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Abstract. This paper studies topology optimization as a tool for designing barriers for ground
vibration transmission. A two-dimensional problem is considered where material is stiffened
in the design domain, located in the transmission path between the wource and the receiver.
The two-dimensional homogeneous halfspace is excited at the surface. The response at the
receiver is minimized for a harmonic load by distributing a stiffened material in the design
domain using topology optimization. The performance is compared to a wall barrier which
has the same volume of material and has a depth equal to the depth of the design domain. At
low frequencies, where the wavelengths are large compared to the height of the domain, the
optimized wave barrier reflects and guides waves away from the surface. At high frequencies,
destructive interference is obtained that leads to high values of the insertion loss. The presence
of small features in the designs makes the performance sensitive to deviations in the geometry.
In order to obtain a design which is robust with respect to geometric imperfections, a worst case
approach is followed. The resulting design not only outperforms the wall barrier, but is also
robust with respect to deviations in the geometry. This paper also shows that the robust design
can be used to develop simplified design solutions.
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1 INTRODUCTION

Vibrations in the built environment are a matter of growing concern. Railway induced vi-
brations may lead to malfunctioning of sensitive equipment, discomfort to people and, at high
vibration levels, damage to structures. Furthermore, noise can be re-radiated from floors and
walls when local modes are excited. More and more research is performed to search for efficient
and cost-effective vibration mitigation measures. Three categories of mitigation measures can
be distinguished: at the source (the railway track) [1], on the transmission path (the ground) [2],
and at the receiver (the building) [3]. The present work considers wave barriers to hinder prop-
agation of ground vibration from source to receiver.

Until now, only a limited number of simple design geometries for mitigation measures has
been investigated. However, current flexibility in construction methods such as jet grouting
leaves much room for improvement. To discover novel design geometries, topology optimiza-
tion [4] is applied. Topology optimization was originally developed for static mechanical prob-
lems, but has since then been used for a variety of applications including problems governed
by wave propagation. Topology optimization has been applied to problems with electromag-
netic (photonic crystal waveguide designs [5]), elastodynamic (design of phononic band-gap
materials and structures [6]), and acoustic waves (noise barriers [7, 8]). In this study, topology
optimization is used to develop novel design geometries for barriers impeding elastodynamic
wave transmission.

Since structural optimization is often found to lead to designs which are very sensitive to
geometrical imperfections [9], a worst case approach is adopted where the worst performance
of some (extreme) cases is optimized. This paper demonstrates the importance of considering
robustness in the optimization process, and shows that the robust designs can be used to develop
simplified design solutions.

The paper is organized as follows. First, the optimization problem is introduced and the
topology optimization approach is briefly presented. Second, results for optimized wave barriers
are discussed. Third, robust topology optimization is applied to obtain designs less sensitive to
geometric imperfections and a simplified design is presented.

2 THE OPTIMIZATION PROBLEM

Figure 1 shows the considered optimization problem. A two-dimensional homogeneous elas-
tic halfspace is considered which is excited at the surface by a vertical harmonic load.

The goal is to minimize the response at an output point (the receiver), located at the surface
of the halfspace, at a distance of15m from the excitation point. The effectiveness of the wave
barrier is quantified by the insertion loss (IL) in this output point:

IL = 20 log
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the norm of the displacement vector in the output point in the case of the original

homogeneous halfspace without the wave barrier and|ûout| the norm of the displacement vector
in the case with wave barrier.

The displacements are obtained using the finite element method with two-dimensional four-
node elements in plane strain. An element size of0.25m is used for the mesh, corresponding to
ten elements per shear wavelengthλs at a frequency of80Hz, which is the upper limit consid-
ered in this work. At the boundaries of the finite element mesh, appropriate radiation boundary
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Figure 1: The considered optimization problem.

conditions have to prevent spurious wave reflections. The Perfectly Matched Layers (PML) of
Harari and Albocher [10] are applied. The resulting finite element equilibrium equations can be
written as:

K̂û = p̂ (2)

wherep̂ is the load vector,̂u is the displacement vector, and̂K is the dynamic stiffness matrix.
The material is stiffened in a design domain which is located between the source and the

receiver. The design domain has a cross-sectional area of10× 8m2 and is located at a distance
of 2.5m from both the excitation point and the receiver. The properties of the original material
1 of the homogeneous halfspace and the stiffened material 2 are summarized in table 1.

Property Original material 1 Stiffened material 2
Material densityρ 2000 kg/m3 2000 kg/m3

Longitudinal wave velocityCp 400m/s 950m/s
Shear wave velocityCs 200m/s 550m/s

Table 1: The considered material properties.

The optimal distribution of the stiffened material in the design domain is determined using
topology optimization [4]. The material distribution is parameterized using so-called element
densities̄ρe for each elemente in the design domain. The valuēρe = 0 indicates that element
e has the properties of the homogeneous halfspace, while the valueρ̄e = 1 corresponds to the
properties of the stiffened material. The densities are allowed to vary continuously between0
and1, making it possible to solve the optimization problem with a gradient based approach.

A Solid Isotropic Material with Penalization (SIMP) interpolation is used to interpolate the
material propertiesα:

α = α1 + ρ̄pe (α2 − α1) (3)

whereα1 andα2 are the properties of the original and stiffened material, respectively. The
penalization factorp ≥ 1 avoids so-called gray designs with intermediate densities. A value
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p = 1 is used for the material densityρ while p = 3 is used for the constrained modulusρC2
p

and the shear modulusρC2
s . Note that the penalization only works if the volume constraint in

Eq. (6) is active.
In order to achieve a design with sufficient detail, the finite element mesh of the design

domain is finer than the one of the surrounding domain, following the method proposed by
Kristensen [11]. The horizontal and vertical displacements of the intermediate nodes are cou-
pled to the nodes of the surrounding domain and the resulting constraint equations are added to
the finite element equilibrium equations.

The (physical) element densities̄ρe are obtained from the design variablesρe of the opti-
mization problem by applying a projection filter [12]:

ρ̄e =
tanh (βη) + tanh (β(ρ̃e − η))

tanh (βη) + tanh (β(1− η))
(4)

whereβ is a sharpness parameter, controlling the smoothness of the projection,η is the projec-
tion threshold, and the densitiesρ̃e are obtained from:

ρ̃e =

∑N

i=1 weiviρi
∑N

i=1weivi
(5)

wherevi is the volume of elementi and the weightwei = max (R − rei) depends on the filter
radiusR and the center-to-center distancerei between the elementse andi. In the present work,
the filter radius is taken to beR = 2.5 elements, the projection threshold value is set toη = 0.5
and the sharpness parameterβ has an initial value equal to1 and is doubled every50 iterations
until the value of32 is reached.

The aim is to maximize the insertion loss in Eq. (1). The problem is reformulated as a
minimization problem, by defining the objective functionΦ = −IL. The optimization problem
is also subjected to a volume constraint and can be summarized as:

min
ρe

Φ = 20 log
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(6)

whereN is the number of elements in the design domain and the upper limit for the volume
V ∗ is set to10% of the total volume. The displacements are computed using the finite element
method. This problem is not convex, and multiple local minima may exist.

The optimization problem is solved using the method of moving asymptotes (MMA) [13].
This gradient-based approach necessitates the calculation of the derivatives of the objective
function. To enable an efficient calculation of the sensitivities, the adjoint method is used (see,
e.g. [4, p. 17]). The sensitivities are calculated as follows:

∂Φ

∂ρ̄e
= 2Re

{

λ
T ∂K̂

∂ρ̄e
û

}

(7)

where the vectorλ is computed from the adjoint equation, which can be written in the following
simplified form:

K̂λ = −
∂Φ

∂û
(8)
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3 TOPOLOGY OPTIMIZATION RESULTS

The wave designs obtained by topology optimization are compared with the reference design
of a wall barrier which has the same volume of material and has a depth equal to the depth of the
design domain: a rectangular design with dimensions1m× 8m, located in the design domain
at the side closest to the source. This reference design is shown in figure 2a. The optimization
starts with an initial design where all element densities are assigned a valueρe = 0.2.
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Figure 2: (a) Reference design, (b) optimized design maximizing the insertion loss at25Hz,
and (c) resulting insertion lossIL as a function of the frequency for the reference design (dash-
dotted line) and the optimized design (solid line).

Maximizing the insertion loss in Eq. (1) for harmonic excitation at25Hz results in the
design and corresponding insertion loss in figure 2. The optimized design leads to an insertion
loss of17.0 dB compared to the original situation which is14.8 dB higher than the insertion
loss of the reference design. Figure 3 shows the vector norm of the real and imaginary part
of the displacement field at25Hz for the homogeneous halfspace and after the introduction
of the reference barrier and the optimized barrier. The reference barrier mainly reflects the
incoming waves and therefore reduces the amplitude of the Rayleigh waves travelling along
the free surface from the source to the receiver. The optimized design, however, does not only
reflect the incoming waves, but also directs them downwards into the soil, reducing the response
at the surface.

The optimized design and its performance change significantly when the wavelength be-
comes smaller than the half of the depth of the design domain. Figure 4 shows the design
and corresponding insertion loss when maximizing the insertion loss for harmonic excitation
at 50Hz. The insertion loss of the optimized design is again compared to the insertion loss
of the reference design of1m × 8m. At 50Hz, the insertion loss reaches a very high value
of 50.1 dB, which is45.7 dB higher than the insertion loss of the reference design. Figure 5
shows the vector norm of the real and imaginary part of the displacement field at50Hz for the
homogeneous halfspace and after the introduction of the reference barrier and the optimized
barrier. The reference barrier again primarily reduces the amplitude of the Rayleigh waves. The
optimized design, however, moves the incoming waves away from the surface. This effect is
caused by destructive interference of the waves transmitted by the top part of the optimized
design and the waves reflected by the bottom part.
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Figure 3: Vector norm of the real part̂uR (top) and imaginary part̂uI (bottom) of the dis-
placement field at25Hz (a) for the homogeneous halfspace and after the introduction of (b) the
reference design (figure 2a), and (c) the optimized design maximizing the insertion lossIL at
25Hz (figure 2b).
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Figure 4: (a) Reference design, (b) optimized design maximizing the insertion loss at50Hz,
and (c) resulting insertion lossIL as a function of the frequency for the reference design (dash-
dotted line) and the optimized design (solid line).

4 GEOMETRIC IMPERFECTIONS

The design in figure 4b contains some small features, making it very sensitive to deviations
in the geometry. The performance of the actual wave barrier in case of geometric imperfections
may therefore be far from optimal. The influence of errors in the (in-plane) dimensions of the
stiffened material can be modeled by varying the projection thresholdη in Eq. 4 [14].

Figure 6 shows the influence of the projection thresholdη for the design optimized for reduc-
ing transmission at a frequency of50Hz (figure 4). For low values of the projection threshold
(e.g. η = 0.25), lower values of the filtered densities are projected to the stiffened material as
well, and the dimensions of the stiffened material increase, leading to so-called dilated designs.
For high values of the projection threshold (e.g.η = 0.75), only the higher values of the filtered
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Figure 5: Vector norm of the real part̂uR (top) and imaginary part̂uI (bottom) of the dis-
placement field at50Hz (a) for the homogeneous halfspace and after the introduction of (b) the
reference design (figure 4a), and (c) the optimized design maximizing the insertion lossIL at
50Hz (figure 4b).

densities are projected to the stiffened material, and the dimensions of the stiffened material
decrease, leading to so-called eroded designs.

A high value for the insertion loss is found for the valueη = 0.5 (intermediate design).
The performance is therefore very sensitive to thickness variations. For the dilated design (η =
0.25), a high performance is still obtained thanks to the top part of the design. This top part is,
however, largely affected for the eroded design (η = 0.75). The upper valueη = 1 removes all
stiffened material from the design (ûout = ûout

orig), and the insertion loss (Eq. (1)) becomes equal
to zero.

In order to obtain a design which is less sensitive to this type of geometric imperfections,
a robust topology optimization approach is used. The interval of the projection threshold is
set to[0.25, 0.75] and a worst case formulation is adopted. In the worst case formulation, the
minimal insertion loss for different values of the projection threshold is maximized. The robust
optimization problem is formulated as follows:

min
ρe

max
q

{Φ (ρ̄e(η
q))} , q = 1 . . .Q

s.t.
N
∑

e=1

veρ̄
i
e ≤ V ∗, e = 1 . . . N

0 ≤ ρe ≤ 1, e = 1 . . . N

(9)

whereQ is the number of values considered for the projection thresholdη andρ̄ie are the element
densities of elemente in the case of the intermediate design (η = 0.5).

Figure 7 shows the resulting robust design and insertion loss forQ = 3 equidistant values of
the projection thresholdη. The deterministic performance decreases from50.1 dB to 40.6 dB.
The robust design is, however, less sensitive to thickness variations. There are some small peaks
at η = 0.25, η = 0.5 andη = 0.75 but these are not as distinct as the peak atη = 0.5 in figure
6d. The insertion loss at a frequency of50Hz is therefore larger than26.5 dB for the entire
rangeη = [0.25, 0.75].
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Figure 6: The (a) dilated (η = 0.25), (b) intermediate (η = 0.5), and (c) eroded (η = 0.75)
version of the optimized design maximizing the insertion lossIL at a frequency of50Hz and
(d) the influence of the projection thresholdη on the insertion lossIL at50Hz.

Because of buildability constraints, it may be difficult to reproduce the design in figure 7b.
Since the design is robust to thickness variations, a simplification of the geometry is not ex-
pected to significantly affect the performance of the design. Figure 8 shows a manually simpli-
fied design and the corresponding insertion loss. The performance of this simplified design is
similar to the performance of the design obtained with deterministic and robust topology opti-
mization. The insertion loss at50Hz is equal to33.0 dB and is therefore lower than the insertion
loss of the robust design, but the simplified design still outperforms the reference design, which
has an insertion loss equal to4.4 dB at50Hz.

5 CONCLUSIONS

Topology optimization is a powerful tool for finding novel design geometries. In this paper,
topology optimization is used to design wave barriers that reduce ground transmission vibration.
An optimization problem is considered where a homogeneous halfspace is excited at the sur-
face. The response at a receiver point is minimized by stiffening material in the design domain
between the source and receiver.

Harmonic excitation is considered and the optimized designs are shown at two frequencies
(25Hz and50Hz). At lower frequencies, the incoming waves are directed downwards away
from the surface. At higher frequencies, destructive interference is observed, resulting in a peak
at the targeted frequency.

Geometric imperfections can lead to an important deterioration of the performance. A worst
case approach is therefore used to obtain a robust design, where the lowest performance of some
values of the projection threshold is maximized. The resulting design is less sensitive to errors
in the dimensions of the wave barrier. Simplifying the topology of the robust design leads to a
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Figure 7: The (a) dilated (η = 0.25), (b) intermediate (η = 0.5), and (c) eroded (η = 0.75) ver-
sion of the robust optimized design maximizing the minimal insertion lossIL for 3 equidistant
values of the projection thresholdη in the range[0.25, 0.75] at a frequency of50Hz and (d) the
influence of the projection thresholdη on the insertion lossIL at50Hz.
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Figure 8: (a) Reference design, (b) simplified design after a manual post-processing of the
robust optimized design maximizing the insertion loss at a frequency of50Hz using a worst case
robust approach (figure 7b), and (c) resulting insertion lossIL as a function of the frequency for
the reference design (dash-dotted line) and the post-processed optimized design (solid line).

slightly reduced performance, but the resulting design significantly outperforms the wall barrier.
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