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Abstract.  Nowadays, the collapse mechanism control is universally recognized as one of the 
primary goals of the structural design process. The primary purpose consists in avoiding 
collapse mechanisms characterized by poor energy dissipation capacity, such as “soft-
storey” mechanisms, assuring the development of a collapse mechanism of global type. In 
particular, such kind of mechanism is characterized by the location of plastic hinges at all the 
beam ends and at the base sections of first storey columns. In the present work a rational 
design approach aiming to control the failure mechanism in seismic resistant concrete frame 
is applied. In particular, column sections are dimensioned by means of the Theory of Plastic 
Mechanism Control (TPMC) to guarantee structures failing according to a global type 
mechanism. In past researches, this procedure has been applied to several steel structure 
typologies. In this paper for the first time it is presented and applied to a concrete moment 
resisting frame. In the paper the theory is recalled and a worked example is reported in order 
to show that its application is very easy. In addition both push-over analyses and non-linear 
dynamic analyses have been made to investigate the actual collapse mechanism of the 
designed structure. All the obtained results confirm the ability of the design procedure to 
obtain a collapse mechanism of global type. 
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1 INTRODUCTION 

In order to avoid undesired collapse mechanisms hierarchy criterion, reported in all the 
modern seismic codes, suggests that at any joint, the sum of the flexural strength of the 
columns is greater than the sum of the flexural strength of the beams converging in the same 
joint [1, 2]. In a collapse mechanism of global type the energy dissipation capacity and global 
ductility supply are maximized because all the dissipative zones are involved in the 
corresponding pattern of yielding. Conversely, all the other structural parts remain in elastic 
range. In fact, relatively to the moment resisting frames, the maximum number of plastic 
hinges is obtained when two plastic hinges develops in each bay and they are usually located 
at beam ends. However, for particular load conditions, plastic hinges can develop also in the 
mid span of the bay. Nowadays, in the design of structures, is important to differentiate on 
one hand, dissipative zones, designed according to the internal actions arising from the 
seismic forces provided by the codes, and on the other hand non-dissipative zones, 
proportioned on the basis of the maximum internal actions transmitted by the dissipative 
zones. In a seismic resistant concrete frame, beams and columns are identified as dissipative 
and non-dissipative zones, respectively. These are the basic principles of capacity design 
approach, independently of the structural scheme and the constructional material [3 - 5]. 

Unfortunately, the beam-column hierarchy criterion, being based on simple joint 
equilibrium, is only able to prevent “soft-storey” mechanisms, but it does not assure the 
development of a collapse mechanism of global type; in fact it is a non-rigorous application of 
capacity design principles [6,7]. For this reason, a more sophisticated design procedure, based 
on the kinematic theorem of plastic collapse and on second order plastic analysis (i.e. the 
concept of mechanism equilibrium curve) has been presented in 1997 [8]. Starting from this 
first work, the “Theory of Plastic Mechanism Control” (TPMC) has been obtained as a 
powerful tool for the seismic design. In particular, it consists on the extension of the 
kinematic theorem of plastic collapse to the concept of mechanism equilibrium curve. In fact, 
for any given structural typology, the design conditions to be applied in order to prevent 
undesired collapse mechanisms can be derived by imposing that the mechanism equilibrium 
curve corresponding to the global mechanism has to be located below those corresponding to 
all the other undesired mechanisms up to a displacement level compatible with the local 
ductility supply of dissipative zones. 

This design approach was successively extended to MRFs with RBS connections, EB-
Frames with horizontal links (i.e. split-K scheme and D-scheme), EB-frames with inverted Y 
scheme, dissipative truss-moment frames DTMFs, MRF-CBF dual systems and, finally, in 
MRFs equipped with friction dampers. 

So, it can be concluded that structures in high seismicity zones are normally designed to 
resist severe earthquakes by dissipating the input energy by means of inelastic deformations 
and, in order to maximize this effect, plastic hinges need to be developed at beam ends rather 
than in the columns in case of moment resisting frames (MRFs) [9-16]. However also in the 
case of other structural typologies the need to avoid the yielding of columns is always the 
desired goal and the development of a global mechanism is the main design objective [17-33].  

Starting from the above background, in this paper a new application of the “Theory of 
Plastic Mechanism Control” is developed with reference to the reinforced concrete frames 
[34]. Furthermore, the simplicity of the proposed method will be emphasized by means of a 
worked example aiming to show its practical application which can be carried out even by 
means of hand calculations. In addition, static inelastic analyses are carried out to control the 
fulfilment of the desired collapse mechanism typology, i.e. a collapse mechanism of global 
type. 
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1. THEORY OF PLASTIC MECHANISM CONTROL

TPMC allows the theoretical solution of the problem of designing a structure failing in
global mode, i.e. assuring that plastic hinges develop only at beam ends while all the columns 
remain in elastic range with the only exception of base sections at first storey columns. In 
general, three main collapse mechanism typologies that the structure is able to exhibit can be 
recognized: these mechanisms, depicted in Figure 1, are to be considered undesired because 
they do not involve all the dissipative zones. Type-1 mechanism starts from the first storey 
level and involves an 𝑖𝑚-th number of storeys, for this reason plastic hinges develop at the 
beam ends of all the storeys involved, at the base section of the first storey columns and at the 
top section of the 𝑖𝑚-th storey columns. Type- 2 mechanism is a particular kind of mechanism 
which starts to the top of the structure and involves an 𝑖𝑚-th number of storey. In particular, 
all the beam ends and the base section of the 𝑖𝑚-th storey columns develop plastic hinges. The 
global mechanism, representing the design goal, is a particular case of type-2 mechanism 
involving all the storeys. Finally, type-3 mechanism involves only one storey, so that plastic 
hinges develop at the base and top section of the same storey columns. It has to be considered 
the worst mechanism because involves only the columns which are to be considered less 
dissipative than the beam sections. In order to apply the TPMC it is of paramount importance 
the introduction of the concept of linearized mechanism equilibrium curve for each 
considered mechanism. The mathematical expression of this curve can be written as: 

𝛼 = 𝛼0 − 𝛾𝛾 (1) 

W here α0 is the kinematically admissible multiplier of horizontal forces and γ is the slope 
of the mechanism equilibrium curve. Both parameters can be derived, according to rigid-
plastic theory, using the principle of virtual work. Within the framework of a kinematic 
approach, for any given collapse mechanism, the mechanism equilibrium curve can be easily 
derived by equalling the external work to the internal work. In addition, in order to account 
for second order effects, the external second-order work due to vertical load is also evaluated. 

Concerning the evaluation of the kinematically admissible multiplier of horizontal forces 
corresponding to the generic mechanism, it is easy to recognise that, in the case of global type 
mechanism, for a virtual rotation 𝑑𝑑 of plastic hinges of the columns at first storey (Figure 1), 
the internal work can be expressed as: 

𝑊𝑖 = ��𝑀𝑐,𝑖,1 + 2��𝑀𝑏.𝑗𝑗

𝑛𝑏

𝑗=1

𝑛𝑠

𝑘=1

𝑛𝑐

𝑖=1

� 𝑑𝑑 = �𝑀𝑐,1 + 𝑀𝑏,𝑅𝑅�𝑑𝑑 (2) 

For the better comprehension of the adopted notation reference is made to Table 1. The 
external work due to the horizontal forces can be written as: 

𝑊𝑒 = �𝛼�𝐹𝑘ℎ𝑘

𝑛𝑠

𝑘=1

� 𝑑𝑑 = [𝛼𝑀𝐹]𝑑𝑑 (3) 

Therefore the application of the virtual work principle provides the kinematically 
admissible multiplier as: 

𝛼0
(𝑔) =

�𝑀𝑐,1 + 𝑀𝑏,𝑅𝑅�
𝑀𝐹

(4) 

In order to compute the slope of the mechanism equilibrium curve, it is necessary to 
evaluate the second-order work due to vertical loads.  
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GLOBAL MECHANISM TYPE 1 - MECHANISM

TYPE 2 - MECHANISM TYPE 3 - MECHANISM  (SOFT STOREY)
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Figure 1: Collapse mechanism typologies 

With reference to Figure 2, it can be observed that the horizontal displacement of the k-th 
storey involved in the generic mechanism is given by 𝑢𝑘 = 𝑟𝑘𝑠𝑠𝑠𝑠, where 𝑟𝑘 is the distance 
of the k-th storey from the centre of rotation C and 𝜃 the angle of rotation. 

𝑛𝑐 number of columns 𝑀𝑐,𝑖𝑖 = �𝑀𝑐,𝑖,𝑖𝑖

𝑛𝑐

𝑖=1

 
sum of plastic moments of 

columns at 𝑖𝑚-th storey 

𝑛𝑏 number of bays 𝑀𝑉 = �𝑉𝑘ℎ𝑘

𝑛𝑠

𝑘=1

 
second-order work due to 

vertical loads in global 
mechanism 

𝑛𝑠 number of storeys 𝑀𝐹 = �𝐹𝑘ℎ𝑘

𝑛𝑠

𝑘=1

 
external work due to 

horizontal forces in the 
global mechanism 

𝑖𝑚 index of mechanism 𝑀𝑏.𝑗𝑗 
plastic design resistance 
of beam at j-th bay of the 

k-th storey 
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𝐻𝑜 

sum of the interstorey 
heights of the storeys 

involved by the generic 
mechanism 

𝑀𝑏,𝑅𝑅 = 2��𝑀𝑏.𝑗𝑗

𝑛𝑏

𝑗=1

𝑛𝑠

𝑘=1

 
sum of the plastic design 
resistances of beam ends 

ℎ𝑘 
height of the k-th storey 

(with k=1, 2, .., 𝑛𝑠) 
𝐹 = �𝐹𝑘

𝑛𝑠

𝑘=1

 
sum of the horizontal 

forces 

𝑀𝑐,𝑖,𝑖𝑖 
plastic moment of the i-

th column at 𝑖𝑚-th 
storey 

Table 1: Notation 

The top sway displacement is given by 𝛿 = 𝐻𝑜𝑠𝑠𝑠𝑠, where 𝐻𝑜 is the sum of the interstorey 
heights of the storeys involved by the generic mechanism. In the case of global type 
mechanism, as shown in Figure 1, all the storeys participate to the collapse mechanism, so 
that 𝐻𝑜 = ℎ𝑛𝑛. The relationship between vertical and horizontal virtual displacements is given 
by (Figure 2): 

𝑑𝑑𝑘 = 𝑑𝑑𝑘𝑡𝑡𝑡𝑡 ≈ 𝑑𝑑𝑘𝑠𝑠𝑠𝑠 = 𝑑𝑑𝑘
𝛿
𝐻𝑜 (5) 

Figure 2: Second order vertical displacements 

It shows that, as the ratio 𝑑𝑑𝑘 𝑑𝑑𝑘⁄  is independent from the considered storey, vertical and 
horizontal virtual displacement vectors have the same shape. In fact, the virtual horizontal 
displacements are given by: 

𝑑𝑑𝑘 = 𝑟𝑘𝑐𝑐𝑐𝑐𝑐𝑐 ≈ 𝑟𝑘𝑑𝑑 (6) 

By substituting Eq. (6) in Eq. (5), the virtual vertical displacements are given by: 

𝑑𝑑𝑘 =
𝛿
𝐻𝑜

𝑟𝑘𝑑𝑑 (7) 
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and, therefore, they have the same shape 𝑟𝑘 of the horizontal ones. As a consequence,            
the second-order work due to vertical loads for the global mechanism is given by: 

𝑊𝑣 = �𝑉𝑘ℎ𝑘

𝑛𝑠

𝑘=1

𝛿
𝐻𝑜

𝑑𝑑 = 𝑀𝑉
𝛿
𝐻𝑜

𝑑𝑑 (8) 

By accounting for this value, the virtual work principle can be written as: 

𝑊𝑖 = 𝑊𝑒 + 𝑊𝑣 (9) 

By substituting Eqs. (2), (3) and (8) in Eq. (9) the following relation can be obtained: 

�𝑀𝑐,1 + 𝑀𝑏,𝑅𝑅�𝑑𝑑 = [𝛼𝑀𝐹]𝑑𝑑 + 𝑀𝑉
𝛿
𝐻𝑜

𝑑𝑑 (10) 

By means of simple steps it is immediately recognized the form of the linearized 
mechanism equilibrium curve expressed by Eq. (1): 

𝛼 =
𝑀𝑐,1 + 𝑀𝑏,𝑅𝑅

𝑀𝐹
−

1
𝐻𝑜

𝑀𝑉

𝑀𝐹
𝛿 (11) 

Therefore, the slope of the mechanism equilibrium curve 𝛾, can be easily obtained. In the 
case of global mechanism it is given by: 

𝛾(𝑔) =

1
𝐻𝑜

𝑀𝑉

𝑀𝐹
=

1
ℎ𝑛𝑠

𝑀𝑉

𝑀𝐹

(12) 

Therefore, the linearized mechanism equilibrium curve of global mechanism        

𝛼0 = 𝛼0
(𝑔) − 𝛾(𝑔)𝛿  is completely defined. It can be useful to underline that the linearization 

of equilibrium curve is due to the small displacement theory adopted in Eq. (6). In fact, due to 
this assumption, second-order work of to vertical loads is linear and as a consequence, also 
the mechanism equilibrium curve is linear. 

For each considered mechanism (Figure 1) a mechanism equilibrium curve can be 
obtained. In particular, for the 𝑖𝑚-th mechanism (𝑖𝑚 = 1, 2, … ,𝑛𝑠) of the 𝑡-th mechanism 
typology (𝑡 = 1, 2, 3) the application of kinematic theorem of plastic collapse provides: 

𝛼𝑖𝑖
(𝑡) = 𝛼0,𝑖𝑖

(𝑡) − 𝛾𝑖𝑖
(𝑡)𝛿 𝑡 = 1,2,3        𝑖𝑚 = 1,2, …𝑛𝑠 (13) 

Where 𝛼0,𝑖𝑖
(𝑡) and 𝛾𝑖𝑖

(𝑡) represent, respectively, the kinematically admissible multiplier and 
the slope of mechanism equilibrium curve of the 𝑖𝑚-th mechanism of the 𝑡-th mechanism 
typology. In the proposed method the beam section properties are assumed to be known 
quantities because they are designed to resist vertical loads. As a consequence, the unknowns 
of the design problem are the column sections. They could be determined by means of design 
conditions expressing that the kinematically admissible multiplier corresponding to the global 
mechanism is the minimum among all kinematically admissible multipliers corresponding to 
all other mechanisms (Figure 1). Obviously, this design condition is able to assure the desired 
collapse mechanism only in case of rigid-plastic behaviour, while actual structures are 
characterized by elastic displacements before the development of a plastic mechanism. Due to 
these elastic displacements, second-order effects of vertical loads cannot be neglected. These 
effects can be taken into account by imposing that the mechanism equilibrium curve 
corresponding to the global mechanism has to lie below those corresponding to all other 
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mechanisms i.e. the upper bound theorem of plastic design is to be satisfied for each value of 
the displacements 𝛿 (Figure 3). However, the fulfilment of this requirement is necessary only 
up to a selected ultimate displacement 𝛿𝑢, which has to be compatible with the ductility 
supply of structural members. 

γim

(t)

γ (γ)α0

(γ)

α(γ)

α im

(t)

δu δ

α

Globαl mechαnism

Generic mechαnism

Figure 3: Design condition 

This corresponds to impose the following conditions: 

𝛼0
(𝑔) − 𝛾(𝑔)𝛿𝑢 ≤ 𝛼0,𝑖𝑖

(𝑡) − 𝛾𝑖𝑖
(𝑡)𝛿𝑢 (14) 

for  𝑖𝑚 = 1, 2 3, … , 𝑛𝑠  and     𝑡 = 1, 2, 3. 
It is important to underline that, for any given geometry of the structural system, the 

slope of mechanism equilibrium curve attains its minimum value when the global type 
mechanism is developed. This issue assumes a paramount importance in TPMC allowing 
the extension of the kinematic theorem of plastic collapse to the concept of mechanism 
equilibrium curve by simply checking the equation for the value 𝛿 = 𝛿𝑢, as depicted in 
Figure 3. Therefore, there are 3𝑛𝑠 design conditions to be satisfied for a structural 
scheme having 𝑛𝑠 storeys. With reference to 𝑖𝑚-th mechanism of type-1, the 
kinematically admissible multiplier of seismic horizontal forces is given by: 

𝛼0,𝑖𝑚
(1) =

𝑀𝑐,1 + 2∑ ∑ 𝑀𝑏.𝑗𝑗
𝑛𝑏
𝑗=1

𝑖𝑚−1
𝑘=1 + 𝑀𝑐,𝑖𝑖

∑ 𝐹𝑘ℎ𝑘
𝑖𝑚
𝑘=1 + ℎ𝑖𝑚 ∑ 𝐹𝑘

𝑛𝑠
𝑘=𝑖𝑚+1

(15) 

while the slope of the mechanism equilibrium curve is: 

𝛾𝑖𝑚
(1) =

1
ℎ𝑖𝑚

∑ 𝑉𝑘ℎ𝑘 + ℎ𝑖𝑚 ∑ 𝑉𝑘
𝑛𝑠
𝑘=𝑖𝑚+1

𝑖𝑚
𝑘=1

∑ 𝐹𝑘ℎ𝑘
𝑖𝑚
𝑘=1 + ℎ𝑖𝑚 ∑ 𝐹𝑘

𝑛𝑠
𝑘=𝑖𝑚+1

(16) 

With reference to 𝑖𝑚-th mechanism of type-2 the kinematically admissible multiplier of 
seismic horizontal forces is given by: 

𝛼0,𝑖𝑚
(2) =

𝑀𝑐,𝑖𝑖 + 2∑ ∑ 𝑀𝑏.𝑗𝑗
𝑛𝑏
𝑗=1

𝑛𝑠
𝑘=𝑖𝑚

∑ 𝐹𝑘(ℎ𝑘
𝑛𝑠
𝑘=𝑖𝑚

− ℎ𝑖𝑚−1)
(17) 

while the slope of the mechanism equilibrium curve is: 
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𝛾𝑖𝑚
(2) =

1
ℎ𝑛𝑠 − ℎ𝑖𝑚−1

∑ 𝑉𝑘�ℎ𝑘 − ℎ𝑖𝑚−1�
𝑛𝑠
𝑘=𝑖𝑚

∑ 𝐹𝑘(ℎ𝑘
𝑛𝑠
𝑘=𝑖𝑚

− ℎ𝑖𝑚−1)
(18) 

It is useful to note that, for 𝑖𝑚 = 1 Eq. (17) and Eq. (18) are coincident with Eq. (4) and 
Eq. (12) respectively, because in such case the mechanism is coincident with the global one. 
In addition, these relations for 𝑖𝑚 = 1 include the term ℎ𝑖𝑚−1 = ℎ0 which is to be assumed 
equal to zero. Finally, with reference to 𝑖𝑚-th mechanism of type-3, the kinematically 
admissible multiplier of horizontal forces, is given by: 

𝛼0,𝑖𝑚
(3) =

2𝑀𝑐,𝑖𝑖

�ℎ𝑖𝑚 − ℎ𝑖𝑚−1�∑ 𝐹𝑘
𝑛𝑠
𝑘=𝑖𝑚

(19) 

In addition, the corresponding slope of the mechanism equilibrium curve is given by: 

γim
(3) =

∑ Vk
ns
k=im

�him − him−1�∑ Fk
ns
k=im

(20) 

2. DESIGN ALGORITHM

The above mentioned relations can be used to design concrete frames failing in global
mode and, therefore, having a mechanism equilibrium curve given by Eq. (1), with the 
kinematically admissible multiplier of horizontal forces given by Eq. (4) and the slope given 
by relation (12). The design algorithm is constituted by the following steps: 

a) Selection of a design top sway displacement 𝛿𝑢 compatible with the ductility supply of
structural members. To this scope the plastic rotation capacity of beams can be assumed equal 
to 0.04 rad so that 𝛿𝑢 = 0.04 ∙ ℎ𝑛𝑛 where ℎ𝑛𝑠 is the height of the structure.  

b) Design of beam sections to withstand vertical loads acting in the non-seismic load
combination. The preliminary design of beam can be made by considering a bending moment 
belonging to the range 𝑞𝐿2/8 ÷  𝑞𝐿2/10 being 𝑞 the load acting on the beam in the vertical 
load combination (see worked example). It is important to underline that the presented 
procedure, considers only symmetric structures characterized by symmetrical beam sections 
with symmetrical reinforcement. This limitation allows to consider for each beam just one 
plastic moment.  

c) Computation, by means of Eqs. (16), (18) and (20), of the slopes of mechanism

equilibrium curves 𝛾𝑖𝑚
(𝑡) which are known quantities because they depend on loads (vertical 

and horizontal) and frame geometry. 
d) For each considered 𝑖𝑚 value, Eq. (14) provides the following relations where the

unknown quantities are represented by 𝑀𝑐,𝑖𝑖 and 𝑀𝑐,1, which are the sum of plastic 
moments of columns at 𝑖𝑚-th storey and at first storey, respectively. It is important to note 
that for 𝑡 = 2  Eq. (14) is an identity because global mechanism is obtained by type 2 
mechanism for 𝑖𝑚 = 1. Furthermore, for 𝑖𝑚 = 1, type 1 and type 3 mechanisms are 
coincident. This observation can be immediately derived from Figure 1 and, in addition, it is 

easy to check that 𝛼0,1
(1) = 𝛼0,1

(3)  and  𝛾1
(1) = 𝛾1

(3).
As a consequence, for 𝑖𝑚 = 1 there is only a design condition where the only unknown is 

represented by 𝑀𝑐,1. This value can be found by substituting the values of 

𝛼0
(𝑔), 𝛾(𝑔),𝛼0,1

(1) �𝑜𝑜 𝛼0,1
(3)� and 𝛾1

(1) �𝑜𝑜 𝛾1
(3)� in Eq. (14 ) that gives:

3395



 Muscati Roberta 

𝑀𝑐,1 ≥
𝑀𝑏,𝑅𝑅 + �𝛾1

(3)−𝛾(𝑔)� ∙ 𝛿𝑢 ∙ 𝑀𝐹

2 𝑀𝐹
ℎ1𝐹

− 1
(21) 

The above relation is of paramount importance from the practical point of view, because it 
allows to design first storey columns by means of a closed form solution easy to be applied by 
hand calculations. 

e) The sum of the required plastic moments of columns can be distributed among the
columns in different ways which are at the discretion of the designer. In this case, the 
following simple rule can be adopted: 

𝑀𝑐,𝑖,1 =
𝑀𝑐,1

𝑛𝑐
(22) 

for 𝑖 = 1, … ,𝑛𝑐. 
It is important to underline that the way of distributing the sum of required plastic 

moments expressed by Eq.(22) is not mandatory, in fact, any other distribution among the 
columns of storey 1 having as sum the value 𝑀𝑐,𝑖,1 is perfectly equivalent. The choice has 
been made according to several analyses carried out on different structures in order to provide 
a cheaper solution. 

f) Design of the columns at first storey. It starts by considering a section able to resist to
vertical loads at ultimate limit state (𝑁𝑉,𝑆𝑆𝑆). The base of the section is, initially, assumed 
equal to 𝑏 = 30cm and the height is calculated with the following equation: 

ℎ =
𝑁𝑉,𝑆𝑆𝑆

𝜈 ∙ 𝑏 ∙ 𝑓𝑐𝑐
=

𝑁𝑉,𝑆𝑆𝑆

0.5 ∙ 𝑏 ∙ 𝑓𝑐𝑐
≥ 30𝑐𝑐 (23) 

For a given value of b and h, the reinforcements of the section are to be designed. At this 
aim it is very important to consider the shape of the M-N interaction domain. In fact, for a 
concrete frame, the maximum axial force does not necessarily implicate the worst condition, 
as happens in steel members, because it depends on the zone of the domain where the design 
point is located. If the design condition falls at the left of the M-N interaction diagram peak, 
there is a resistant moment increasing with the increase of axial load (Figure 4(a)). 
Conversely, at the right of the peak the dual condition is noted (Figure 4(b)). 

( a ) ( b ) 

Figure 4: M-N interaction domain 

The main problem affecting the M-N interaction domain configuration is that it is 
impossible to immediately obtain the value of the design axial force. The problem can be 
solved by considering two values of axial force: 

M 

N

M 

N
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- a maximum value 𝑁𝑚𝑚𝑚, given by the sum of the axial forces due to vertical loads, in 
the seismic load combination (𝑁𝑞,𝐸) and the maximum of the axial force related to the shear 
actions due to the plastic hinges developed at the beam ends (𝑁𝑀,𝐸): 

𝑁𝑚𝑚𝑥 = 𝑁𝑞,𝐸 + 𝑁𝑀,𝐸 (24) 

- a minimum value 𝑁𝑚𝑚𝑚, obtained by subtracting the same terms mentioned above: 
𝑁𝑚𝑚𝑚 = 𝑁𝑞,𝐸 − 𝑁𝑀,𝐸 (25) 

For a generic column and for a fixed direction of the earthquake, if the axial load is given 
by Eq. (24), then, for the opposite direction of horizontal forces, the axial load contribution is 
given by Eq. (25). Consequently, a design moment must be associated with those axial forces.  

In particular the proposed design procedure considers, for both values of the axial forces, 
the value of the design moment obtained with the Eq. (22), namely 𝑀𝑃𝑃. In conclusion the 
design points are: 

𝐴 (𝑁𝑚𝑚𝑚,𝑀𝑃𝑃) 𝐵 (𝑁𝑚𝑚𝑚,𝑀𝑃𝑃) (26) 

Anyway, this aspect will be better clarified in the worked example (Figure 6). 
g) Design of the reinforcement of columns at first storey. The process consists, essentially,

in assuming an initial quantity of reinforcement (corresponding to the minimum value 
allowed by the adopted code) which is increased until the design points fall into the internal 
side of the M-N performance domain. If the maximum percentage of reinforcement prescribed 
by the regulations is reached, then the procedure is repeated by increasing the section 
dimensions. Once the columns are designed the obtained value of 𝑀𝑐,1, namely 𝑀𝑐,𝑅𝑅,1, is 
generally greater than the required minimum value provided by Eq. (21). Therefore, the 

kinematically admissible multiplier 𝛼0
(𝑔) corresponding to the global mechanism is to be 

evaluated accordingly, i.e. by means of Eq. (4) by replacing the term 𝑀𝑐,1, with the value 
𝑀𝑐,𝑅𝑅,1 resulting from designed sections. 

h) Computation of the required sum of plastic moments of columns 𝑀𝑐,𝑖𝑖 for 𝑖𝑚 > 1
imposing that the 𝑖𝑚-th mechanism equilibrium curves of type 1, 2 and 3 have to be located 
above the curve of global one, i.e. by applying relation (14). In fact, for a fixed value of 𝑖𝑚, 

relation (14) provides three values of 𝑀𝑐,𝑖𝑖, namely 𝑀𝑐,𝑖𝑖
(𝑡) for 𝑡 = 1,2,3. In particular, in 

order to avoid the 𝑖𝑚-th mechanism of type 1, the minimum required value of 𝑀𝑐,𝑖𝑖 is: 

𝑀𝑐,𝑖𝑖
(1) ≥ �𝛼0

(𝑔) + 𝛾𝑖𝑚
(1)𝛿𝑢���𝐹𝑘ℎ𝑘

𝑖𝑚

𝑘=1

+ ℎ𝑖𝑚 � 𝐹𝑘

𝑛𝑠

𝑘=𝑖𝑚+1

� −𝑀𝑐,𝑅𝑅,1 − 2 � �𝑀𝑏.𝑗𝑗

𝑛𝑏

𝑗=1

𝑖𝑚−1

𝑘=1

 (27) 

In addition, in order to avoid the 𝑖𝑚-th mechanism of type-2, the minimum required value 
of 𝑀𝑐,𝑖𝑖 is: 

𝑀𝑐,𝑖𝑖
(2) ≥ �𝛼0

(𝑔) + 𝛾𝑖𝑚
(2)𝛿𝑢� � 𝐹𝑘(ℎ𝑘

𝑛𝑠

𝑘=𝑖𝑚

− ℎ𝑖𝑚−1) − 2 � �𝑀𝑏.𝑗𝑗

𝑛𝑏

𝑗=1

𝑛𝑠

𝑘=𝑖𝑚

 (28) 

Finally to avoid the 𝑖𝑚-th mechanism of type-3, the minimum required value of 𝑀𝑐,𝑖𝑖 is: 

𝑀𝑐,𝑖𝑖
(3) ≥ �𝛼0

(𝑔) + 𝛾𝑖𝑚
(3)𝛿𝑢�

�ℎ𝑖𝑚 − ℎ𝑖𝑚−1�
2

� 𝐹𝑘

𝑛𝑠

𝑘=𝑖𝑚

 (29) 
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Eqs. (27), (28) and (29) have been derived from Eq. (14) for im > 1 and t = 1, t = 2 and 
t = 3, respectively. 

i) Computation of the required sum of the plastic moments of columns for each storey as
the maximum value among those coming from the above design conditions: 

𝑀𝑐,𝑖𝑖 = 𝑚𝑚𝑚�𝑀𝑐,𝑖𝑖
(1) ,𝑀𝑐,𝑖𝑖

(2) ,𝑀𝑐,𝑖𝑖
(3) �           per   𝑖𝑚 > 1 (30) 

j) The sum of the required plastic moments of columns at each storey, is distributed
among all the storey columns with the same procedure as for the columns on the first storey 
i.e. according to the following relation: 

 𝑀𝑐,𝑖,𝑖𝑖 =  
𝑀𝑐,𝑖𝑖

𝑛𝑐
 for 𝑖 = 1, … ,𝑛𝑐 . (31) 

k) Design of columns at each storey. The procedure is the same as that explained in the
points f) and g). 

l) If necessary, a technological condition is imposed by requiring, starting from the base,
that the column sections cannot increase along the building height. If this condition requires 
the change of sections at first storey then the procedure needs to be repeated from point f). In 
fact, in this case, a new value of 𝑀𝑐,𝑅𝑅,1 is obtained and, as a consequence, also a new value 

of 𝛼0
(𝑔) is to be evaluated. As a consequence the values 𝑀𝑐,𝑖𝑖

(1) ,𝑀𝑐,𝑖𝑖
(2) ,𝑀𝑐,𝑖𝑖

(3) obtained by 
relations (27), (28), (29) also change. On the contrary, if the condition only requires the 
change of sections at the upper storeys, i.e. without the involvement of first storey columns, 
then the design step k) is to be repeated in order to consider the new section dimensions.  

The check of technological condition could look redundant because it is common for both 
axial force and shear demand to increase gradually in lower stories but ,when the proposed 
procedure is applied, as reported in the worked example, the required sum of plastic moments 
of 𝑗-th storey can be bigger than the required sum of plastic moments at (𝑗 − 1)-th storey.  

3. WORKED EXAMPLE

In order to show the practical application of the proposed design procedure, the seismic
design of a four-bay five-storey moment resisting frame is presented in this section. The 
inelastic behaviour of the designed structure is successively examined by means of a push-
over static inelastic analysis, confirming the fulfilment of the design goal, i.e. the location of 
the yielding zones at the beam ends with the only exception of the base section of first-storey 
columns. The structural scheme of the frame to be designed is shown in Figure 5. The 
structural scheme is symmetric: the external bay span is equal to 5m and the internal bay span 
is equal to 6m. The interstorey height is equal to 3m. The characteristic values of the vertical 
loads acting on the beams are equal to 19.5 kN/m and 12 kN/m for permanent (𝐺𝑘) and live 
(𝑄𝑘) actions, respectively. 

The structural materials adopted are concrete C25/30 and reinforcement of steel grade 
B450C. According to Eurocode 8, the value of the period of vibration to be used for 
preliminary design is: 

𝑇 = 0.075 𝐻3/4 = 0.075 ∙ 183/4 ≈ 0.65 𝑠 (32) 

where 𝐻 is the total height of the frame. 
With reference to the design spectrum for stiff soil conditions (soil class A of Eurocode 8) 

and by assuming a behaviour factor 𝑞 equal to 3.9, the horizontal seismic forces are those 
depicted in Figure 5. 
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21.51 kN

43.02 kN

64.54 kN

86.05 kN

107.56 kN

5 m 6 m 6 m 5 m

3 m

3 m

3 m

3 m

3 m

18 m

22 m

A B C D E

129.08 kN

3 m

Figure 5: Structural scheme of the designed frame 

In the following, the numerical development of the design steps for the structural scheme 
described above is provided. 

a) Selection of the design top sway displacement
The selection of the maximum top sway displacement up to which the global mechanism 

has to be assured is a very important design issue, because the value of this displacement 
governs the magnitude of second order effects accounted for in the design procedure. A good 
criterion to choose the design ultimate displacement 𝛿𝑢 is to relate it to the plastic rotation 
supply of beams or beam-to-column connections by assuming 𝛿𝑢 = 𝜃𝑢 ∙ ℎ𝑛𝑛 (where 𝜃𝑢 can be 
assumed equal to 0.04 rad).  
As a consequence, the design value of the top sway displacement has been assumed equal to: 

𝛿𝑢 = 0.04 ∙ ℎ𝑛𝑛 = 0.04 ∙ 18 = 0.75 𝑚 (33) 

b) Design of beam sections to withstand vertical loads.
The load acting on the frame in the vertical load combination is: 

𝑄𝑆𝑆𝑆 = 1.3 𝐺𝑘 + 1.5 𝑄𝑘 = 43.35 𝑘𝑘/𝑚 (34) 

For the design of the beams has been considered a bending moment equal to: 

𝑀𝑚𝑚𝑚 =
𝑄𝑆𝑆𝑆 ∙ 𝐿2

8
(35) 

Therefore, by imposing the base of the section equal to b=30 cm, is possible to calculate 
the height of the beam through the following design relation: 
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𝑑 = 𝑟�
𝑀𝑆𝑆

𝑏
(36) 

Assuming 𝜉 = 0.25 and 𝜌 = 0.25 a value of 𝑟 = 0.19 is obtained. As a consequence the 
amount of reinforcement is given by: 

𝐴𝑠 = 𝐴𝑠′ =
𝑀𝑆𝑆

0.85 ∙ ℎ ∙ 𝑓𝑠𝑠
(37) 

Obviously the number of steel bars in the beam is such that: 

𝑀𝑅𝑅 > 𝑀𝑆𝑆 (38) 

c) Computation of the axial load acting at collapse state in the columns.
According to the global mechanism, axial forces in the columns at collapse state depend 

both from the distributed loads acting on the beams and from the shear action due to the 
development of plastic hinges at the beam ends, as depicted in Figure 6 (with reference to the 
earthquake from left to right). 

Direction of
seismic action

l l

2 Mb.jk

l
2 Mb.jk

l
2 Mb.jk

l 2 Mb.jk

l

Mb.jk Mb.jk Mb.jk

Mb.jk

q

q l
2

NM,E

q l
2

q l
2

q l
2

Nq,E

 Figure 6: Loads transmitted by the beams to the columns at collapse state 

So that, the total load transmitted by the beams to the columns is the sum of two 
contributions. The first one, 𝑁𝑞,𝐸, is related to the vertical loads acting in the seismic load 
combination (i.e. the sum of 𝑞𝑞 2⁄  type contributions). The second one, 𝑁𝑀,𝐸, is related to the 
shear actions due to the plastic hinges developed at the beam ends (i.e. the sum of 2𝑀𝑏,𝑗𝑗 𝑙⁄  
type contributions). In Table 2, the two contributions 𝑁𝑞,𝐸, 𝑁𝑀,𝐸 are reported for each storey 
both for internal columns and for external columns. 
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STOREY Columns A and E Columns B and D Column C 
𝑖𝑚 𝑁𝑞,𝐸 [kN]  𝑁𝑀,𝐸 [kN] 𝑁𝑞,𝐸 [kN]  𝑁𝑀,𝐸 [kN] 𝑁𝑞,𝐸 [kN]  𝑁𝑀,𝐸 [kN] 
1 346.50 523.55 762.30 143.73 831.60 0 
2 288.75 436.29 635.25 119.78 693.00 0 
3 231.00 349.03 508.20 95.82 554.40 0 
4 173.25 261.77 381.15 71.87 415.80 0 
5 115.50 174.52 254.10 47.91 277.20 0 
6 57.75 87.26 127.05 23.96 138.60 0 

Table 2: Axial forces acting at collapse state in the columns 

d) Computation of the slopes of mechanism equilibrium curve 𝛾𝑖𝑚
(𝑡).

By means of Eqs. (16), (18) and (20) the slopes of mechanism equilibrium curves are 
computed. These values are reported in Table 3: 

STOREY   𝑖𝑚 𝛾𝑖𝑚
(1) 𝛾𝑖𝑚

(2) 𝛾𝑖𝑚
(3)

1 0.0225 0.0030 0.0225 
2 0.0106 0.0034 0.0197 
3 0.0067 0.0039 0.0175 
4 0.0048 0.0049 0.0157 
5 0.0037 0.0069 0.0143 
6 0.0030 0.0131 0.0131 

Table 3: Slopes of mechanism equilibrium curves (cm-1) 

In particular it is important to underline that the slope value corresponding to the global 

mechanism 𝛾(𝑔) = 𝛾1
(2), is the minimum among all the 𝛾𝑖𝑚

(𝑡) values:

𝛾(𝑔) = 0.003029 𝑐𝑐−1 
(39)

e) Computation of the required sum of plastic moments of columns at first storey 𝑀𝑐,1.
As previously pointed out, the required sum of plastic moments of columns at first storey is 

provided by Eq. (21). In the examined case, this sum is equal to 𝑀𝑐,1 = 2801.17 𝑘𝑘𝑘 and 
has to be distributed among the columns proportionally to their number. Therefore the 
required bending moment for each column 𝑀𝑐,𝑖,1, the section, the upper and lower 
reinforcement, the axial force for both directions of the earthquake are reported in Table 4. 

Table 4: Design of the column sections at first storey 

STOREY Column 𝑀𝑐,𝑖,1  [kNm] 𝑏 𝑥 ℎ 𝐴𝑠 = 𝐴𝑠′  𝑁𝑚𝑖𝑖  [kN]  𝑁𝑚𝑚𝑚 [kN] 

1° 

A 

560.23 

30x60 5 Φ 28 -177.05 870.05 
B 30x70 5 Φ 20 618.57 906.03 
C 30x80 6 Φ 16 831.60 831.60 
D 30x70 5 Φ 20 618.57 906.03 
E 30x60 5 Φ 28 -177.05 870.05 

The sum of obtained column plastic moments at first storey is: 𝑀𝑐,𝑅𝑅,1 = 3206.08 𝑘𝑘𝑘 
which is greater than the required one. 

f) Computation of seismic horizontal forces corresponding to the ultimate design
displacement. 

The value of 𝛼0
(𝑔) obtained from Eq. (4) is equal to 𝛼0

(𝑔) = 2.8165. 
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g) Computation of the required sum of plastic moments of columns 𝑀𝑐,𝑖𝑖
(𝑡)  at any storey, to

avoid undesired mechanism by means of equations (27) (28) and (29). 

STOREY  𝑖𝑚 𝑀𝑐,𝑖𝑖
(1)   [kNm] 𝑀𝑐,𝑖𝑖

(2)   [kNm] 𝑀𝑐,𝑖𝑖
(3)   [kNm]

1 3206.08 - 3206.08 
2 3433.29 1729.90 2581.60 
3 4043.52 420.41 2231.96 
4 4153.69 -555.71 1798.98 
5 3597.12 -1031.79 1282.66 
6 2207.14 -841.13 683.00 

Table 5: Sum of plastic moments of column required at each storey to avoid undesired mechanism 
 

h) Computation of the maximum value of  𝑀𝑐,𝑖𝑖.
The sum of the plastic moments of columns governing the column design at each storey is 

given in Table 5 by the underlined values. It can be recognized that, in the examined case, the 
need to avoid type-1 mechanism always governs the design of columns. 

i) Design of column sections at each storey.
The required sum of column plastic moments 𝑀𝑐,𝑖,𝑖𝑚, the section, the upper and lower 

reinforcement, the axial force for both directions of the earthquake are reported in Table 6. 

STOREY Column 𝑀𝑐,𝑖𝑖 [kNm] 𝑏 𝑥 ℎ  𝐴𝑠 = 𝐴𝑠′  𝑁𝑚𝑚𝑚  [kN] 𝑁𝑚𝑚𝑚 [kN] 

2° 

A 

686.65 

30x70 5 Φ 28 - 147.54 725.04 
B 30x60 6 Φ 24 515.47 755.03 
C 30x70 7 Φ 20 693.00 693.00 
D 30x60 6 Φ 24 515.47 755.03 
E 30x70 5 Φ 28 - 147.54 725.04 

3° 

A 

808.70 

30x70 5 Φ 32 - 118.03 580.03 
B 30x70 5 Φ 28 412.38 604.02 
C 30x60 4 Φ 32 554.40 554.40 
D 30x70 5 Φ 28 412.38 604.02 
E 30x70 5 Φ 32 - 118.03 580.03 

4° 

A 

830.73 

30x70 5 Φ 32 - 88.52 435.02 
B 30x70 5 Φ 28 309.28 453.02 
C 30x70 5 Φ 28 415.80 415.80 
D 30x70 5 Φ 28 309.28 453.02 
E 30x70 5 Φ 32 - 88.52 435.02 

5° 

A 

719.42 

30x70 5 Φ 28 - 59.02 290.02 
B 30x60 4 Φ 32 206.19 302.01 
C 30x60 5 Φ 28 277.20 277.20 
D 30x60 4 Φ 32 206.19 302.01 
E 30x70 5 Φ 28 - 59.02 290.02 

6° 

A 

441.42 

30x50 6 Φ 24 - 29.51 145.01 
B 30x50 6 Φ 24 103.09 151.01 
C 30x50 6 Φ 24 138.60 138.60 
D 30x50 6 Φ 24 103.09 151.01 
E 30x50 6 Φ 24 - 29.51 145.01 

Table 6: Design of column sections at each storey 

j) Checking of technological condition
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By observing Table 4 and Table 6 it can be noted that there are some column sections at 
the first storey which are smaller than the corresponding ones required at the second storey, 
therefore, this condition generates a technological condition at the first storey. As a 
consequence, the value of 𝑀𝑐,𝑅𝑅,1 needs to be updated and the procedure needs to be repeated 
from the step e). In Table 7 the new value of required sum of plastic moments of columns 

𝑀𝑐,𝑖𝑖
(𝑡)  at any storey are reported: 

STOREY  𝑖𝑚 𝑀𝑐,𝑖𝑖 
(1)  [kNm] 𝑀𝑐,𝑖𝑖

(2)  [kNm] 𝑀𝑐,𝑖𝑖
(3)  [kNm]

1 3299.17 - 3299.17 
2 3382.14 1801.51 2591.83 
3 4010.78 471.55 2241.17 
4 4136.30 -522.98 1806.65 
5 3590.98 -1014.40 1288.29 
6 2207.14 -834.99 686.07 

Table 7: Sum of plastic moments of column required at each storey to avoid undesired mechanism 

With reference to Figure 6, that is, to the earthquake from left to right, the axial force 
corresponding  𝑁𝐿𝐿,𝑖,𝑖𝑖 and the obtained bending resistance 𝑀𝑐,𝑅𝑅,𝑖,𝑖𝑖 are reported in Table 8. 

STOREY Column 𝑀𝑐,𝑖,𝑖𝑖 [kNm] 𝑏 𝑥 ℎ 𝐴𝑠 = 𝐴𝑠′  𝑁𝐿𝐿,𝑖,𝑖𝑖 [kN]  𝑀𝑐,𝑅𝑅,𝑖,𝑖𝑖 [kNm] 

1° 

A 

560.23 

30x70 6 Φ 24 - 177.05 624.88 
B 30x70 5 Φ 20 618.57 564.77 
C 30x80 6 Φ 16 831.60 600.50 
D 30x70 5 Φ 20 906.03 613.87 
E 30x70 6 Φ 24 870.05 895.14 

2° 

A 

676.42 

30x70 5 Φ 28 - 147.54 725.52 
B 30x70 7 Φ 20 515.47 699.78 
C 30x70 7 Φ 20 693.00 736.67 
D 30x70 7 Φ 20 755.03 747.81 
E 30x70 5 Φ 28 725.04 962.94 

3° 

A 

802.15 

30x70 5 Φ 32 - 118.03 970.87 
B 30x70 6 Φ 24 412.38 804.06 
C 30x70 6 Φ 24 554.40 837.54 
D 30x70 6 Φ 24 604.02 848.21 
E 30x70 5 Φ 32 580.03 1170.38 

4° 

A 

827.26 

30x70 5 Φ 32 - 88.52 980.27 
B 30x70 5 Φ 28 309.28 867.90 
C 30x70 5 Φ 28 415.80 896.16 
D 30x70 5 Φ 28 453.02 905.33 
E 30x70 5 Φ 32 435.02 1136.93 

5° 

A 

718.19 

30x70 5 Φ 28 - 59.02 753.74 
B 30x60 4 Φ 32 206.19 736.41 
C 30x60 5 Φ 28 277.20 724.63 
D 30x60 4 Φ 32 302.01 759.55 
E 30x70 5 Φ 28 290.02 862.57 

6° 

A 

441.42 

30x50 6 Φ 24 - 29.51 462.44 
B 30x50 6 Φ 24 103.09 491.33 
C 30x50 6 Φ 24 138.60 499.05 
D 30x50 6 Φ 24 151.01 501.73 
E 30x50 6 Φ 24 145.01 500.43 

 

Table 8: Design of column sections at each storey for earthquake from left to right 
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With reference to the earthquake from right to left, the axial force corresponding 
𝑁𝑅𝑅,𝑖,𝑖𝑖 and the obtained bending resistance 𝑀𝑐,𝑅𝑅,𝑖,𝑖𝑖 are reported in Table 9. 

STOREY Column 𝑀𝑐,𝑖,𝑖𝑖 [kNm] 𝑏 𝑥 ℎ 𝐴𝑠 = 𝐴𝑠′  𝑁𝑅𝑅,𝑖,𝑖𝑖 [kN] 𝑀𝑐,𝑅𝑅,𝑖,𝑖𝑖 [kNm] 

1° 

A 

560.23 

30x60 5 Φ 28 870.05 895.14 
B 30x70 5 Φ 20 906.03 613.87 
C 30x80 6 Φ 16 831.60 600.50 
D 30x70 5 Φ 20 618.57 564.77 
E 30x60 5 Φ 28 - 177.05 624.88 

2° 

A 

686.65 

30x70 5 Φ 28 725.04 962.94 
B 30x60 6 Φ 24 755.03 747.81 
C 30x70 7 Φ 20 693.00 736.67 
D 30x60 6 Φ 24 515.47 699.78 
E 30x70 5 Φ 28 - 147.54 725.52 

3° 

A 

808.70 

30x70 5 Φ 32 580.03 1170.38 
B 30x70 5 Φ 28 604.02 848.21 
C 30x60 4 Φ 32 554.40 837.54 
D 30x70 5 Φ 28 412.38 804.06 
E 30x70 5 Φ 32 - 118.03 970.87 

4° 

A 

830.73 

30x70 5 Φ 32 435.02 1136.93 
B 30x70 5 Φ 28 453.02 905.33 
C 30x70 5 Φ 28 415.80 896.16 
D 30x70 5 Φ 28 309.28 867.90 
E 30x70 5 Φ 32 - 88.52 980.27 

5° 

A 

719.42 

30x70 5 Φ 28 290.02 862.57 
B 30x60 4 Φ 32 302.01 759.55 
C 30x60 5 Φ 28 277.20 724.63 
D 30x60 4 Φ 32 206.19 736.41 
E 30x70 5 Φ 28 - 59.02 753.74 

6° 

A 

441.42 

30x50 6 Φ 24 145.01 500.43 
B 30x50 6 Φ 24 151.01 501.73 
C 30x50 6 Φ 24 138.60 499.05 
D 30x50 6 Φ 24 103.09 491.33 
E 30x50 6 Φ 24 - 29.51 462.44 

Table 9: Design of column sections at each storey for earthquake from right to left 

4. VALIDATION OF THE DESIGN PROCEDURE

In order to validate the design procedure, a static non-linear analysis (push-over) has been
carried out to investigate the actual seismic response of the designed frame by means 
SAP2000 computer program [36]. This analysis has the primary aim to confirm the 
development of the desired collapse mechanism typology and to evaluate the obtained energy 
dissipation capacity, testing the accuracy of the proposed design methodology. 

Regarding the structural modelling, the mechanical non-linearities, have been concentrated 
at beam and column ends by means of plastic hinge elements. The constitutive law of such 
plastic hinge elements is provided by a rigid plastic moment-rotation curve. The type of hinge 
depends on the element considered i.e. by its internal action. In fact, for the beams and the 
columns M3 and  P-M3 hinge type have been considered, respectively. In case of P-M3 hinge 
type, the interaction domain P-M has been evaluated for each column and used in SAP2000 
computer program. The results of the push-over analysis are mainly constituted by base shear 
– top sway displacement curve which is depicted in Figure 7.
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In the same figure also a straight line is given, i.e. the one corresponding to the linearized 
mechanism equilibrium curve of global mechanism whose expression, for the designed frame, 
is: 

𝛼 = 2.8165 − 0.003029 δ (40) 

Obviously, the base shear depicted in Figure 7 is, in this case, obtained by multiplying the 
value of 𝛼, given by Eq. (40), for the design base shear corresponding to 𝛼 = 1. The 
comparison between the capacity curve and the above straight line provides a first 
confirmation of the accuracy of the proposed design procedure. 

Figure 7: Push-over curve with the global mechanism equilibrium curve 

A further confirmation, even the most important, of the fulfilment of the design objective is 
represented by the pattern of yielding developed at the occurrence of the design ultimate 
displacement. In fact, developed plastic hinges are shown in Figure 8 and their pattern is in 
perfect agreement with the global mechanism. 

In order to fulfill the serviceability requirements the interstorey drift have been checked 
with reference to the limit reported in the Eurocode 8. In particular the considered limit refers 
to buildings having non structural elements of brittle materials attached to the structure: 

𝑑𝑟 𝜈 ≤ 0.005 h (41) 

If this serviceability requirement is not verified the structural stiffness can be improved by 
increasing the beam sections or the ultimate design displacement. In fact, in both cases the 
final results will be a more rigid structure with respect to the one obtained in the worked 
example herein presented. In Table 10 the final results are reported. 

STOREY 𝑑𝑠 [mm] 𝑑𝑟 [mm] 𝜐 𝑑𝑟 𝜐 0.005 h 
1° 6.9238 0.8140 

0.5 

0.4070 1.5 
2° 6.1097 1.0598 0.5299 1.5 
3° 5.0499 1.2805 0.6402 1.5 
4° 3.7693 1.4740 0.7370 1.5 
5° 2.2953 1.4624 0.7312 1.5 
6° 0.8328 0.8328 0.4164 1.5 

Table 10: Limitation of interstorey drift 
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 Figure 8: Pattern of yielding of the designed frame at  𝛿 = 𝛿𝑢 

To provide a more robust validation of the design methodology, non-linear incremental 
dynamic analyses have been developed with reference to the same structural model used for 
push-over analyses.  

Record-to-record variability has been accounted for considering 7 recorded accelerograms 
selected from PEER data base [37].  

In Table 11 main features of the records (name, date, magnitude, ratio between PGA and 
gravity acceleration, length and step recording) are given. These earthquake records have 
been selected to approximately match the linear elastic design response spectrum of Eurocode 
8, for type A soil. 

Moreover, in order to perform IDA analyses, each ground motion has been scaled to obtain 
the same value of the spectral acceleration 𝑆𝑎(𝑇1) corresponding to the fundamental period of 
vibration 𝑇1 of the structure (𝑇1 = 0.65).  

Earthquake (record) Component Date PGA/g Length Step recording 
Coalinga (Slack Canion) H-SCN045 1983/05/02 0.166 29.99 0.01 

Imperial Valley (Agrarias) H-AGR003 1979/10/15 0.370 28.35 0.01 
Kobe (Kakogawa) KAK000 1995/01/16 0.251 40.95 0.01 

Palm Springs (Soboba) H08000 1986/07/08 0.250 26.00 0.005 
Santa Barbara (Courthouse) SBA132 1978/08/13 0.102 12.57 0.01 
Spitak Armenia (Gukasian) GUK000 1988/07/12 0.199 19.89 0.01 

Victoria Mexico (Chihuahua) CHI102 1980/06/09 0.150 26.91 0.01 

Table 11: Accelerogram characteristics 
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This is the seismic intensity measure (IM) adopted for IDA analyses where 𝑆𝑎(𝑇1) values 
have been progressively increased until the occurance of structural collapse, corresponding to 
anyone of the following ultimate limit states: column buckling or to the complete 
development of a collapse mechanism, attainment of the limit value of plastic rotation of 
beams or columns. In Figure 9, the maximum interstorey drift ratio (MIDR) versus spectral 
acceleration curve is reported. MIDR curves appears quite regular and increasing without 
dynamic instability. In addition, for each record the obtained pattern of yelding has been 
monitored for increasing values of 𝑆𝑎(𝑇1) by checking that plastic hinge development is 
always in perfect agreement with the global mechanism. This results testifies the accuracy of 
the proposed design procedure even under actual seismic actions. 

Figure 9: Maximum interstorey drift ratio versus 𝑆𝑎(𝑇1) 

As an example, Figure 10 provides the distribution of plastic hinges for increasing value of 
𝑆𝑎(𝑇1) with reference to Santa Barbara earthquake record. As a consequence of the obtained 
design goal, the spectral acceleration values leading to collapse, given in Table 12, are very 
high and compatible with the adoption of the designed structure even in the case of 
destructive earthquakes.  

Earthquake (record) S𝒂𝒄/g PG𝑨𝒄/g 
Coalinga (Slack Canion) 0.94 0.52 

Imperial Valley (Agrarias) 0.89 0.73 
Kobe (Kakogawa) 1.10 0.83 

Palm Springs (Soboba) 0.84 1.51 
Santa Barbara (Courthouse) 0.88 0.63 
Spitak Armenia (Gukasian) 0.89 0.52 

Victoria Mexico (Chihuahua) 0.87 0.32 
Mean value 0.91 0.72 

Table 12: 𝑆𝑎(𝑇1) and PGA values corresponding to attainment of the structural collapse 
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As depicted in Figure 10 the frames present some spurious hinges at the column ends of 
some storeys. Indeed these hinges are displayed by the SAP but their plastic rotation is very 
close to zero then they do not partecipate in the development of the collapse mechanism of 
global type. In paticular, drawn the limit line of the ultimate plastic rotation provided by 
hinges (0.04 rad). In addition the average value of 𝑆𝑎(𝑇1) leading to collapse is near to 0.91g 
while the average PGA is about 0.72g. 

Sa (T1)/g = 0.8 Sa (T1)/g = 1.3

Sa (T1)/g = 2.0 Sa (T1)/g = 2.4

Figure 10: Pattern of yielding of the designed frame for increasing value of  Sa(T1) with reference to Santa 
Barbara earthquake record 

5. CONCLUSIONS

In this paper a methodology called “Theory of Plastic Mechanism Control” for the design of 
reinforced concrete moment resisting frames has been presented. On the base of the extension 
of the kinematic theorem of plastic collapse to the concept of mechanism equilibrium curve, 
the Theory of Plastic Mechanism Control allows to evaluate the sum of plastic moments of 
the columns required at each storey in order to develope a collapse mechanism of global type. 
The closed form solution of the design conditions makes the design procedure very easy to be 
applied even by means of hand calculations and, therefore, it could also be suggested for code 
purpose by definitely solving the problem of collapse mechanism control whose importance 
in seismic design is universally recognised. Beam-column hierarchy criterion, commonly 
suggested by seismic codes, appears only as a very rough approximation when compared to 
TPMC and its theoretical background. The reliability of the proposed design procedure has 
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been also demonstrated through its application to a four-bays, five-storeys frame, leading to 
the fulfilment of the design objective, i.e. the development of a collapse mechanism of global 
type, as it has been confirmed by the results of both push-over static inelastic analysis and 
incremental dynamic analyses. The proposed methodology can be considered as belonging to 
the Performance Based Seismic Design philosophy [38]. In fact, in order to satisfy the limit 
states of “Life Safe” or “Near Collapse” the designer has to promote a dissipative collapse 
mechanism avoiding the so called “soft storey mechanism”. In addition, it is useful to 
underline that the proposed procedure constitutes a rigorous application of the capacity design 
principles. In fact, beams are designed in order to bear external loads, while columns are 
designed according to the maximum internal actions transmitted by the dissipative zones. As 
already stated in point b) of the design algorithm, the limit of the procedure herein presented 
is constituted by the simmetry considered both for the structural scheme and for the beam 
sections. In fact, only symmetric structures characterized by symmetrical beam sections with 
symmetrical reinforcement have been considered. This represents the main limit of the 
procedure and the its overcoming is the main objective of the future developments of the 
work. 
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