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Abstract. In the framework of the Finite Element Method, Perfectly Matched Layer (or PML)
is recognized as a very effective tool for reproducing unbounded domains (Basu et al. [13]).
Nonetheless, the computation time required by the PML may be large, especially when an ex-
plicit time integration scheme is adopted for dealing with the wave propagation problem both
in the domain of interest and in the PML medium (Basu et al. [13]). The paper proposed to
investigate subdomain strategies enabling to choose the appropriate time integration scheme
in the PML with its own time step, independently on the choice of the explicit time scheme in
the domain of interest associated with a fine time step satisfying the stability criterion (CFL
condition). The investigated subdomain strategy, proposed by Gravouil and Combescure [14],
is based on the Schur dual approach, characterized by the introduction of Lagrange multipliers
at the interface between subdomains for ensuring the velocity continuity.
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1 Introduction

The simulation of wave motion in unbounded media often compels a numerical solution us-
ing artificial boundaries surrounding the finite computational domain. Several techniques have
been developped to repoduce unbounded domain: the infinite elements (Bettess [1]), the ab-
sorbing boundaries methods (Enquist et al. [2]) and the absorbing layers methods such as the
Rayleigh damping layers (Semblat et al. [3], Rajagopal et al. [4] et Zafati et al. [S]) and the
perfectly matched layers (PML) (Chew et al. [6]).

The perfectly matched layers (PML) is an absorbing layer method which surrounds the com-
putational domain with an uniform thickness layer. The PMLs are characterized by their capa-
bilities of providing the same attenuation for all frequencies without, from the analytical point
of view, reflections at the interface for all angles of incidence and frequencies.

In the beginning, the PMLs have been developed for the Maxwell’s equations by Bérenger
et al.[7] using a field-splitting formulation and have became one of the most widely used meth-
ods in the simulation of wave propagation problems in unbounded media. The technique was
then adapted to the elastodynamics equations. Hastings et al. [8] extended the PML from elec-
tromagnetics to elastodynamics using a formulation in terms of displacement potentials imple-
mented in the finite difference framework. Using also the finite difference method, Chew et al.
[6] introduced a new split-field formulation, velocity —stress, applied to the isotropic medium
and also implemented using the finite difference method. Later on, Collino et al. [9] proposed a
finite difference split—field formulation similar to Chew et al. [6], applied to anisotropic media.
In [10], Wang et al. developed a new PML formulation, called C—PML, using the convolution
features adapted to the finite difference method. Matzen [11] extended the C-PML approach to
the finite element method. In this work, we are interested in an unsplit—field formulation de-
veloped for the finite element method in [12] and [13] by Basu et al. for applications involving
2D media.

When addressing the numerical implementation, it is often interesting, for several appli-
cations, to use an implicit time integration scheme (the average acceleration method) for the
absorbing layer such as the PML, while the physical domain is integrated in time by an ex-
plicit scheme (central difference method). The subdomain method proposed by Gravouil and
Combescure [14] provides the suitable properties for coupling an explicit integrator for the sub-
domain of interest with an implicit one for the absorbing layers. The method follows a dual
Schur approach by ensuring the velocity continuity at the interface through Lagrange multipli-
ers. The method is proved to be stable for any Newmark integrators [15] using the so-called
energy method (Hughes, [16]). It leads to the first order of accuracy when coupling second
order accurate time integration schemes due to a slight spurious dissipation at the interface as
soon as different time steps are adopted. When adopting the same time step, second order of
accuracy is achieved [17].

In this paper, the technique of the absorbing layers using the PMLs is adopted. First, we
propose to present the multi—time step coupling algorithm between the PML, formulated by
Basu et al. in [13], and the physical domain assumed to be linear isotropic medium. Then, we
report numerical results using 2D applications and demonstrating the efficiency of the coupling
method.
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2 Perfectly matched layer
2.1 Strong form of the PML in frequency domain

The PML model used in this work has been developed by Basu et al ([13] and [18]). It is built
using the classical elastodynamic equations by introducing the complex transform functions \;.
The main idea is to replace the real coordinates x; with the complex ones z; — Z; : R — C.
The complex coordinates are defined as:

fod P
o% THED "
Xy ks
where k, = 2 (c, being the S-wave velocity) and f7, 17 are positive functions that vanish
at the interfaces between the PML and the physical domain. The function f? is introduced
to attenuate the propagative waves in the z; direction, whereas the function f{ attenuates the
evanescent wave. The dependence on the angular frequency of the complex term in Eq. (1), in
the equation (1), makes the imaginary part of the wave number independent of the frequency.
In other words, all frequencies are damped in the same way.
The PML formulation is obtained by modifying the governing equations defined in the fre-
quency domain. The equations are re-written by substituting z; by z; as follows:

= Xi(z;) =1+ fi(z;) — i

1 0oy
3. Y — o ous
TNj(x) O <P
Oij = Ek,lcijklé?ij ()
5,‘]‘ =

2.2 Strong form of the PML in time domain

Applying the inverse Fourier transform to the system given above, the time strong form is
written as:

V.(eF+SFP) = pfaii+ pesfeis + pfiu
g = C: 3 3)

1 1
FUER® + ek + FUeF? + FPEF? = S(Vi' FO+ P Vi) + 5(Vu' F?+ F7 V)

with:
e | T+ fi(z1) 0 p_ | CcsfT(x1) 0
P e ] Y e ]
me | 14 f5(72) 0 = | Csfs (22) 0
F‘w 0 1+ﬁmoy F‘[ 0 %ﬁun} @
and:

S = (14 fi(z1)) (1 + f5(x2))
fer = (L+ fi(z)) f3(22) + (1 + f5(22)) f1(21) 5)
fii = fl(x) f3(22)
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The tensors X and E are related to g and g by :

t t
:/ o dt E:/ dt (6)
t=0" o 0

In this work the damping function ff, f” will be linear as follow:

[I\g!

d

where a,, a positive integer.
Assuming a normal incidence and using the damping functions defined in Eq. (7), a,, can be
expressed as a function of the reflection coefficient 12 by [13]:

I = aq <xi_w0> a=e,p 2o <x; <9+ d (7

_atd), 1
Ao = Thl(E) (8)

where ¢, is the P wave velocity and c, is the shear wave velocity.

2.3 Displacement based weak form of the PML

In this section, the discretization process proposed by Basu et al in [13] is presented. The
space discretization is obtained using the finite element method while the time discretization
is obtained using the classical Newmark schemes [15]. Let v be the test function belonging to
an appropriate space, the weak formulation is obtained by integrating over the computational
domain €2

/pme.QdQ—l—/ pchCQ.QdQ—I—/ uka.QdQ—l—/ E°: ng+/ gP XdQ = /g.(gﬁe—i—gﬁp).@df
Q Q Q Q Q r

)
with I' = 9€2 the boundary of (2, and n the normal vector to the I'. £° et £ are given by:

1 ~ ~ 1 ~ ~
£ = §(grady Fé 4 F (gradv)’) gl = é(grady F? 4+ FPT (gradv)’) (10)

The mass, the damping and the stiffness matrices are given by:

mIJ:/pmeINJdQId CIJ:/PchsNINJdQ Iq ku:/ﬂkalNJdQ I (A1)
Q Q Q

where NNy is the shape function of the node /. Taking into account the Eq. (9), the internal
force term py, ,; is defined by:

Py = / BT 6,00 + / BT, (12)
Qe e

with B¢ and B? matrices depend on the shape functions and the damping functions given in
terms of their nodal submatrices by:
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i Ng 0 i NP0
Bj = 0 Ny, BY = 0 N7, (13)
Ni, Np N7, N7
with:
Nf,=FiNy; et NI =F'Np; (14)
011 . 211
The Voigt notation is adopted for the field ¢ = | 092 | and X = | X9s | assumed to be
012 212

linked according to the relationship:

N1 =X+ dt G (15)
It follows:
Ppa1 = / B 6,41 + / BPTS, (16)
where:
BT = BT 4 qt BT 17)

The knowledge of 6,1 depends on &, obtained by discretizing the 3" equation of the

system (3) and assuming é(t,,41) = 5" and E(t,41) = E, + dt ey:

bt = = | BUnss + BOUppy + —F*2, — 9B, (8)
dt dt
where B, B9, F and F9 are matrices depending on the shape functions and the damping
functions (see appendix A). The element interal force p,, ; can now be written in terms of the
vectors v, 41 et u, 1 and the quantities at the time ¢,, = ndt. Finally, the weak form at the time
t,+1 can be expressed as:

MU,y 4 (C + CVUpnsy + (K 4 K)Upni1 + Plen, En, %) = Fu (19)

P being an operator depending on the quatities at ,,.The global matrices C, K are built using
the following element submatrices:

1 ~ ~ 1 ~
&“=— | B'"DB* k*=— / B"DB® (20)
dt Jq, dt Jq,
where D is given by:
4
K+ gh K %u 0
D= rk—5n K+3pn . (21)

0 0 1

where (4 is the shear modulus and « is the bulk modulus. The last step involves the use
of the Newmark schemes [15] and solves the problem in terms of displacement, velocity or
acceleration.
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3 Coupling algorithme physical domain and PML

Let Q a bounded domain from R? with a regular boundary. We assume that the domain
Q) is divided into two parts €2; and (2, as illustrated in Figure 1 such as: ; N Qs = © and
0, N OOy = I''2. T''2 represents the interface between the two subdomains. The subdomain
), related to a non dissipative linear elastic behavior and the subdomain (2, is related to a
dissipative behavior characterized by the PML weak form given in Eq. (19).

Fl?

D

I Q2

Physical PML

Figure 1: Domaine €2 partitionn en deux sous domaines {2; et {2,

Subdomain 2;:

It is assumed that the medium (2, is linear elastic characterized by the mass matrix }/; and
the stiffness matrix K’;. The semi-discrete in space equation of motion is given by:

MUy + KUy = Fopy — LT (22)

where being the Lagrange multiplier vector corresponding to the nodal forces at the inter-
face.
Subdomain €2:

We assume that the subdomain 2 is governed by the discretized equation of motion in PML
(19):

MoUs + (Co + Co)Us + (K3 + K3)Us + Pa(en, En, Sn) = —LTA (23)

Ly and L, defined in Eq. (22) and Eq. (19) are boolean matrices, operating on nodal vectors
associated with the two subdomains 1 and 2, and picks out the degrees of freedom lying on the
interface I''? in order to ensure the velocity continuity at the interface, we write the following
kinematic relationship:

L Uy + LyUy = 0 (24)

In the following, the GC method [14] is employed to solve the previous problem. It is based
on a dual Schur approach by introducing Lagrange multipliers ) to ensure the kinematic conti-
nuity at the interface. When discretizing in time the equation of motions for both subdomains,
we have to choose the quantity (displacement, velocity or acceleration) whose continuity is
imposed at the interface. Following the GC method, it has been proven by the authors that
any Newmark time integrators can be coupled (for example, explicit central difference scheme
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with implicit average acceleration scheme) when the continuity of velocities at the interface is
prescribed. Thus, the constraint defined on velocities was adopted as written in Eq. (24).

Next the subdomain €2 is integrated in time with an explicit time integration scheme (central
difference scheme), characterized by the parameters v, = 0.5 and [3; = 0, whereas the subdo-
main (2, is handled with an implicit time integration scheme (constant acceleration scheme),
characterized by the parameters 7, = 0.5 and 3 = 0.25. Note that main advantages of the cou-
pling GC method is to provide heterogeneous time integration and multi-time step capabilities.
The multi-time step capability is of great interest for minimizing the computation time required
in the absorbing layer while keeping a target accuracy in the subdomain of interest. We focus
on heterogeneous time integration of the coupled problem by using different time steps in the
two subdomains. For this purpose, we define the fine time scale At; for the explicit domain and
the coarse time scale At, for the implicit domain with Aty = mAt,. The equation of motion is
written for the subdomain 1 is prescribed at the time ¢,,, = At, while the equation of motion of
the subdomain 2 is prescribed at the time ¢; = jAt; (j = 1,2, ...m) as follows:

e Subdomain 1:

MU + KU = FE — TN (25)

e Subdomain 2:

MyU3" + (Cy + Co)Us" + (K + K)U3" + Pa(eo, Eo, To) = —L5 A" (26)
At the interface, the continuity of velocities is imposed at time ¢; as:
LU? + LyUj =0 (27)

From Newmark formula, we introduce the predictor quantities U} " and U] " related to

a time range [t,, , t,11]. They are determined from the quantities known at the beginning of time
step as:

_ . 1 .
U = Up + AU+ A (5 = B) U (28)

Up =P = U+ At (1 =) U (29)

Using the expressions of the kinematic quantities in Eqgs. (28) and (29), both equations of
motion can be written in the form:

MUF = Femtd — g ui=te — [T\ (30)

MoUt = —Py(e0, Eo, S0) — (Co + Co)USP — (K5 + Ko)USP — LTA™ 31)

with the effective stiffness matrices defined for both subdomains by:
M, = M, + BALK, (32)

My = My + BoAE (Ko + Ko) + 1o At(Cy + Cs) (33)
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The procedure proposed by Gravouil and Combescure is based on splitting the kinematic
quantities into two parts: the free and the linked quantities. The free quantities are obtained by
only considering the internal and external forces, whereas the linked quantities are obtained by
taking into account only the interface loads defined by the Lagrange multiplier vector . For
example, if we consider the subdomain (2,, the discrete equation of motion is split into two
parts as follows:

{ Mngree’m = —Py(eq, By, X0) — (Ca + 62)[.]2071) — (Ky + I?Q)Ug,p (34)

A7 rrlinkm Tm
MpUlnkm — [Ty

The complete accelerations are obtained by summing the two parts as: U5* = UJ™™ +
Uéink,m.

The same procedure is applied to the subdomain (2, at each time ¢;. Furthermore, the kine-
matic quantities of the subdomain 2 at ¢; are interpolated as well as the Lagrange multiplier

(35)

Where WQJ denote the free or the linked velocities of the subdomain 2 at ¢;. Using the
kinematic condition at the interface in Eq. (27) at each time ¢;, we obtain:

LIU{ink,j + LQUéink,j _ _LlUlfree,j . LQUeree,j (36)

Then, by using Eq. (35) and the expression of the velocities as a function of accelerations,
the following interface problem can be derived:

HYN =, (37)

with the interface operator and the second side member vector defined by:

by = LyU{™* + LyUJ"

Finally, once we get the values of the Lagrange multiplier vector at the end time of the time
step, linked accelerations are obtained and thus complete accelerations as well as displacements
and velocities from Newmark formula in Egs. (28) and (29).

4 Numerical examples

In the following numerical applications, non harmonic waves will be investigated by consid-
ering a Ricker incident wave Ric defined by:

2 (t - t3)2
t

2 (t — tS)Q

Ric(t, t,, t;) =A27 — 1) exp(—m v ) (39)
P

The Ricker wave is characterized by three parameters: the fundamental period ¢,, the time shift
ts and the amplitude A. The chosen values are: ¢, = 3s, t; = 3s and A = 0.1, as illustrated in
Figure 2.
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Waveform Fourier Transform
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Figure 2: Waveform and Fourier transform of the Ricker wavelet

4.1 Lamb Test

Lamb’s test consists in applying a concentrated load, characterized by the Ricker form in our
study, to the surface of a ground assumed to be infinite in both directions. A sensor is located at
a distance d from the load point in order to record the vertical and the horizontal displacements
at this point. In 1904 Lamb [19] analytically calculated the displacements at a given point of
the surface by assuming an isotropic linear elastic behavior for the soil. The derived theoretical
solution exhibits the complexity of the problem since there are many types of waves traveling
through the soil (P and S-waves, Rayleigh waves, etc).

Load

L

0.8\

N

Soil
(Explicit scheme)

Figure 3: Modeling Lamb test using PMLs. The soil is integrated using explicit time scheme
while the PML is integrated using implicit time scheme.

The Lamb test is modeled using the bounded-domain-PML as illustrated in Figure 3, com-
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posed of a bounded soil (subdomain 1) with a size of 0.8\ and a PML (subdomain 2) char-
acterized by a thickness L, The bounded problem is descritized using the four-node bilinear
isoparametric elements. The soil is supposed to be linear elastic with p;, £y = 1 and v; = 0.24.
The attenuation functions are chosen as ff = 0 and f = a, (LLIO) with a,, = 10 and z, = 4.
The length L = 2 is calculated using the following value of the reflection coefficient R = 0.001
and the relationship in Eq. (8). Finally, a point C located at the distance of 2 from the load point
is chosen in order to record the vertical and the horizontal displacements.

In this part, the numerical solution is computed using the multi time step GC method. Two
computations are distinguished: the first called Explicit/Explicit computation deals with the
case where the both subdomains are intergrated with the explicit scheme and the second called
Explicit/Implicit computation deals with the case where the subdomain 1 is integrated with the
explicit scheme and the subdomain 2 is integrated with the implicit scheme. Next, the purpose
is to analyze the effect of varying the ratio m on the accuracy of the results given in terms of
displacements at the point C and energies in the physical domain (soil).

Before going further, we start by estimating the error introduced by the PML model with
respect to the initial problem with an unbounded domain. For this purpose, we define the
relative error due to the PML model and related to the quantity £ over the time range [0, 7' by

IEpvr—Erefll 2
orr — refllL2o.m)

, where Ep)yy, is the value of F obtained using the PML and £, is
HEref”L?([o,T])

the value of E obtained using an extended mesh. In both cases, the computation is dealt with
an explicit scheme. Figures 4 and 5 compare the displacements and energies obtained using
the PML model with results obtained using an extended mesh. Note the excellent agreement
between the results since the error, defined above, does not exceed 1% for the displacements
and 0.1% for the energies.

Refrence (extended mesh)
- = =PML - = =PML
0.01F q 0.01F

Refrence (extended mesh)

Horizontal displacement
Vertical displacement

-0.01 1 -0.01r

-0.02

. . . -0.02 . . .
0 5 10 15 20 0 5 10 15 20
time (s) time (s)

(a) Horizontal displacement (b) Vertical displacement

Figure 4: Vertical and horizontal displacements plotted at point C using time homogeneous
explicit PMLs compared to the reference results using an extended mesh.
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Reference (extended mesh) Reference (extended mesh)
= = = PML (Full explicit) = = = PML (Full explicit)
2.5F 1 25F

Internal energy
N
N

&
Kinetic energy
&

0.5F 1 0.5F
0 — 0 . —
0 5 10 15 20 0 5 10 15 20
time (s) time (s)
(a) Energie potentielle (b) Energie cintique

Figure 5: Kinetic and internal energies computed using time homogeneous explicit PMLs com-
pared to the reference results using an extended mesh.

The error due to the coupling strategy Explicit/Implicit over the time range [0, 7 is defined

1B/~ Eres . : :
by err = IJ@EE Al 2 L201) - where E}TE) is the value of E obtained using the GC method
reslle2o,my

with the ratio m and F,. is the value of £ obtained using a full explicit computation. Figures
6 and 7 compare the results obtained using the Explicit/Implicit computation with different
values of m with the results obtained using the Explicit/Explicit computation. One can remark
that the different quantities (displacements and energies) are in a good agreement even if small
fluctuations can be observed in the case of m = 5. Table 1 summarizes the errors computed for
each quantity by varying the ratio m from 1 to 5. It can be observed that the errors are globally
small and does not exceed 3.6% for the displacements and 0.7% for the energies.

——— PML (Full explicit) JE— PI\)IL (Full explicit)
= = =PML (m=1) Py = = = PML (m=1)
ootr PML (m=3) 1 0.01F i! ““““ PML (m=3)
f“ PML (m=5) ' ‘|’ PML (m=5)
[3) Al |
A /|
£ / ‘ £ v
g o-m—J ‘ | B E Y R ,\
H | 8 | |
5 P 5 Vo
g P! g D
L 5 |
$ 001} \" 1 > o001t W]
V \/
J \
v
-0.02 . > ; -0.02
0 5 10 15 20 0 5 10 15 20
time (s) time (s)
(a) Horizontal displacement (b) Vertical displacement

Figure 6: Vertical and horizontal displacements plotted at point C using time heterogeneous
implicit PMLs for different values of the tiem step ratio m compared to the reference results
using a full explicit integration.
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x 10
3 : , :
‘\ —— PML (Full explicit)
\ - = =PML (m=1)
250 Fl “““““ PML (m=3)
- | PML (m=5)
H A
L N Y
A\
§ 150 : \
g |
= i
1 i _
|
05F /\ J \\
/ \ N

0 5 10 15
time (s)

(a) Energie potentielle

20

x 10~

Kinetic energy
— % N
~—

o
o

= PML (Full explicit)
= = =PML (m=1)
““““ PML (m=3)

PML (m=5)

\

5 10 15

time (s)

(b) Energie cintique

20

Figure 7: Kinetic and internal energies computed using time heterogeneous implicit PMLs for
different values of time step ratio m compared to the reference results using a full explicit

integration.

Kinetic | Internal | Horizontal Vertical

energy | energy | displacement | displacement
m =1 | 0.0002% | 0.003% 0.001% 0.001%
m=3| 0.3% 0.1% 1.8% 1.3%
m=>5| 0.7% 0.3% 3.6% 2.6%

Table 1: Relative errors related to the kinetic and internal energies computed for PMLs for
different time step ratios m.

4.2 Rigid strip on a homogeneous isotropic elastic half-plane

In Figure 8, the classical problem of the rigid strip-footing (strip Young’s modulus very im-
portant with respect to the soil Young’s modulus) on a half plane is considered. The study is
very similar to the previous one except that the strip will play the role of the third subdomain
integrated with the implicit scheme. Using the GC method, the system composed of the PML
and the strip will be integrated with the same time step computed from the soil properties in-
stead of the strip properties which will be very small due to the stiffness of the strip.

We keep the same properties of the soil and the PML given in the previous Lamb test. The
cross section is characterized by a half width 0.5 and a Young’s modulus 100 times that of the
soil. The load is varying as a Ricker wave with the parameters defined before and is applied
uniformly to the strip as it is shown in Figure 8. The comparison will be in terms of displace-
ments computed at the point C and energies by considering the system composed of the strip
and the soil.
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Load
trip . ¢
JERATATER .
scheme
Soil
(Explicit scheme)

conform mesh
next to the strip

Figure 8: Rigid strip on a homogeneous soil. The soil and the strip are integrated using explicit
time scheme while the PML is integrated using implicit time scheme.

Figure 9 compares the displacements at C obtained using the PML model and the extended
mesh (reference results). It can be observed that the results closely match the reference results
with an error, estimated using the definition in the previous example, less than 2%.

0.01

T 0.01 T
Reference (extended mesh) Reference (extended mesh)
= = =PML - = =PML
0.005 1 0.005 -
b o
5 £
5 0 g 0
© o
s 5
2 o
° @2
s >
€ -0.005 S -0.005
] ks
N £
g 3
~0.01} — ~0.01f
-0.015 . : . -0.015 . : :
0 5 10 15 20 0 5 10 15 20
time (s) time (s)
(a) Horizontal displacement (b) Vertical displacement

Figure 9: Vertical and horizontal displacements plotted at point C using the PMLs compared to
the reference results using an extended mesh.

Considering the subdomain decomposition described before, Figures 10 and 11 compare
the displacements and the energies obtained using the Explicit/Implicit strategy by varying the
time ratio m with the results obtained using a full explicit integration. It can be noted that the
different curves are quite close with an error less than 5% for the displacements and 2.4% for the
energies (Table 2). Furthermore, an important reduction in time computation has been observed
which is on the order of 6,16 and 21 times less than the full explicit computation for m = 1,
m = 3 and m = 5 respectively.
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0.01 T
= PML (Full explicit)
= = =PML (m=1)
“““““ PML (m=3)
0.005{- ] PML (m=5)
= ]
Q
: /
g 0 s/ ‘ -
T | 1
-
(7] \
|
= !
£ -0.005f |
H i
5 " {
T ]
-0.01F U"
-0.015 ! t :
0 5 10 15

time (s)

(a) Horizontal displacement

20

0.01

= PML (Full explicit)

] = = = PML (m=1)
| [ REETPPR PML (m=5)
0.005 | | PML (m=5)
/]
£ 0 ) “ | NS a
8
&
E ]
8 -0.005F ;
T ¥
2 i
-0.01f ‘ f
0015 5 10 15
time (s)

(b) Vertical displacement

20

Figure 10: Vertical and horizontal displacements plotted at point C using time heterogeneous
implicit PMLs for different values of time step ratios m compared the reference results using a
full explicit integration.
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1.8 T
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16 = = =PML (m=1)
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(a) Energie potentielle
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time (s)

(b) Energie cintique

20

Figure 11: Kinetic and internal energies computed using time heterogeneous implicit PMLs
for different values of time step ratios m compared to the reference results using a full explicit

integration.

Kinetic | Internal | Horizontal Vertical

energy | energy | displacement | displacement
m=1| 0.2% 0.1% 0.8% 0.6%
m=31| 1.3% 0.9% 3% 2%
m=5| 2.4% 1.8% 5% 3.7%

Table 2: Relative errors related to the kinetic and internal energies computed for the system
composed of the strip and the soil by varying the time step ratios m from 1 to 5.
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5 Conclusion

In this paper, we presented the multi—time step coupling algorithm, based on GC method,
between the PML developed by Basu et al in [13] and a physical domain assumed to be linear
isotropic. The resulting algorithm was tested numerically through the computation of displace-
ments and energies for two 2D applications. These tests indicate that the proposed coupling
strategy offers interesting results in terms of accuracy and CPU time. However, a sensitivity to
a relatively small values of the time ratio m was observed for both tests, maybe due the numer-
ical dissipation introduced by the GC method. The extension of this method to other coupling
strategies (Brun et al [20] for example) is in progress.
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Anppendix A

The matrices B¢, B9, F* and F? in equation 18 are defined by:
First, we give the following definitions:

Fe17!
Fl= [Fp + %} F¢=F°F' F?=Frp!

The matrix B¢ is given in term of the submatrix for the node I by:
Ff1N§1 erlNéu
B} = Il:ﬁNIz l ZF262N12 l
FYyNpy + FiyNpy - F5 N + F5o Ny
with:

I _ gl
Nh’ - FijNI,j

(40)

(41)

(42)

The matrix B is defined, similarly, by replacing F*¢ with F%. Finally, the matrix Feis given

[ ) (D A
F= (Fi2) (F35) Fiy Fsy
2P Iy 28515y FiiFs, + iy,

likewise, the matrix F'© is obtained by replacing F* with F'<.
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