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Abstract. This article assesses the occurrence of resonance with the effects of geometric stiff-
ness and creep in the vibration of a prestressed reinforced concrete beam. A mathematical 
model based on the Rayleigh method is used, designed to represent a simply supported beam, 
intended to function as the base of an engine. The gross cross-section of the beam is set to an 
arrangement of passive reinforcement that is able to resist the effort provided in the simula-
tion, treated by the method of homogenized section. Creep is taken into account through a 
three-parameter rheological model that conduces to a temporal modulus of elasticity; a nor-
mal force of compression reproduces the post tensioning force, which changes the stiffness, 
and consequently, the natural frequency of vibration of the structure with time. The results 
from the numerical simulation indicate resonant and non-resonant schemes between the natu-
ral frequency of the beam and the frequency of the engine predicted in the mathematical con-
siderations. 
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1 INTRODUCTION 
The dynamic characteristics of a structure depend, basically, on its stiffness and mass. 

With these two elements, the natural frequencies and modes of vibration of the system are de-
termined. However, the initial stiffness of a structure can be affected by the so-called geomet-
ric stiffness, a function of the acting normal force. In the case of compression force, the 
stiffness of the structure decreases, also reducing the natural frequencies of vibration. A class 
of structures of socio-economic-strategic importance for the national industry are machine 
bases, which are subject to vibrations induced by the supported equipment. These vibrations 
can affect the safety of the structure itself and generate detrimental effects on the equipment 
and the quality of the manufactured product. They can also make the working ambience un-
suitable for operators. All industrial sectors are subject to these problems, including oil explo-
ration, production and refining, mining, wind energy, atomic energy, as well as bridges and 
viaducts for road and rail use. 

Although equipment support structures are, as a general rule, over-dimensioned, and there-
fore not subject to the effects of geometric stiffness, the tendency of modern structural engi-
neering is towards increasingly slender elements, made possible by materials that are more 
efficient and lightweight, and having more and more powerful structural analysis capabilities. 
One of these features is prestressed concrete, represented by the presence of a steel bar or ca-
ble inside the structure that compresses it, the purpose of which is to reduce the effects of ten-
sion on flexion. In the case of beams subjected to periodic excitation, it is assumed that the 
original design has taken care to distance the natural frequencies of the system from those of 
the excitation, considering that, by hypothesis, the prestressing force decreases the stiffness of 
the element and, consequently, its natural frequencies, which may lead to unexpected, poten-
tially dangerous resonance regimes. In the opposite direction, the presence of the prestressing 
can provide a form of control of this same vibration, where a resource is available to remove 
the structure of the resonant regime, if perceived in the preliminary stages of design. In one 
way or another, a satisfactory analysis solution to most engineering problems comes from a 
consideration that is easily implemented in analytical and numerical-computational formula-
tions: the geometric stiffness. The influence of geometric stiffness has been studied in several 
contexts, both in laboratory tests and in comparison with the finite element method (MEF) by 
Wahrhaftig et al. [1]–[4]. 

The problem is aggravated when the material itself changes its elastic properties, such as in 
the case of creep, which represents the gradual increase of deformation with time. This is a 
typical phenomenon of concrete structures because it is a viscoelastic material. It must be 
considered when verifying the stability of slender pieces compressed under the Ultimate Limit 
State (ULS), since these have their stiffness modified in function of the rheology of the mate-
rial itself. An approximate and satisfactory solution can be found by considering creep 
through flexural bending over time. To evaluate these aspects, a numerical simulation has 
been performed, assuming an idealized section of a beam as an engine base. A rheological 
model of the three parameters has been used to obtain the variable modulus of elasticity. A 
model, including geometric stiffness, distributed and concentrated masses, is derived based on 
the Rayleigh method and solved for a range of axial compression load values. The results 
made it allowed us to verify the resonant and non-resonant response of the system. 
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2 BASIC CONSIDERATIONS 

2.1 Prestressing in reinforced concrete  
A piece can be considered as prestressed reinforced concrete when it is subjected to the ac-

tion of the so-called prestressing forces and of permanent and variable loads, so that the con-
crete is not subjected to tension or it occurs below the limit of its resistance. As an example, 
take the normal stresses beam diagrams of the prestressed beam of Figure 1, where P is the 
prestressing force, MP the bending moment due to eccentricity of the load P, Mp is the bending 
moment due to uniformly distributed load p, and R is the resultant, each one of these with 
their corresponding normal stresses. Under the conditions presented, the lower fibres of the 
beam, under positive bending moment, will have the tension stresses overturned by the super-
position of those produced by the normal stress of the applied stress eccentrically. 
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Figure 1: Normal stresses in a prestressed beam. 

 
Prestressed concrete was developed scientifically from the beginning of the last century. 

Prestressing can be defined as the artifice of introducing, in a structure or a part, a previous 
state of stresses, in order to improve its resistance or its behaviour in service, under the action 
of several effects. Due to the characteristics of the concrete as a structural material, the use of 
prestressing can bring a great advantage from the economic point of view. When comparing 
the cost of a prestressed structure with a similar one of conventional reinforced concrete, there 
is a reduction in the final cost of the structure due to the reduction of steel reinforcement, af-
firms Oliveira [5]. In addition, the prestressing allows the part to overcome large spans, im-
proves the control and reduction of deformations and fissures. It can also be used for 
structural recovery and reinforcement, as well as for slender systems and prefabricated or pre-
cast parts. There are three types of prestressing systems: a) prestressing with initial adherence; 
b) prestressing with posterior adherence; and c) prestressing without adherence. The latter 
type is composed of a post-tensioning system characterized by the slipping freedom of the 
steel reinforcement in relation to the concrete, along the whole extension of the cable, except 
for the anchorages. 

In a non-adherent prestressing, the cables or chutes are wrapped in two or three layers of 
resistant paper. The wires and paper are painted with bituminous paint in order to tension 
them after the concrete has hardened. The bitumen avoids the penetration of the cement cream 
inside the cable and, in this way, it eliminates adhesion between the concrete and the rein-
forcement, comments Calduro [6]. The prestressed concrete is a composite material of the ag-
gregate mixture and a cement paste associated with prestressing cables and/or passive 
reinforcing bars. Because of the combination of several materials, these structures develop a 
highly complex behaviour, presenting a non-linear response, which is due, among other fac-
tors, to time-dependent effects, such as the creep of the concrete, affirms Jost [7]. 
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2.2 Mathematical model for the nonlinear vibration problem 
Consider a rotary machine mounted on a beam subjected to a pre-tensioning force, without 

adhesion. It is known that such forces affect the geometric stiffness and, consequently, the 
values of the undamped free-vibration frequencies. If the structure is designed, as is usually 
the case, to have frequencies farther from the machine's service speed rotation, the changes in 
the frequency due to geometric stiffness may lead to the appearance of potentially dangerous 
resonance conditions. 

Take a beam model of Bernoulli-Euler applied to a simply supported beam AB of length L 
and inertia I, intended to function as the base of an engine Eg, composed of viscoelastic mate-
rial, represented by the temporal modulus of elasticity E(t) as shown in Figure 2. A normal 
force of compression P reproduces the post-tensioning force, which changes the stiffness, and 
consequently, the natural frequency of vibration of the structure with time. The eccentricity 
between the engine axis and the part is initially ignored. The vertical displacement of the cen-
tral joint is the generalized coordinate of the system. 
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Figure 2: Beam model. 
 
By using the Rayleigh method, the undamped vibration frequency in its first mode is ob-

tained.  
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Figure 3: Rayleigh method. 

 
Consider that the vertical displacement of a generic section of the beam in Figure 3 is giv-

en by: 
 

 ( , ) ( ) ( ),v x t x q tI  (1) 

in which I(x) is a shape function that attempts to define the boundary conditions in the sup-
ports and value 1 in the central section of the beam, whose displacement with time is q(t). In 
this case, one adopts the shape function I(x) = sin (Sx/L), which is the exact solution of the 
problem without the P load.  A prime mark will denote a derivative of the function in relation 
to x (Lagrange's notation). 
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Applying the Rayleigh method, one has the conventional bending stiffness, K0, as a func-
tion of the material elasticity and the geometry of the cross, which is equivalent to:  
 

 ( )( )
L

E t I
K E t I dx

L

2
4

0 3
0

2
 (2) 

 
where E(t)I is the known flexural bending with viscoelasticity, represented by multiplication 
of the temporal material modulus of elasticity with the inertia of the section in relation to the 
considered movement, the vertical vibration mode (1st mode). In turn, the geometric stiffness, 
KG, as a function of the normal force of compression (or even tension), is equivalent to:  
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The total generalized mass of the system is found by calculating M = MC + MV where MC 

is the concentrated mass at the middle span and MV is the mass coming from the beam self-
weight given by: 
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 (4) 

 
in which mV  represents the total mass per length unit. Finally, the frequency of undamped free 
vibration (in rad/s) is found by way of Eq. (5):  

 

 K
M

Z   (5) 

 
Considering the total beam stiffness as K = K0 - KG, the free undamped frequency of vibration 
of the 1st mode is found, in Hertz, admitting the compressive force as positive, by:  
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 (6) 

For a better understanding of the Rayleigh method and the importance of the geometric 
stiffness to the structural analysis, the work of Leissa [8] and Levy [9] should be consulted.  

2.3 Mathematical solution for representing the creep 
It is conceptually convenient to consider classic viscoelastic models in which only two 

types of parameters, relating to elasticity and viscosity, appear, report Armijo et al. [10]. Clas-
sic viscoelastic models are obtained by arranging springs and dampers, or dashpots, in differ-
ent configurations. Springs are characterized by elastic moduli and dashpots by viscosity 
coefficients. The best known of these mechanical models are the Maxwell model, containing a 
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spring in series with a dashpot, and the Kelvin–Voigt model, containing a spring and dashpot 
in parallel.  

One model used to represent creep is the three-parameter model, in which the elastic pa-
rameter E0 is connected to the viscoelastic Kelvin–Voigt model with parameters E1 and η1, 
which is a simplification of the Group I Burgers model. The three-parameter model sufficient-
ly describes the viscoelastic nature of many solids and is often used to study the phenomenon 
in various scientific fields. The total deformations of the Kelvin–Voigt model are given by 
H   He ��Hv, where He is the deformation of the elastic model and Hv is the deformation of the 
Kelvin–Voigt model. When differentiated with respect to time, the total deformation is ob-
tained as 

 e vH H H �   (7) 

which is the constitutive equations of the elastic and Kelvin–Voigt models, respectively. Con-
sidering E1 = E0 as the modulus of elasticity for both parts of the rheological model,  

 0
eEV H    and 0 0 0 0

0
1 1

E E E EEV V H H
K K
�

�  �   (8) 

are found. From the previous equations, one derives the following differential equation: 

 0 1
v vEV H K H �   (9) 

 
where V = 0 for t < 0 and V = V�  for t > 0, with t representing the time and t = 0 the instant of 
loading application. As the stress remains constant, the stress derivate with respect to time is 
zero. Applying the previous stress condition, the following ordinary differential equation is 
found: 

 0 0
0 0

1

E EE H H V
K

�     (10) 

for which the general solution for t > 0, taking the initial condition H(0) = V0/E0 , is 
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Obviously, if the stress level remains constant, the modulus of elasticity should decrease 

concurrently with increasing strain: 
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The previous solution for consideration of the viscoelastic behaviour of materials was used 
by Wahrhaftig et al. [11] to evaluate the stability of a slender wooden column. However, it is 
of interest, at this moment, to make clear that the present work is a numerical speculation, 
which takes into account the creep of the concrete by assuming a viscoelastic rheological 
model of three parameters. 
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3 NUMERICAL SIMULATION 

The beam gross cross-section was estimated with a passive reinforcement arrangement ca-
pable of resisting the predicted load in the simulation, being treated by the homogenized sec-
tion method, with geometry as indicated in Figure 4. The modulus of elasticity of the concrete 
was calculated according to NBR 6118/2014 [12] recommendations, following Eq. (13), for a 
concrete characteristic compressive strength, fck, equal to 30 MPa. 

 0 5600 26838.405 ; 0.8 0.2 0.875
80

ck
i ck i

fE f MPa
MPa

D D �   � �    (13) 

The reinforced concrete specific weight Jc was obtained for a material density U of 
2,500 kg/m3 and a gravitational acceleration g of 9.8061 m/s2, therefore Jc = 24.52 kN/m3.  
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Figure 4: Beam section characteristics. 

 
Section data: 
x External height: 16 cmH   
x Internal height: 2 6 cmh H t � �   
x Wall thickness: 5cmt   
x Concrete cover: 2.5 cmcc   
x Reference beam span: 3mL  
x Reinforced bar diameters: 8 mmbd   
x Number of reinforcement bars: 4nb   

x Total inertia: 
4 4

45353 cm
12

H hI �
   

x Gross section area: 2 2 2220 cmA H h �   
 
The concrete section was homogenized by the transformation of the steel bars of the rein-

forcement, which led to a homogenization factor of 1.0616 to be considered in the material 
and geometric properties of the beam section. For the simulation, all the elements that consti-
tute physical parts to be added to the system, such as the bar used in prestressing systems and 
an electric induction motor that represents periodic excitation, were considered as lumped or 
distributed masses. 

By fixing the force on the section-resistant capacity, one can observe the variation of the 
natural frequency of the beam with time when considering creep, as shown in Figure 5(a). A 
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safety factor of 1.17042570 to be applied to the loading can be found, which defines the beam 
collapse at the 90th day, as can be seen in Figure 5(b). By varying force P, which represents a 
non-adherent post-tension force, from zero to the resistant capacity of the section, the varia-
tion of the natural frequency of the beam is obtained, given in the graph in Figure 6. There, it 
is possible to see that, with the increase of the axial compression force, the beam frequency 
decreases, since the geometric portion (KG) stiffness is changed, consequently decreasing the 
total stiffness (K) of the beam. 
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Figure 5: Frequency of the beam with time with viscoelasticity. 

 
Since the motor rotation is set at 1,200 rpm (20 Hz), represented by the dotted horizontal 

line, there is no resonance without consideration of creep, but the resonance appears when the 
natural frequency of the beam is calculated with the introduction of the creep. For ten days 
after application of load, for example, the resonant regime can be observed by the intersection 
of two curves, dotted (horizontal) and dashed (sloped), defining exactly for which prestressing 
force the phenomenon occurs at that instant (210 kN). 
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Figure 6: Resonant and non-resonant frequencies as a function of axial compression force P. 

 

4 CONCLUSIONS  
x In this article, a numerical simulation of a reinforced-prestressed concrete beam as a sup-

port for rotating machines was performed. 

x For the vibration analysis, the creep, which is an intrinsic material property, was intro-
duced due to the slenderness of the beam, revealing a resonant regime not foreseen in the 
linear analysis (without creep). 

x The effect of geometric stiffness produced by the horizontal loading and the correspond-
ing possibility of introducing resonant regimes in the structural support system were 
demonstrated by calculating their frequencies. 

x It can be concluded, therefore, that due to the increase of the axial compressive force, 
resonance conditions can occur, as represented by the intersection of the curves in Figure 
6. In the present study, resonance occurs when the axial compression force reaches 
210 kN, at 10 days. Other instants might also be considered. 

x Since the force of post-tension decreases the stiffness of the beam, this can lead to the 
resonant regime if it has not been previously evaluated in the structural analysis. 

x The technique studied in this article offers an efficient tool to provide the removal of the 
support structure of that unwanted regime, avoiding the production of harmful effects on 
the equipment, fabricated products and work environment of the operators. 

x In further work, it is necessary to introduce normative criteria, perform experimental ac-
tivity and evaluate the influence of the prestressing bar stiffness on the structural re-
sponse. 
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