross-section is considered. G and C are the centroid
and the shear center of the cross-section. e; and a; (i = 1,2,3) denote the global and cross-
section-attached orthogonal coordinates systems, respectively. The transformation from the
global coordinates system to the cross-section-attached one is defined by

a,=Re;. (12)
Let xp(x,y,z) denote the position vector of an arbitrary point P in the current configuration
Xp(X,¥,2) = XG(x) +ya(x) +za3(x) + at(x) @(y,z) a; (x), (13)
with X5 denoting the position vector of G in the current configuration.

The warping function @(y,z) is defined within the Saint-Venant torsion theory and refers to
the centroid G, i.e.

O=0-y.z2+2z.y, (14)

where @ refers to the shear center C with coordinates y,.,z.. Note that in connection with ®,
the following normality conditions hold

/a)dA:O, /a)ydA:O, /wsz:O. (15)
A A A
Using Eq. (12), the expression (13) can be put in the form

xp =Xg+ R (X+ o ng), (16)
with X =[0 y z]T and ng = [@ 0 0]T.

By taking the time derivative of the above expression and using Eq. (7), the velocity is
obtained as

ip = %p = X5+ R@(X+ang) +R & ng (17)
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The kinetic energy of the beam is then calculated by

1 T . 1 . .
K:E/Vpugula deE{/loug}ApuG d/
+/p(—i(b—OtﬁZ,d)Jranw)T(—f(o)—aﬁz,dwrdnw) dV}.
v
The following notations are introduced
[ — _ 2 _ [ .2 _ 2
yz—/yZdAv Iyy—/y dA, Izz—/z dA, Iw—/w da,
A A A A
o= [ @ dA=lo+22hy+32 L= 2yczcle,
ch:/AyEdA:_yclyz'f‘chyya

Izc:/AzwdA:_)’chz'f’chyzy
Ly + 1, 0 0
Jp:/Apf(Tf( dA=p 0 L, —Iy |,

0 —I. I,
0O 0 O
Jo= [pu' g di=p [0 Iy O |,
0 0 Iy
0 -l —L
Ja:Ap(iTlﬁ)+lﬁ>Ti> dA=p | b 0 0 |,
L. 0 0
0
Y= [pXTng ad=p | L |.
ch

Ja:azJa +oJ,, Jog=plyg.

The expression of the kinetic energy can then be rewritten in the material form as

1 1
K:E/ [ugApuGerTme} dl+§/ [mTJam—zmTJbaHaaz} dl,
I, lo

and, using Eq. (9), the spatial form is obtained

1

|
K=- [ugApuGerTIpw} dl+§/ [WTI(XW—2WTIZ,O¢—|—J5(12] dl,
lo

= 2 lo
with

I, =RJ,R", I;=RJzR", I,=RJ,R", I,=R],.
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The first integrals in Egs. (28) and (29) are the kinetic energy due to the translation and rotation
of the beam cross-section. The variation, in the spatial form, is obtained as

5K ranss Rot = — /l {6uGTA,,uG + W [+ WIpw) } di. (31)

The second integrals in Egs. (28) and (29), named as Kwayping, are the additional kinetic energy
due to the warping deformations and the eccentricity of shear center with respect to the centroid

|
Kwarpmgz/lkw dl:E/I [(i)TJad)—Zu')TJb a+Jp az} dl. 32)

The variation of ky is given by

Sk =80T Jod—Jp )+ 800" J,0+80 (Jg a—a' Jp), (33)
where
_1dle o 1
Jo‘_zda —aJa)+2Ja- (34)

In order to derive an expression which only depends on infinitesimal rotations, an integration in
time is performed using Eqs. (11) and (33)

153 L .7 y) T ~T
/Sdetz/ 50" (Jo@—J, &) dt+/ 50T & (Jo@&—Jp ) di
1 1 1

15 ’ 15}
+ [ Saa' Jyodi+ [ S (Jpa—aJ,)dt. (35)

4 15
The first and fourth terms in the above expression are integrated by parts
)

oo
50" (Jaod—J, @) df = 50 (Ju&—Jp &)
1

(36)

1

15) 15) '
—/ St (Jgd—J, &) dt—/ So'2J, amdr,
f n

1% 15}
— [ So(Jyo—d"Jp)dt. (37)

| n

5)
S (Jgo—a Jp)dt =Sa(Jg a—a' J,)
I

Due to the arbitrariness of the variations dw and d &

t
"0, (38)
n
15)

o0, (39)

n

o' Joo—J, @)

Sa(Jga—o' Jp)

hence, using Egs. (36) and (37), Eq. (33) can be rewritten as
so1'[ Ju =X [ sol'| 0J¢ Jo |[a
Okw = — — , ,  (40)
o -1 Js o So —o"J, 0 o
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where J. :2JO;+JNb.

Finally, the variation of the total kinetic energy, in the spatial form, is expressed as

5K = _/ {5uGTA,,uG + W [Ty -+ WIpw) }dl— 1)
l
swl'[ 1o -1, ][w swl'| wiy Lw|[w
/ di — / , i,
I | 8ot -1 Jg a I | S —w'1, 0 a

where I, =R J, RT and I, =R J. RT.

By introducing the following notations

, ow . W . w
ow" = , W= |, W= ], (42)

oo o a
P - _IT Jf 9 19 - T / 9 ( )

b 0] -w I, 0
the expression in Eq. (41) can be put in the form
0K = —/ {5HGTApﬁG + sw'T [I},WW —i—Ilz)WW] }dl. (44)
lo

4 BEAM KINEMATICS

In this work, the corotational framework introduced by Rankin and Nour-Omid [36,38], and
further developed Battini and Pacoste [5] is fully adopted.

The definition of the corotational two noded-beam element, described in this section, in-
volves several coordinate systems, see Fig. 3. First a global reference system is defined by the
triad of unit orthogonal vectors e; (j = 1,2,3). Next, a local system which continuously rotates
and translates with the element is selected. The orthonormal basis vectors of the local system
are denoted by r; (j = 1,2,3). In the initial (undeformed) configuration, the local system is
defined by the orthonormal triad €. In addition, t} and t? (j = 1,2,3), denote two unit tri-
ads rigidly attached to nodes 1 and 2. The origin of each unit triad (except the global one e;)
coincides with the centroid of the cross-section.

According to the main idea of the corotational formulation, the motion of the element from
the initial to the final deformed configuration is split into a rigid body component and a defor-
mational part. The rigid body motion consists of a rigid translation and rotation of the local
element frame. The origin of the local system is taken at node 1 and thus the rigid translation
is defined by u‘f , the translation of the cross-section centroid at node 1. Here and in the sequel,
superscript g indicates quantities expressed in the global reference system. The rigid rotation is
such that the new orientation of the local reference system is defined by an orthogonal matrix
R,, given by

Rr:[l'l | ) 1‘3]. (45)
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Figure 3: Beam kinematics and the coordinate systems

The first coordinate axis of the local system is defined by the line connecting nodes 1 and 2 of

the element. Consequently, r; is given by

818 w8 _ 8
_ X5 +uy; —X) — U
In

r : (46)
with x¥ (i = 1,2) denoting the nodal coordinates in the initial undeformed configuration and /,
denoting the current length of the beam, i.e.

I, = Hx‘g—f—u‘g—xf—uﬂ. 47)

The remaining two axes are determined with the help of an auxiliary vector p. In the initial
configuration, p is directed along the local €9 direction, whereas in the deformed configuration
its orientation is obtained from

1 .
p=5P1+p2), Pi=R{R,[010]" (i=12), (48)
where R‘f and R§ are the orthogonal matrices used to specify the orientation of the nodal triads t}.
and t? respectively, and R,, specifies the orientation of the local frame in the initial configuration,
ie. R, = [e{ ¢ €{]. The unit vectors r; and r3 are then computed by the following vector
products
rp xp

r3=——-—, Ip=Ir3xXrp, (49)
|1 < pl|

resulting in the orthogonal matrix R, (Eq. (45)) being completely determined.

The rigid motion previously described, is accompanied by local deformational displacements
and rotations with respect to the local element axes. In this context, due to the particular choice
of the local system, the local translations at node 1 are zero. Moreover, at node 2, the only non
zero component is the translation along r;. This can easily be evaluated according to

u=1l,—1,, (50)
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with [, denoting the length of the beam in the original undeformed configuration. Here and in
the sequel, an overbar denotes a deformational kinematic quantity.

The global rotations at node i can be expressed in terms of the rigid rotation of the local axes,
defined by R;, followed by a local rotation relative to these axes. The latter is defined by the
orthogonal matrix R;. Consequently, the orientation of the nodal triad t’ can be obtained by

means of the product R, R;. On the other hand, (see Fig. 3) this orlentatlon can also be obtained
through the product R R,, which gives

R, =R'R{R, (i=1,2). (51)
The local rotations are then evaluated from
8; = log (E-) (i=1,2). (52)

Due to the choice of the local coordinate system, the local nodal displacement vector d;” has
only nine components and is given by

T — T
= [ﬁ 6, 8, w ocz} : (53)
with o; (i = 1,2) denoting the additional warping degrees of freedom.

The variation of the local nodal displacement vector is
w — «aT =T T
5 = {&t 58, 58, Soy 3a2} : (54)
and the global counterpart is given by
T

ody = | ui" swit sus" sws" Sy Sou| (55)

with w? (i = 1,2) denoting spatial spin variables defined by
SR} = 5wg R, (56)

Since the warping is a deformational quantity, it remains constant during the transformation
between the global and local system, see Eqgs. (54) and (55).

Further, let 5W; and Sw; denote the spatial spin variables defined by

SR, = 6WiR;, OR,=0OwR,. (57)
By taking the variation of Eq. (51), one obtains the following relation (see [5])
ow; = ow; —oéw, (i=1,2), (58)

where use of Eq. (51) has been made along the fact that R, transforms a vector and a tensor
from global to local coordinates according to

x*=RTx%, x¢=RIx¢R,. (59)
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Let consider only the global translational and rotational variables

T
5d, = | uf™ swi" sus™ sws"| (60)
and let
(R, 0 0 0 ]
5d°=E"s8d,, E 0 R 00 (61)
$ 7710 0 R0 |
0 0 0 R,
with 0 denoting the 3 x 3 zero matrix.
Using the chain rule, 6w; is evaluated as
ow; odg oW,
SWi=— —£8d, = ——E'8d, (i=1,2). 62
YT odg 94, Jdg (i=12) (62)
Then Eq. (58) can be rewritten as
5w, 0100 G’ T T
W) 000TI GT
where the matrix G is defined by
Iw’
G'=—-"_. 64
sa: (64)
For the local coordinate system defined in Egs. (46) - (49), the above equation yield to
[ n N2 N n N2 M
0 O L 2 > 00 O L, 2 > 0
1 1
GT=(0 0 — 0 0O 00 0 — O o 0], (65)
Ly In
1 1
0O — 0 O 0O 00 — O 0 0O O
R by _
n=LL g =L g, =P gy, B2y, P2 (66)
p2 P2 D2 P2 D2

where (see Eq. (48)) p; and p;; are the components of the vectors pr and RI pi, respectively.

S INERTIA FORCE AND TANGENT DYNAMIC MATRIX
5.1 Local beam kinematic description

The local motion of a beam cross-section from the initial (i.e. rotated but still undeformed)
configuration to the current configuration is defined by [#; #y U3 ]T, the translation of the cross-

section centroid G and 6 = [51 0, 53]T, the local rotation of the section (see Figs. 4 and 5)
and o, the warping intensity (see Eq. (13)).
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Figure 5: Local beam configuration - Rotation.

The main interest in the separation of the local deformation and the rigid body motion is
that different assumptions can be made to represent the local displacements. Hence, linear
interpolation is used for the axial displacement whereas cubic interpolations are used for the
transverse displacements and for the axial rotation. Then, due to the particular choice of the
local degrees of freedom, one has

0 0O Ns O 0 Ne O O
No O 0 —No O 0 Ns Ng

] N, O 0 0 0 0O 0 0 O
i) 0 0 0 N O 0 N+ O O
u3 0O 0 —N3; O 0 -Ns O O O
6;l=]0 N O O Ng O O N3 Ng|a, (67)
0, 0O 0 Ns 0 O Ny O O O
0
0

where the local nodal displacement vector d}” is defined by Eq. (53).

The expressions of the interpolation functions are given by

X X 2
- N2=1—N1, N3:x 1—— 5
lo lo

x\ 12 3x X 3x X
Ny=—(1——)—, Ns=|[1—— 1—— Ne=|—-2] —
== (-) 5 = (1) (-0) (T2 5

3x2 243 6x> 6x
Tty MEE MEte ey

o

Ni=1-

Letw; = [0 u us ]T denotes the local transverse displacement vector. From Eq. (67), this vector
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is given by
=P H : (68)

with
0
Pi=10 0 N3 O O DNg|. (69)
0

From Eq. (67), the local rotation and the warping degree of freedom are given by

0| [Py P3| |6;
[OC o Py P5] (04] ’ (70)
105)
with
Ny O 0 Ng O O N3 Ny
P,=]0 Ns O O Ng¢ O], P3=]10 0], (71)
0 0 Ns O O Ng 0 O

P,=[No 0 0 —No 0 o}, Psz[z\g NJ.

5.2 Translational displacement variables

The position of the cross-section centroid in the global coordinate system is given by (see
Fig. 4)

OG =xg = X{ +u} + (x+u) 1| +ory +U3rs3. (72)
Using Egs. (46), (50) and (67), the above relation can be put in the following form
OG = Nix} + Nox5 + Njuf + Nyu§ + Ry, (73)
with wu; as defined in Eq. (68).
Then by taking the variation of the above equation, the following expression is obtained

00G = 6u=Nodd; +R,0u;+ 6R,uy, (74)

with N=| NI 0 NI 0 |
One interesting property of N is that

N=R,NET. (75)
The variation 6R, is calculated

SR, =R, Swe. (76)
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From Eqgs. (61) and (64), 6W¢ is obtained as
Sw’=G'E"4d,.
By taking the differentiation of Eq. (68), one obtains

]
5lu 221)1 [5(5;] .

(77)

(78)

In the corotational approach, the local rotations at the nodes éi (i = 1,2), defined in Eq. (52),

are small and the operator Ty (0;) is close to the identity matrix. Consequently, see Eq. (5), the

following approximation is adopted
5\’_Vi ~ 56, .
Then, using Egs. (63) and (79), the expression in (78) becomes

5W2
Inserting Eqgs. (75) - (77) and (80) into Eq. (74), one obtains
Su=R,H E"4d,,

Su; ~ P, [531] —P,PE"5d,.

where

H =N+P,P—uG".

Obviously, the translational velocity of the cross-section centroid is given as

u=R,H E"d,.

(79)

(80)

81)

(82)

(83)

By taking the time derivative of the above equation, the expression of the translational acceler-

ation reads as follows

ii =R, HETd, + (RrHlET+R,H1 ET R, H, ET) d,,

with H; given in [32].
By noting that R, = RrVAV% (see Eq. (76)), one has

we 0 0 0
_ 0 w¢ 0 0
E=EE;,, E, = -~
0 0 w¢ 0
0 0 0 w
w¢ (see Eq. (77)) is calculated as
w.=G'E"d,.

By introducing the notation
C,=wH, +H; —H E,,
Eq. (84) can be rewritten in a more compact form as

i=R,H,E"d, +R,C,E"d,.
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5.3 Finite rotations and warping variables

Combining Eq. (70) with the approximation defined in Eq. (79), the local spatial spin and

warping variables are calculated as follows

oW oW

. 5W> B 5w,
oW = [Pz P3} 5061 ’ oo = [P4 PS] 5061
5062 50‘2

Using Eq. (63), the above equation leads to

T
sw=[p ] |"5 102 5dy = [P,P Py |E"T 54y,
Sa= Py, P PET 0 5d” = H;E"T 8d"
where
E 0 10
B =y 1| 12:[0 1], H3:[P4P P5}.

(89)

(90)

oD

92)

Using Egs. (58) and (59), the spatial spin variables, associated to the global rotation of a cross-

section, are evaluated using

Ow =R, 0w’ =R, (6w, + 6w) .
Using Egs. (77) and (90), the above expression can be rewritten in as

Sw=R,HE" 5dy
with
H, — [P2P+GT P;
w and ¢ are calculated with expressions similar to (91) and (94)
w=R,HE""d), a=H;E""d}.
W is obtained by taking the time derivative of w
W=RHET{ +R, (%Hz +H, —HZE;V> E"Ta,

with H» given in [32]

1100
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By noting that
P4P:[000N900000—N900, (99)
and by taking the time derivative of &, the expression of & is obtained
& =H;E""dy —H;E/E""d} . (100)

Introducing Egs. (91),(94),(96),(97), and (100) into Eq. (42), one obtains

Sw" = 1}{ (1) gj E"T5dy =R HyE"" 5dy (101)
W’ =R/HYE"" d} (102)
W' =R'HyE""d;y + R CE""dy (103)
where
C, = ;va H; inZE—;vHZ E} (104)

5.4 Inertia force vector and tangent dynamic matrix

By inserting the expressions of du and 6w" given in Egs. (81) and (101) into Eq. (44), the
inertia force vector is obtained as

Ji, HT RT Apiid!

£ —E"
0

n / HYTR"T [I})WWH,Z,WW} dih . (105)
Lo

As shown in the above equation, the inertia force vector depends on dg,d}; and ('ifg". Hence,
linearization of this force vector is evaluated as follows

Afy = MAdy + CAdy + KiAdy . (106)

Some authors [8, 18] proposed to keep only the mass matrix M, and to eliminate the gyroscopic
Cy and centrifugal Ky dynamic matrices. However, in [30], extensive numerical studies have
shown that it is advantageous to retain also the gyroscopic matrix as it enhances the computa-
tional efficiency. The same approach is used here. The centrifugal matrix, whose derivation is
complicated and would give rise to a lengthy mathematical expression, is neglected. Therefore,
the iterative scheme of the present formulation is implemented with the following approxima-
tive linearization

AfY ~ MAdy + CiAdy . (107)
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From the expressions (88), (102) and (103), the following linearizations are derived

aCy

Aii =R, |H;E"Ad, + C;ETAd, + (ﬁAdg)Eng + f(Ady)
8

—R, [Hl E"Ad, +(C) + C3)ETAdg} +f(Ady), (108)
AW" =RYHYE"TAd} + f(AdY) (109)

) . 9Cs .
HYE"TAQY + G BT Ady + (5 otady) BT dy

8
—RY [Hg E"TAdY + (C2+Cy) E“Ad;f} +f(AQY), (110)

AW” =R" +f(AQY)

with C3 and C4 given [32].
Using the above linearizations, the expression of the mass matrix M is obtained as

S, H{ApHdl 0

W
M=E 0 0

+ / H'RTIRYHY dl  EMT
lo

—EYM¢E"T, (111)

Regarding the gyroscopic matrix Cy, the following intermediate variation is used

algwwmw _ W (I, + 1) AW+ AW (Ip 4 1) W+ L. (AW & + WAG)
owW" —AWT T, w—wT T, Aw
_ W (Il_): I/a) I.w AWY 4 (Ip +1g)W q;lc & 0 A
W 0 L 0 |
- <I§+II3,> AW” . 112)

Finally, the gyroscopic matrix Cy is calculated from

T
Ck :EW{ flOHl AP ((?1 +C3)dl g] +[ HEVTR;VTI}) R;/,V (C2+C4)dl
+/ HyTRVT (If) +Ig> R;VHydl}EwT —E"C{E"T. (113)
lo

In this work, the warping deformations and the eccentricity of the shear center have been taken
into account in deriving the inertial terms, see Eq. (13). Consequently, several additional terms
have been introduced in the expressions of the inertia force vector and the tangent (mass and
gyroscopic) matrices. The importance of these terms can be discussed. In the five numerical
examples presented in Section 7, it has been found, as expected, that the warping deformations
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in the dynamic terms have a negligible contribution to the response and can be omitted. This is
done by setting I, = 0 in Egs. (19) and (20).

The eccentricity of the shear center with respect to the centroid generates extra dynamic
terms whose importance has been investigated. It appears that for slender beams (Exam-
ples 7.1), these terms do not affect the results and can be therefore neglected. But as it has
bee shown in [32], they may have a significant contribution for short beams.

If I, = y. = z. = 0 is adopted, then the expression of the inertia force vector in Eq. (105) can
be simplified as

R Ji, Hf RT Apiid]
=

+/l) HIRT [IPW+\7vIpW} d 'y (114)
and similar simplifications apply also for the expressions of the mass and gyroscopic matrices.

6 Internal force vector and tangent stiffness matrix

The purpose of this section is to present briefly the derivation of the inertial force vector and
the tangent stiffness matrix. A complete description can be found in [5].

The local nodal displacements and rotations defined in Eq. (53) are extracted from the global
degrees of freedom using Eqgs. (50), (51) and (52).

The local internal force vector f}” and the local tangent stiffness matrix K" associated with
ody’ (see Eq. (54)) are derived using the same local beam kinematic description as in 5.1. How-
ever, to incorporate the bending shear deformations, the Hermitian shape functions for the trans-
verse displacements are slightly modified as suggested in the Interdependent Interpolation El-
ement (IIE) [39]. The Maple codes for f;” and K{" are given [32]. A low order of geometrical
nonlinearity is introduced through a shallow arch strain description and the Wagner term.

The global internal force vector fy and the global tangent stiffness matrix Ky associated
with 5dg (see Eq. (55)) are obtained through a change of variables based on the transformation
matrix B" defined by

éd) =B" ad, . (115)

By equating the internal virtual work in both the global and local systems, the expression of the
global internal force vector fy is obtained as

) =B""f. (116)

By taking the variations of Eq. (116), the expression of the global tangent stiffness matrix Ky
is obtained

2(B"T)

ody

K} =B"TK}'B" + .
8 fIW

(117)

The expressions of f; and Ky’ are given in [5].
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7 NUMERICAL EXAMPLE

The purpose of the five numerical examples presented in this section is to assess the accuracy
of the proposed corotational dynamic formulation for beam with thin-walled cross-section. For
that, additional 3D-solid analyses are performed with the commercial finite element program
Abaqus.

Besides, the influence of the warping deformations () and the shear center eccentricity
(Ye, z¢) in the dynamic terms of the corotational formulation is also studied. In all the examples,
and as expected, the same results have been obtained with and without /, in the inertia terms.
In Example which consists of a slender beams, the same results have been obtained with y, =
z. = 0. However, for the short beam (see [32], different results are obtained with and without
account for the eccentricity of the shear center.

Regarding the time integration method, the HHT a method with o« = —0.05 is used in this
work. This energy-dissipative method, which is implemented in several commercial FEM pro-
grams (Abaqus, Lusas) and was employed by many authors [8, 11,27], limits the influence of
high frequencies by introducing a numerical damping. However, a numerical damping gives
also a dissipation of the total energy, which can affect long time analyses. It can be noted that
for beam structures, more robust alternatives to the HHT o method have been proposed in the
literature [23].

In the present work, at the beginning of each time step, the predictor proposed by Crisfield
[12] for the particular case of linear inertia force vector and further developed for the general
case by the authors [30], is adopted. The idea of this predictor is to use the tangent operator at
the time instant #, to predict the values at the time instant 7, 1.

Damping is not considered. The following convergence criterion is adopted: the norm of the
residual vector must be less than the prescribed tolerance £ = 1072,

The following material properties are used for all the five examples: E =210 GPa, v = 0.33
and p = 7850 kg/m>. All the dimensions in the figures are in meter.

7.1 Example: Cantilever beam with a T cross-section

The nonlinear dynamic behavior of a cantilever beam with a T cross-section, see Fig. 6, is
investigated. The eccentricity of the shear center is y. = 0.046 m. At the left end, the beam
is clamped and all degrees of freedom, including warping, are set to zero. At the point O of
the right end section, two time-varying loads are applied: FyO =-—-50F, FZO = 25F. The time
evolution of F is given in Fig. 7.

The cantilever is modeled using 40 corotational beam elements. Besides, the commercial
finite element software Abaqus is employed considering both beam and 3D-solid elements.
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Figure 6: Cantilever beam with T cross-section : geometrical data.
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Figure 7: Cantilever beam with T cross-section - Loading history.
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Figure 8: Cantilever beam with T cross-section - Time evolution of the displacement u,, of point G.

For the beam analysis, 80 B310S elements are used. The beam element B310S has seven
degrees of freedom at each node. The additional degree of freedom represents the warping
of the beam cross-section. Linear interpolations are used for all variables. For the 3D-solid
analysis, the mesh consists of 18- 160 = 2880 isoparametric 20 node elements (see Fig. 6). All
analyses are performed with a time step Ar = 1073 s.
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Figure 9: Cantilever beam with T cross-section - Time evolution of the displacement u, of point G.
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Figure 10: Cantilever beam with T cross-section - Time evolution of the displacement u, of point G.

The displacements of the right end centroid G are depicted in Figs. 8, 9, and 10. A very
good agreement in the predictions of both the corotational beam element and Abaqus 3D-solid

analyses is obtained. However, large discrepancies in the predictions of both Abaqus beam and
3D-solid models can be observed, especially in Fig. 8.

A small but increasing phase lead can be observed between the results obtained with the
corotational beam element and those obtained with the solid analysis. To investigate this aspect,
the problem has been run for a time period of 7 s. The results are shown in Fig. 11. It can be
observed that after 7 s the phase lead remains negligible. In fact, this increasing phase lead is
due to a small difference in the estimation of natural frequencies between the two models.
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Figure 11: Cantilever beam with T cross-section - Time evolution of the displacement u, of point G for 7 s.

8 CONCLUSIONS

In this paper, a corotational dynamic formulation for nonlinear analysis of beams with ar-
bitrary thin-walled cross-sections was developed. The formulation is an extension of the one
proposed by the authors in [31]. The same kinematic assumptions were used to derive the static
and dynamic terms. Hence, the element has seven degrees of freedom at each node and cubic
shape functions are used to interpolate local transverse displacements and axial rotations.

The warping deformations and the shear center eccentricity were fully taken into account in
the derivation of the dynamic terms. This leads to additional terms in the expressions of the
inertia force vector and the tangent (mass and gyroscopic) dynamic matrices.

A very good agreement between the results obtained with the corotational beam element
and the 3D-solid element was obtained. Besides, the numerical results also showed that the
warping deformations have a negligible influence in the dynamic terms and could be omitted.
As shown in [32] However, the additional dynamic terms due to the shear center eccentricity
cannot always be neglected.
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