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Abstract. The aim of this paper is to identify a nonlinear model using time responses obtained
from a sine sweep excitation applied to a simplif ied solar array structure. The nonlinearity is
mainly caused by impacts, gaps and friction between the clamped interfaces of adjacent panels.
A nonparametric model is identif ied using Volterra series, where the kernels are expanded with
Kautz functions in order to decrease the problems associated with convergence and number
of samples. The multiple convolutions provided by the Volterra kernels are used to propose a
decision criterion based on a threshold limit to detect the level of linear or nonlinear behavior.
The approach is also able to separate the linear and nonlinear contributions of the measured
total response. The application performed in the experimental setup demostrates that the pro-
posed method is successful in identifying the main nonlinear mechanism involved, despite of the
complicated nature of the nonlinear system investigated.
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1 INTRODUCTION

Nonlinearities in healthy conditions is common in practice due to inherent nonlinear effects
such as jumps, gaps, super harmonics, cycle limits, discontinuities, as well as others that appear
frequently in the responses of structures [1]. This behavior is mainly due to excitation con-
ditions, large displacements, geometric effects, nonlinear constitutive equations of the stress-
strain etc [1–3]. Thus, the conventional linear procedures for structural analysis can fail when
the system monitored is highly nonlinear in the healthy state [4, 5].

To illustrate these results, an experimental application is performed in a simplified test rig
to simulate the complex dynamics of folded solar panels. The benchmark contains a snubber
mounted with a small gap, that provides impacts under large displacements. The spatial mass
distribution of the panels results in complex dynamics with many modal shapes in a small
frequency bandwidth. The application of an excitation signal with energy in a small frequency
bandwidth around the first resonance mode is expected to yield a single mode contribution in the
response. However, impacts excite a large frequency bandwidth similar to an impact hammer
test. Hence, several harmonics are excited due to coupling with high order modes. The biggest
challenge is to separate the natural modal contribution from the contribution of the nonlinear
behavior caused by the impacts. Several recent papers have investigated techniques to identify
and to detect these effects [6, 7].

The Volterra series can be applied to solve this problem using its capability to decompose the
response of a nonlinear system in linear and nonlinear contributions [8–12]. The contribution of
the present paper is to propose a nonlinear indicator based on Volterra kernels to the detect the
contribution of the linear and nonlinear kernels computed from the total experimental response
measured directly on the solar array structure.

2 DISCRETE-TIME VOLTERRA SERIES

The response y(k) of a nonlinear system is described by a discrete-time Volterra series using
multiple convolutions [13]:

y(k) =
+∞∑
η=1

Hη(k) = y1(k) + y2(k) + y3(k) + · · · (1)

where y1(k), y2(k), y3(k), · · · are the linear, quadratic, cubic and so on contributions of the
output y(k) in k = 1, · · · , K (K is the number of time samples) and Hη(k) is the Volterra
functional given by multidimensional convolutions:

Hη(k) =

N1∑
n1=0

. . .

Nη∑
nη=0

Hη(n1, . . . , nη)

η∏
i=1

u(k − ni)

where u(k) is the input signal andHη(n1, . . . , nη) are the η th-order Volterra kernels considering
the truncated values N1, . . . , Nη for each kernel.

However, the number of samples N1, . . . , Nη is high because the practical systems have
large memories and the identification of the kernels Hη(n1, . . . , nη) is ill-posed with serious
convergence problems. Fortunately, the Volterra kernels can be expanded using Kautz functions
to overcome these drawbacks:

Hη(n1, . . . , nη) ≈
J1∑
i1=1

. . .

Jη∑
iη=1

Bη (i1, . . . , iη)
η∏
j=1

ψij(nj) (2)
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where J1, · · · , Jη are the number of samples in each orthonormal projections of the Volterra
kernels Bη (i1, . . . , iη) and and ψij(ni) are the Kautz functions that are appropriate for the re-
presentation of underdamped oscillatory systems.

If the Kautz basis is chosen adequately the order of projection Bη (i1, . . . , iη) is drastically
reduced [10]. Details about the Kautz functions and how to use it for nonlinear mechanical
systems identification can be found in [14] and [9].

Equation (1) can be rewritten based on the orthonormal Kautz basis:

y(k) ≈
+∞∑
η=1

Bη(k) (3)

where Bη(k) is the η−th orthonormal Volterra functional operator:

Bη(k) ≈
J1∑
i1=1

. . .

Jη∑
iη=1

Bη (i1, . . . , iη)
η∏
j=1

lij(k)

that is a multiple convolution between the orthonormal kernel given byBη (i1, . . . , iη) and lij(k),
that is a simple filtering of input signal u(k) by the Kautz function ψij(ni):

lij(k) =
V−1∑
ni=0

ψij(ni)u(k − ni) (4)

where V = max{J1, . . . , Jη} and ψij(ni) are the Kautz functions described by complex-
conjugate parameters s1,2 = −ξηωη ± jωη

√
1− ξ2η . Normally, an optimization procedure is

used to obtain the parameters ωη, ξη.
The values of the orthonormal Volterra kernel Bη (i1, . . . , iη) can be grouped in a vector Φ

and can be found by solving:
Φ = (ΓTΓ)-1ΓTy (5)

where the matrix Γ contains lij(k) and y = [y(1) · · · y(K)]. It is worth noting that η can
usually be truncated in 3 kernels to represent most of the structural nonlinearities with a smooth
behavior.

The prediction error can be computed by:

e(k) = y(k)− yexp(k) (6)

where yexp(k) is the experimental output and y(k) is the output estimated by Volterra model.
The complex-conjugate parameters of the Kautz functions are obtained by minimizing the

normalized mean square error-prediction (NMSE):

min F =
||e(k)||2
||yexp(k)||2

(7)

subject to ρlow ≤ ρ ≤ ρup, where the Kautz filters parameters (using η = 3) grouped in the vec-
tor ρ = [ω1 ξ1 ω2 ξ2 ω3 ξ3]

T = [ωlin ξlin ωquad ξquad ωcub ξcub]
T and || ||2 is the Frobenius

norm, also called the Euclidean norm.
The vectors ρlow and ρup are composed by the lower and upper boundary values of search.

This work adopted a sequential quadratic programming (SQP) approach to seek the vector ρ
using an initial condition vector ρ0.
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3 APPLICATION IN A SOLAR ARRAY STRUCTURE

This section shows an experimental application of the methodology using a simplified solar
array structure [6, 7].

3.1 Description of the experimental setup

The benchmark consists of two parallel aluminium plates mounted in a free-free configuration,
as seen in Figures 1(a) and 1(b). They are clamped together at the top edge and connected at
three stacking points. The geometrical properties of the plates are 770×440×5 mm of, length,
width and thickness, respectively, and the distance between plates is fixed at 40 mm.

A snubber was also mounted on a steel support glued at the middle length of the bottom free
edge, as shown in Figures 1(a), 1(b) and 2(a). When the level of excitation amplitude applied
in the shaker is high, the rubber exhibits nonlinear behavior and impacts between the adjacent
panels. As pointed out in Ref. [6], the small contact areas between the stacking points and
the plates are an additional possible source of non-linear behavior, as they may induce large,
localized bending deformations. In this study, a gap of less than one millimeter (≈0.2 mm) is
introduced such that there is no contact when the level of force is low in order to insure a linear
regime of vibration (see Figure 2(a)).

 Stacking Points

 Accelerometer 6

 Accelerometer 8 Accelerometer 9

 Accelerometer 10

 Acquisition Board

 Shaker

Impedance
Head

Snubber
Fixed Point

Impedance
Head

(a) Experimental setup.

 Stacking Points

 Accelerometer 5

 Accelerometer 2

 Accelerometer 4

 Acquisition Board

 Clamping Points

 Accelerometer 3

 Accelerometer 1

Snubber
Impact Point

(b) Detail of the experimental setup.
Figure 1: Test rig setup.

The structure was monitored using 10 accelerometers, 5 on each plate at the same positions.
In this work, only the measurements at accelerometer 3, mounted in the impact region of the
target plate, were used. An impedance head was also employed to measure the drivepoint
accelerations and the excitation force. All signals measured were sampled at 1280 Hz, 6400
samples for tests with short duration (to identification and analysis) and 256000 samples for tests
with long duration (to characterize the nonlinear behavior). In order to remove the contribution
from the high order modes and DC component, a bandpass filter was applied from 5 to 120 Hz.
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(a) Zoom in the impact region, showing the snub-
ber.

 Stacking Points

 Accelerometers

 Shaker

Power 
Amplifier

Acquisition 
Board

Computer

 Accelerometer 3

 Free-Free
Configuration

(b) Schematic representation.

Figure 2: Description of the experimental setup.

3.2 Detection of nonlinearities using classical methods

The stepped sine test is an effective tool to detect nonlinear behavior. But an alternative
and easier test is to excite the system with a long duration sweep sine. Figure 3 shows the
acceleration considering low (fig. 3(a)) and high (fig. 3(b)) voltage amplitude supplied to the
shaker. In all cases the sine sweep is applied ranging the frequency from 10 to 45 Hz during
200 seconds. Figure 3(a) shows a smooth decay after resonance (linear vibration). However,
fig. 3(b) presents two differences: a jump is observed close to the frequency of 36.25 Hz and
the resonance frequency is changed.

Figures 3(a) and 3(b) show the maximum amplitude of the time of flight (TOF). Figure 4(a)
presents the ratio between the time and excitation frequency to estimate the output frequency
of TOF. When the energy1 of the force excitation is low, the TOF occurs at the same frequency,
both in upward and downward sine sweep tests. However, when the force is increased, the
resonance frequency is bigger following a sigmoid ratio as a function of the applied energy.
Another important issue is that this behavior is different depending the type of sweep test. This
is a clear indication of the existence of nonlinearities.

Figure 4(b) shows the frequency response function (FRF) plots. The FRFs show some dis-
tortions caused by nonlinear effects as a function of force level applied by the shaker. By
analyzing Figure 4(b) it is possible to confirm that the solar array structure presents a strong
nonlinear regime of motion associated with stiffness hardening that cause a jump on the right
side.

Figures 5(a) and 5(b) show the time-frequency distribution considering the acceleration sig-
nal in the upward and downward sweep tests, respectively. One can observe the first three
harmonics caused by impacts and large displacements, mainly in the resonance range.

1Computed by L2 norm.
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(a) Low excitation amplitude level (0.01 V).
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(b) High excitation amplitude level (0.20 V).
Figure 3: Output to sine sweep with frequency from 10 to 45 Hz considering different voltage amplitudes applied
in the shaker. The maximum amplitude of the time of flight is represented by ◦.
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Figure 4: Frequency at TOF and FRF estimated using the sine sweep test with long duration.
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(a) Sine sweep up test, 10→45 Hz.
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(b) Sine sweep down test, 45→10 Hz.
Figure 5: Time-frequency distribution of the acceleration signal considering the high level of amplitude excitation,
0.20 V.
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3.3 Identification of the Volterra model

The identification of the Volterra kernels is performed using the sine sweep signal in two
steps [11]. Firstly, the kernelH1(n1) is identified to describe the linear contribution. Secondly,
the high order kernels H2(n1, n2) and H3(n1, n2, n3) are identified using the response signal
filtered by H1(n1) estimated previously. All parameters in the Kautz functions are used based
on the optimization procedure described in [9, 15].

A total of 30 blocks were measured with 6400 samples each for 20 different levels of voltage
amplitude applied in the shaker. Disturbances are included in the excitation signal by changing
12o in each block (360o total).

The choice of the number of Kautz functions can be complicated for structures with strong
nonlinear effects and in this work with high order modes excitated by impacts. For the first
kernel, a couple of Kautz functions is enough to adequately describe the linear behavior of a
single degree-of-freedom system, based on previous experience using the Volterra series [12,
16–26]. The second kernel is related essentially to asymmetries in the response appearing as
second harmonics in the time-frequency distribution. However, shaker-structure interaction can
result mainly in a second harmonic excitation.

For the third kernel an optimization procedure can show the best number of Kautz functions
to use, but the choice here was limited to 6 Kautz functions because of convergence problems
trying solve a high order equation using more functions. So, the Volterra model was estimated
for each test, using 2, 4 and 6 Kautz functions for H1(n1), H2(n1, n2) and H3(n1, n2, n3),
respectively.

The Kautz filter parameters used to build the orthonormal kernels were found with a sequen-
tial quadratic programming (SQP) algorithm minimizing the objective function F in Eq. (7)
with the stopping criterion based on a step size less than 10-8.

The initial condition vector ρ0 for the low excitation amplitudes applied on the shaker (0.01
V) was defined as ρ0 = [ω0 ξ0 ω0 ξ0 ω0 ξ0], where ω0 is the resonant frequency computed
by the fast Fourier transform of yexp(k) for the low amplitude level (0.01 V) and ξ0 = 10-3. For
the all other amplitudes levels, the initial condition vector is computed by:

ρ0 =
1

N

N∑
i=1

iρ
∗ (8)

where N is the number of blocks for each level of amplitude applied in the shaker (N = 30)
and iρ

∗, i = 1, 2, 3, ... N , is the optimum value vector for each block of the immediately lower
amplitude level.

The lower and upper boundary values of the search was defined by:

ρlow =
[
0.8ρ0(1) 0 0.8ρ0(3) 0 0.8ρ0(5) 0

]
(9)

ρup =
[
1.2ρ0(1) 1 1.2ρ0(3) 1 1.2ρ0(5) 1

]
(10)

The fitness (FIT = F -1×100 [%]) of the optimization procedure is shown in Figure 6. A
bigger fit is reached when the vibration is linear (amplitudes from 0.02 to 0.06 V). When the
level of force increases, the fit is poor (amplitudes from 0.08 to 0.20 V) because the model is
insufficent to detect the large nonlinear behavior caused by coupling with the high order modes.
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Figure 6: Fitness values lie within one standard deviation of the mean for each test.

The parameters, frequency and damping ratio, of Kautz poles related with each Volterra
kernel are shown in Figures 7, 8 and 9. The values are seen to lie within one standard deviation
of the mean. In a broader view, all parameters, with the exception of ξquad, are increasing
with the levels of amplitude applied to the shaker, showing that the impacts are changing the
structural behavior constantly following the excitation levels.

Figure 7(a) presents the same frequency, ωlin, for low levels of amplitude applied in the
shaker (up to level 0.07 V). The damping ratio, ξlin, of the Kautz poles are increased by the
impacts that occur with the levels up to 0.05 V, as shown in Figure 7(b).
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(b) Damping ratio of Kautz poles.

Figure 7: Kautz poles ofH1(n1), values lie within one standard deviation of the mean for each test.

The high order kernels do not have significant contributions at low levels of excitation since
the behavior is linear. Hence, if the second and third kernels are included in the identification
process at low amplitudes then the results are not consistent because the system is essentially
linear. Figure 8(b) confirms that for the levels up to 0.05 V the poles are highly damped with
null contributions in the high order kernels. The frequency of the Kautz poles in the second
kernel increases with the level of excitation, as shown in Figure 8(a). This effect is caused by
the shaker-structure interaction in the resonance range of the system.
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Figure 8: Kautz poles ofH2(n1, n2), values lie within one standard deviation of the mean for each test.

Figure 9(a) and 9(b) show the evolution of the Kautz pole parameters, frequency and damp-
ing ratio, for the third kernel. Similar behavior is found, except in the range from 0.10 to 0.13
V in the damping ratio.
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Figure 9: Kautz poles ofH3(n1, n2, n3), values lie within one standard deviation of the mean for each test.

Figure 10(a) shows the estimated output obtained by the multiple convolution computed
using the Volterra kernels H1(n1), H2(n1, n2) and H3(n1, n2, n3) for the excitation level 0.01
V applied in the shaker. The prediction error computed by Eq. (6) is shown in Figure 10(b). The
second and third kernels,H2(n1, n2) andH3(n1, n2, n3), respectively, do not have a significant
contribution to the linear behavior and the response of the Volterra model, y(k), for this case
(linear behavior) can be approximated using only the linear contribution, y1(k).

When the amplitude level applied in the shaker is high, the nonlinear vibrating regime is
reached and the nonlinear contributions, y2(k) and y3(k) have importance in the total response,
y(k). Figure 11(a) shows the output identified by the Volterra model for high amplitude level
applied in the shaker and Figure 11(b) the prediction error to this condition.

Figures 12, 13 and 14 present the linear, quadratic and cubic contributions of the total re-
sponse when the amplitude level is 0.20 V. It is worth noting that the quadratic contribution is
lower than the linear contribution because the symmetry of the output signal, as shown in Figure
13. On the other hand, when the level excitation is high, the cubic contribution is significant in
comparison to the linear response, as shown in Figure 14.
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Figure 10: Output for the low level amplitude (0.01 V).
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Figure 11: Output for the high level amplitude (0.20 V).
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(b) y1(k) estimated byH1(n1).
Figure 12: Linear contribution considering 0.20 V of amplitude applied in the shaker.

The diagonal of the second kernel, H2(n1, n1), is show in Figure 13(a) and its contribution,
y2(k), was estimated by quadratic convolution, as shown in Figure 13(b). We note that the
quadratic contribution is smaller than the linear contribution because of the symmetry in the
response.
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Figure 13: Quadratic contribution considering 0.20 V of amplitude applied in the shaker.

The diagonal of the third kernel, H3(n1, n1, n1), is shown in Figure 14(a) and its contribu-
tion, y3(k), was computed by cubic convolution, as shown in Figure 14(b). The cubic contri-
bution have the same level of significance in the total response when compared with the linear
contribution.
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Figure 14: Cubic contribution considering 0.20 V of amplitude applied in the shaker.

For high levels of amplitude applied in the shaker, the nonlinear contributions, y2(k) and
y3(k), are relevant comparing with the total response, y(k). So, compute the nonlinear contri-
butions is necessary to obtain a representative model of a structure with nonlinear behavior.

3.4 Model Validation

The Volterra model identified was validated through the qualitative analysis of the time-
frequency distribution of the acceleration signal considering the high level of amplitude excita-
tion applied in the shaker, 0.20 V, as shown Figures 15(a) and 15(b).

Figure 16 also presents the validation of the FRF computed using the output estimated by
Volterra model comparing with experimental FRF. It is possible to observe a good fit in the
resonance range for the different levels of amplitude applied in the shaker.
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(a) Experimental.
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(b) Volterra model.
Figure 15: Time-frequency of the accelaration signal for the level of 0.2 V.
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Figure 16: Frequency response function computed for a Volterra model response and experimental data. • for the
experimental and ◦ for the model considering 0.01 V,N for the experimental and 4 for the model considering
0.10 V, � for the experimental and � for the model considering 0.20 V.

3.5 Nonlinear index based in Volterra model

The output energy ratio κ can be described by using each contribution of the Volterra model:

κ =
Eα

E1 + E2 + E3

; α = 1, 2, 3 (11)

where, E1, E2 and E3 are the energy of linear, quadratic and cubic contributions, respectively,
computed by L2 norm.

Figure 17, shows the κ for each Volterra contribution for all excitation amplitudes tested.The
indicator shows that until the level of 0.04 V the linear contribution is dominant. After 0.04
V the energy contribution of the cubic stiffness caused by the third Volterra kernel starts to
dominate. It is worth noting that the quadratic contribution is null for all levels.
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Figure 17: Indicator to detect nonlinearities based on the Volterra kernel contributions. ◦ is the linear ratio, 4 is
the quadratic and � is the cubic contribution.

4 FINAL REMARKS

The results of this study show that the use of Volterra series can identify a nonparametric
model capable of describing the complex dynamic behavior of a solar array structure using
directly the time domain data obtained for different excitation amplitudes and vibration regimes.
The kernels identified can be used to filter the linear and nonlinear contributions and to compute
an indicator for detecting nonlinearity. Future studies will consider a larger range of modal
contributions with more kernels for each mode. The multiple inputs and multiple output cases
can also be investigated using the Volterra cross-kernels.
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