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Abstract. This study aims at evaluating the optimal properties of friction pendulum bearings 
to be employed for the seismic protection of elastic isolated structural systems under earth-
quake excitations with different characteristics in terms of frequency content. A two-degree-
of-freedom model is considered to describe the isolated system behavior while accounting for 
the superstructure flexibility and a non-dimensional formulation of the governing equations of 
motion is employed to relate the characteristic parameters describing the isolator and struc-
ture properties to the response parameters of interest for the performance assessment. Seis-
mic excitations are modelled as time-modulated filtered Gaussian white noise random 
processes of different intensity within the power spectral density method. The filter parame-
ters control the frequency content of the random excitations and are calibrated to describe 
stiff, medium and soft soil conditions, respectively. Finally, multi-variate regression expres-
sions are obtained for the optimum values of the friction coefficient that minimize the super-
structure displacements relative to the base mass as a function of the structural system 
properties, of the seismic input intensity and of the soil condition.  
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1 INTRODUCTION 
Over the years, within the issue of the passive control of structures, many works have de-

veloped new design strategies and methodologies [1]-[4]. Isolation systems have emerged as a 
very effective technique for seismic protection of building frames [5]. Friction pendulum sys-
tem (FPS) bearings are often preferred to other types of bearings due to their capability of 
providing an isolation period independent of the mass of the supported structure, their high 
dissipation and recentering capacity, and their longevity and durability characteristics [6]-[7]. 
Many experimental and numerical studies have been carried out to investigate the behavior of 
these devices and to define reliable models for describing it [8]-[13]. Other studies have fo-
cused on the seismic response of structures isolated with FPS bearings by accounting for the 
variability of the seismic input characteristics [14]-[16]. In [17] the influence of friction pen-
dulum system (FPS) isolator properties on the seismic performance of base-isolated building 
frames was investigated by employing a two-degree-of-freedom model accounting for the su-
perstructure flexibility with a velocity-dependent model for the FPS isolator behaviour. The 
variation of the statistics of the response parameters relevant to the seismic performance has 
been investigated through the nondimensionalization of the motion equation considering dif-
ferent isolator and system properties.  

Other works (e.g. [18]-[25]) have been more oriented to develop design approaches for the 
isolators and to identify the optimal isolator properties. In this context, Castaldo et al. [18]-[19] 
proposed a seismic reliability-based design (SRBD) criterion to define the isolator dimensions 
in plan based on the evaluation of performance curves for the isolator and the superstructure. 
Bucher [25] proposed a reliability-based design approach for the bearings accounting for the 
probabilistic performance properties in terms of maximum and residual isolator displacements, 
and the maximum interstorey structural displacement. Jangid [21]-[22], considering a stochas-
tic model of the earthquake ground motion, evaluated the seismic performance of a single 
shear type building isolated by FPS bearings whose behavior was described by a Coulomb 
model showing that there exists an optimal value of the friction coefficient for which the top 
floor absolute acceleration of the building is minimized. This value is influenced by the build-
ing properties and the isolation period, and it increases with the increase of the earthquake 
intensity. The minimization of the absolute accelerations of the isolated superstructure was 
employed as optimization criterion also in other works [23]-[24]. In [26], considering a ten-
story shear type building as case study, a multi-objective optimization for the optimal design 
of sliding isolation systems for suppression of seismic responses of building structures is pre-
sented applying a genetic algorithm to minimize the building’s top story displacement, its ac-
celeration and also the base raft’s displacement.  

As for the effect of the frequency characteristics and its influence on the seismic response 
of base-isolated systems and on the optimal isolator properties, other studies (e.g., [27]-[29]), 
concerning isolated buildings and bridges, demonstrated that soft soil condition leads to a 
great alteration of the variances with large increment of the peak ratios, in terms of displace-
ments and shear forces, by negatively affecting the isolated systems. Similarly, Kulkarni and 
Jangid [30] analyzed the effects of superstructure flexibility on the response of base-isolated 
structures subjected to non-stationary random processes by comparing the stochastic response 
of a base-isolated structure with superstructure modelled as flexible and rigid and highlighting 
that the seismic isolation is more effective for firm or rock type soil than the soft soils. 

This work aims to investigate the influence of soil characteristics in terms of frequency 
content on the seismic performance of elastic building frames isolated with FPS isolators and 
the optimal isolator friction properties. The two-degree-of-freedom model, already employed 
in [17], is used for this purpose, as it was shown to provide a reliable representation of the 
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structural response of more complex systems, especially in the case of low values of the fric-
tion coefficient and high isolation degrees such that the effects of the higher modes are neglig-
ible. It is also useful because it leads to a condensed description of the problem in terms of 
few characteristic parameters representing the isolator and structural system properties. A pa-
rametric study of the system is performed for different values of these characteristic parame-
ters by considering three different sets of artificial ground motion records, modelled as non-
stationary stochastic processes and generated through the power spectral density method [31], 
with different frequency content corresponding to stiff, medium and soft soil conditions [32], 
respectively. The nondimensionalization of the governing equations of motions permits to in-
vestigate wide ranges of seismic intensities while limiting the required nonlinear response his-
tory analyses. For each set of random excitations, numerical simulations are first carried out 
to evaluate the relation between the characteristic system and isolator parameters and the 
structural performance. Successively, multi-variate regression expressions are derived for the 
optimal values of the friction coefficient that minimize the superstructure displacements rela-
tive to the base, as a function of the system characteristic parameters, of the seismic input in-
tensity and of the soil condition. More details may be found in [33]. 

2 NON-DIMENSIONAL EQUATION OF MOTION 
The equations of motion governing the response of a 2dof model representing an elastic 

system on single concave FPS isolation bearings (Fig. 1) subjected to the seismic input � �gu t , 
in the hypothesis of considering the horizontal component of the bearings displacement, is: 

 
� � � � � � � � � �
� � � � � � � � � � � �

s s s s s s s g b

b b b b b s s s s b g

m u t c u t k u t m u t u t

m u t f t c u t c u t k u t m u t

ª º� �¬ ¼
� � � �

+ + =

+ =
 (1) 

where su  denotes the displacement of the superstructure relative to isolation bearing, bu  the 
isolator displacement relative to the ground, sm  and bm  respectively the mass of the super-
structure and of the base floor above the isolation system, sk  and sc  respectively the super-
structure stiffness and inherent viscous damping constant, bc  the bearing viscous damping 
constant, t  the time instant, the dot differentiation over time, and � �bf t  denotes the FPS bear-
ing resisting force. This latter can be expressed as: 

 � � � � � �� � � �b b b b bf t k u t u m m gZ tP �+  (2) 

where � �/ /b s bk W R m m g R  � , g  is the gravity constant, R is the radius of curvature of 

the FPS, � �� �bu tP  the coefficient of sliding friction, which depends on the bearing slip veloc-

ity � �bu t , and � � � �sgn bZ t u , with sgn(∙) denoting the sign function. The fundamental pe-

riod of vibration of a base-isolated system, 2 /bT R gS , corresponding to the pendulum 
component, is independent of the superstructure mass and related only to the radius of curva-
ture R [17]. 

Experimental results [9]-[11] suggest that the coefficient of sliding friction of Teflon-steel 
interfaces obeys to the following equation: 

 � � � �max expb bu f Df uP D � � �  (3) 
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in which maxf  represents the maximum value of friction coefficient attained at large velocities 
of sliding, and min maxf f Df �  represents the value at zero velocity. In this study, to further 
simplify the problem, it is assumed that max min3f f  with the exponent D  equal to 30 [17].  

Moreover, note that, in the hypothesis of considering the maximum value of the sliding 
friction coefficient, it is possible to evaluate the effective stiffness of the isolation level 

� �max1/ /eff bk W R f u �  depending on the bearings displacement (Fig. 1) which leads to an 
effective isolated period ,b effT  [34],[35]. 
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Fig. 1. 2dof model of elastic system isolated with FPS in the deformed configuration. 

The non-dimensional form of the equations of motion can be derived by introducing the 
time scale btW Z , where � �/b b s bk m mZ  �  denotes the fundamental circular frequency of 

the isolated system with infinitely rigid superstructure, and the seismic intensity scale 0a , 
which has the dimension of an acceleration and it is such that 0( ) ( )gu t a O W , where ( )O W  is a 
non-dimensional function of time describing the seismic input time-history. In [17], the fol-
lowing non-dimensional equations are obtained: 
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where /s s sk mZ   and / 2s s s sc m[ Z  denote respectively the circular frequency and damp-
ing factor of the superstructure; / 2b b b bc m[ Z  the isolator damping factor; 

� �/s s bm m mJ  � [34] the mass ratio. The non-dimensional parameters 2
0/s s bu a\ Z  and 

2
0/b b bu a\ Z  describe the dynamic response of the superstructure and the isolators respec-

tively. Eqn.(4) also reveals that the non-dimensional parameters (3  terms) [36]-[37] that con-
trol the system non-dimensional response to the seismic input ( )O W  are: 

 � � � �
0

, , , ,
b s

bs
b b s

b

u g
aZ J P [ [

PZ J \ [ [
Z

3  3  3  3  3   (5) 

3966



P. Castaldo, and M. Ripani 
 

Parameter Z3  measures the isolation degree [34],[38], J3  is the previously defined mass 
ratio, 

b[
3  and 

s[
3  describe the viscous damping inherent respectively to the system and the 

isolator. The non-dimensional parameter P3  measures the isolator strength, provided by the 

friction coefficient � �buP , relative to the seismic intensity. Since this parameter depends on 
the response through the velocity bu , the following parameter is used in its stead:  

 * max

0

f g
aP3   (6) 

It is noteworthy that the non-dimensional seismic response of the system does not depend 
on the seismic intensity level a0, but it depends only on 

b[
3 ,

s[
3 , Z3 , J3 , *

P3 , and on the 

function � �O W , describing the frequency content and time-modulation of the seismic input. 
Moreover, having assumed 1 bZ  as time scale, it follows that also bZ  influences the non-
dimensional seismic response of the system [17]. 

3 PARAMETRIC STUDY 
This section presents the results of the parametric study carried out on the system of Fig. 1 

to evaluate the performance of elastic buildings isolated with FPS bearings for different struc-
tural properties and soil conditions. The first two subsections describe respectively the sto-
chastic model employed to generate the random excitations and the response parameters used 
to monitor the seismic performance, whereas the final subsection shows the parametric study 
results. 

3.1 Random excitations and intensity measure (IM) 
In Eqn.(4), the seismic input is described by the intensity scale factor, 0a , which is com-

monly denoted to as seismic intensity measure (IM) in the context of the performance-based 
earthquake engineering (PBEE) [39],[40], and through the non-dimensional function ( )O W , 
which describes the time-history of the ground motions.  

The "record-to-record" variability of the characteristics of the seismic inputs is herein de-
scribed by defining three wide sets of artificial record time histories with different frequency 
content corresponding to stiff, medium and soft soil conditions, respectively. These artificial 
records are modelled as time-modulated filtered Gaussian white noise random processes 
[30],[31],[41]. The power spectral density (PSD) function [42] of the embedded stationary 
process is described by the widely-used Kanai-Tajimi model [43]-[44], as modified by 
Clough and Penzien [45],[29],[46]-[50], i.e.: 

 
4 2 2 2 4

02 2 2 2 2 2 2 2 2 2

4
( )

( ) 4 ( ) 4
g g g

f
g g g f f f

S S
Z [ Z Z ZZ

Z Z [ Z Z Z Z [ Z Z
�

 �
� � � �

  (7) 

where 0S  = amplitude of the bedrock excitation spectrum, modeled as a white noise process; 

gZ  and g[  = fundamental circular frequency and damping factor of the soil, respectively; fZ  
and f[ = parameters describing the Clough-Penzien filter; and Z  = the circular frequency 
ranging between 0 and 50 rad/s. The parameters gZ  and g[  are assumed as uniformly distri-
buted independent random variables, with the following ranges of variation [32],[51]: 
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gZ =5S-9S (high frequency/short period) and g[ =0.6-1 for stiff soil condition, gZ =3S-5S (in-
termediate frequency/ period) and g[ =0.4-0.6 for medium soil condition, gZ =S-3S (low fre-
quency/high period) and g[ =0.2-0.4 for soft soil condition. The values of the Clough-Penzien 
filter parameters are assumed as deterministic and equal to 1.6fZ  (rad/s) and 0.6f[  .  

The Shinozuka-Sato function [52] is used to modulate in time the embedded stationary 
processes, Eqn.(8): 

 1 2( ) ( )b t b tI t c e e� � � � � �   (8) 

where b1= 0.045S�s-1, b2= 0.050S�s-1 and c=25.302. A duration equal to 31.25 s, longer than 
25s according to [53], is considered. The same duration has been assumed for all the artificial 
record time histories since the duration of the random excitations has not a strong influence 
when a peak response quantity is of interest, like the maximum response displacement, veloci-
ty or acceleration [54],[55].  

An ensemble of 100 artificial ground motions, generated through the Spectral Representa-
tion Method [31], is considered for each soil condition. By this way, each set of artificial 
records reflects the wide uncertainty in terms of frequency content related to each soil condi-
tion [32],[51] and is composed of a high number of random excitations in order to strongly 
reduce the standard errors [16] of the statistics of the response parameters evaluated in the fol-
lowing subsections.  

Fig. 2(a) shows the PSD functions for the different soil conditions corresponding to S0=1 
m2/s3 and to the sample values of the filter parameters, illustrating the energy associated with 
the frequency contents for each soil condition [56], whereas, Fig. 2(b) shows the elastic pseu-
do-acceleration response spectra of the 100 artificial ground motions for each soil condition, 
scaled to the common IM value SA(T) = 0.1 g, for T = 4 s, which is a typical isolated system 
period. 
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Fig. 2. PSD functions corresponding to stiff, medium and soft soil conditions (a); Pseudo-acceleration response 

spectra for the 300 records scaled to the common seismic intensity measure SA(T) = 0.1 g, for T=4s (b). 

Regarding the intensity measure, it is worth to note that although the non-dimensional re-
sponse to a single ground motion input does not depend on the IM level 0a , the response dis-
persion, and thus the accuracy of the estimate, is affected by the IM choice [17]. In this study, 
the spectral pseudo-acceleration, � �,A b bS T [ , at the isolated period of the system, 2 /b bT S Z , 
and for the damping ratio 

b b[ [3  , is assumed as IM. This IM is related to the spectral dis-

placement dS  by the relation � � � �2, ,A b b b d b bS T S T[ Z [ . It is also worth to observe that if all 
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the records for each soil type are normalized to � �,A b bS T [ , then the normalized displacement 
response of a system with period bT , damping ratio b[ , rigid superstructure (i.e., high Z3 ) 
and mounted on a frictionless isolator, equals to 1 for each record and soil condition and it is 
not affected by the record-to-record variability. Thus, this system can be assumed as reference 
case for evaluating the influence of the isolator friction P3  and of the period ratio Z3  on the 
response statistics [17]. In the analyses carried out in this study, the damping ratio b[  is taken 
equal to zero, consistently with other works which assume that friction is the only source of 
damping in the isolators [17],[22],[57]. The corresponding IM is hereinafter denoted to as 

� �A bS T . 

3.2 Seismic response parameters  
This study considers the following set of response parameters relevant to the performance 

of the isolated system: the peak isolator displacement ,maxbu  (important for the design of the 
FPS isolator and of the seismic gap around the building), the peak superstructure displace-
ment relative to the isolator ,maxsu  (related to internal forces in the structure and to the per-
formance of displacement-sensitive non-structural components). These response parameters 
can be expressed in non-dimensional form, according to Eqn. (4), as: 

 
� � � � � � � �

2 2
,max ,max ,max ,max   ,     

b s

b b b s b s
u u

A b d b A b d b

u u u u
S T S T S T S T

Z Z
\ \      (9a,b) 

where the normalized displacement response 
bu\  can be interpreted as the reduction factor of 

the response spectrum at the isolation period bT  with damping ratio b[ =0.  
By repeatedly solving Eqn. (4) for each set of the 100 ground motion records, a set of sam-

ples is obtained for the output variables used to monitor the performance. In this paper, the 
response parameters are assumed to follow a lognormal distribution [17]-[18],[39],[57]-[58]. 
The lognormality assumption permits to estimate, with a limited number of samples, the re-
sponse at different percentile levels, which is very useful for system reliability assessment. It 
also permits to obtain a closed-form analytical estimate of the seismic risk [59].  

A lognormal distribution can be fitted to the generic response parameter D (i.e., the ex-
treme values 

bu\ ,
su\  of Eq. (4)) by estimating the sample geometric mean, � �GM D , and 

the sample lognormal standard deviation � �ln DV , or dispersion � �DE , defined, respectively, 
as follows:  

 � � 1 ...N
NGM D d d � �   (10) 

 � � � �
� �� � � �� �2 2

1
ln

ln ln ...... ln ln

1

� � � �ª º ª º¬ ¼ ¬ ¼  
�

Nd GM D d GM D
D D

N
E V   (11) 

where di denotes the i-th sample value of D, and N is the total number of samples. The sample 
geometric mean is an estimator of the median of the response and its logarithm coincides with 
the lognormal sample mean � �ln DP . Under the lognormality assumption, the relation be-

tween the geometric mean � �GM D , the dispersion � �DE , and the kth percentile of the ge-
neric response parameter D can be expressed as: 
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 exp[ ( ) () )( ]kd f kGM D DE   (12) 

where ( )f k  is a function assuming the values (50) 0f  , (84) 1f   and (16) 1f  �  [60].  

3.3 Parametric study results  
This section shows the results of the parametric study carried out to evaluate the relation 

between the isolation and structure properties and the system performance, for each set of 100 
ground motion records corresponding to different soil conditions. The parameters 

b b[ [3   
and 

s s[ [3   are assumed respectively equal to 0% and 2%, the base-isolated system period Tb 
is varied in the range between 2s and 5s, the parameter Z3  in the range between 3 (flexible 
superstructure) and 12 (rigid superstructure), J J3   in the range between 0.6 and 0.9, *

P3  in 
the range between 0 (no friction) and 2 (very high friction). Indeed, a high value for the upper 
bound of *

P3  is also considered due to the very low values of the IM at high isolated periods 
(i.e., Tb=5s) depending on the seismic hazard [53]. For each value of the parameters varied in 
the parametric study, the differential equation of motion, i.e., Eqn.(4), has been repeatedly 
solved for the different random excitation. The Bogacki-Shampine integration algorithm 
available in Matlab-Simulink [61] has been employed. The probabilistic properties of the 
normalized response have been evaluated by estimating the geometric mean, GM, and the dis-
persion, E, of the parameters of interest through Eqns. (10) and (11).  

Figs. 3-8 show the statistics (GM and E values) of the response parameters considered, ob-
tained for different values of the system parameters varying in the range of interest and for 
each soil type. Each figure contains several surface plots, corresponding to different values of 

J3 . Only the results corresponding to Z3 = 6 and Z3 = 9 are reported.  
Fig.s 3 and 4 plot the results concerning the normalized bearing displacement 

bu\ , related 

to cases Z3 =6 and Z3 =9 respectively. The trend of � �buGM \  is similar to that discussed in 

[17], where natural records were considered without taking into account soil types. 
This is the consequence of the non-dimensionalization and of the efficient intensity meas-

ure employed for the study. In fact, � �buGM \  is equal to unit for * 0P3   and higher Z3  and 

increases slightly for increasing bT  because of period elongation and of the influence of the 

second mode of vibration on the response. Obviously, � �buGM \  decreases significantly as 
*
P3  increases and is also slightly influenced by J3 , especially, for low Z3  values. For soft 

soil condition and low Z3  values, the influence of J3  is higher as well as the decrease of 

� �buGM \  for increasing *
P3  is more gradual. The dispersion � �buE \  for high bT  increases 

for increasing values of *
P3 , as a result of the reduction of the efficiency of the IM employed 

in the study for each soil condition. Moreover, with reference to soft soils, the values of 
� �buE \  also result to be higher for low values of both the isolated periods bT  and *

P3 . Obvi-

ously, in the case of * 0P3   and higher Z3 , the dispersion is zero for all the values of bT  and 
of J3  considered and for all the soil conditions.  
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Fig. 3. Normalized bearing displacement vs. 3


P�and Tb for 3Z=6 and each soil condition: median value (a,b,c) 
and dispersion (d,e,f) for different values of 3J. The arrow denotes the increasing direction of 3J. 

The mass ratio J3  does not affect significantly the response dispersion, especially in the 

case of high Z3  values. The above described peak values of both � �buGM \  and � �buE \  in 

the case of soft soil condition are due to resonance effects which mainly affect the effective 
frequency charactering the dynamic behaviour of the frictional bearings and the dominant fre-
quency of the corresponding random excitations.  

Fig.s 5 and 6 show the response statistics of the normalized superstructure displacements 
relative to the base mass 

su\ . Also the trend of � �suGM \  is quite similar to that discussed in 

[17]: � �suGM \  increases for increasing values of bT  as well as for decreasing values of J3  

and of Z3 , whereas it first decreases and then increases for increasing values of *
P3 . Thus, 

there exists an optimal value of *
P3  such that the superstructure displacement is minimized 

3971



P. Castaldo, and M. Ripani 

for each soil condition. This optimal value is in the range between 0 and 0.3 depending on the 
values of Z3 , bT , J3  and soil condition. In particular, increasing values of the optimal fric-
tion coefficient are required from stiff to soft soil condition.  
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Fig. 4. Normalized bearing displacement vs. 3


P�and Tb for 3Z=9 and each soil type: median value (a,b,c) and 
dispersion (d,e,f) for different values of 3J. The arrow denotes the increasing direction of 3J. 

The values of the dispersion � �suE \ , are very low for low *
P3  values due to the high effi-

ciency of the IM employed in the study, and attain their peak for values of *
P3  close to the 

optimal ones. The other system parameters have a reduced influence on � �suE \  compared to 

the influence of *
P3 . In the case of soft soil condition, the dispersion � �suE \  strongly in-

creases for increasing values of *
P3  for both lower isolation degrees and isolated periods be-

cause of the resonance effects which mainly affect the effective frequency of the frictional 
bearings and the dominant frequency of the corresponding random excitations. The different 
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influence of the three soil conditions and, in particular, the increase of the statistics values of 
the response parameters from stiff to soft soil condition results to be consistent with the re-
sults described in [28]-[30]. 
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Fig. 5. Normalized superstructure displacement vs. 3

P�and Tb for 3Z=6 and each soil condition: median value 

(a,b,c) and dispersion (d,e,f) for different values of 3J. The arrow denotes the increasing direction of 3J. 

The existence of an optimal value of the friction coefficient has been pointed out in many 
studies on systems isolated by FPS bearings [17],[21]-[24],[26] and it depends on some ef-
fects that follow an increase of the friction coefficient. In fact, an increase of the friction coef-
ficient leads to an increase of the isolator strength (and thus of the equivalent stiffness, with a 
reduction of the corresponding effective fundamental vibration period (Fig.1)) and the in-
crease of participation of higher vibration modes as well as transfer of forces towards the su-
perstructure. However, the forces transmitted to the superstructure also depend on the 
bearings displacements which decrease as the friction coefficient increases. An increase of the 
forces transmitted to the superstructure generally increases the superstructure displacements. 
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Another effect is an increase of energy dissipation (equivalent damping), which reduces the 
superstructure displacements. The equilibrium between these effects is strongly influenced by 
the characteristic structural parameters as well as the frequency content of the random excita-
tions related to each soil condition. In fact, for soft soil condition, higher optimal values of the 
normalised friction coefficient are required due to the resonance effects as well as to increase 
the equivalent damping. The dependency on these parameters is discussed in more detail in 
the next section.  

For all the statistics of the response parameters within the parametric analysis, the standard 
errors [16] result to be lower than 5% for low values of *

P3  and lower than 10% for increas-

ing values of *
P3  due to the high number of the random excitations employed. 
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Fig. 6. Normalized superstructure displacement vs. 3


P�and Tb for 3Z=9 and each soil condition: median value 
(a,b,c) and dispersion (d,e,f) for different values of 3J. The arrow denotes the increasing direction of 3J. 
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4 OPTIMAL SLIDING FRICTION COEFFICIENT DEPENDING ON THE SOIL 

CONDITION 
The results previously described show that for each combination of the system properties 

(i.e., of J3 �� bT  and Z3 ) there exists an optimal value of the normalized sliding friction coef-

ficient, *
,optP3 , depending on the soil condition such that the median normalized superstruc-

ture displacements are minimized according to Fig.s 5-6.  
Minimizing the superstructure displacements relative to the base mass can be an important 

design requirement for base isolated systems to avoid inelastic response of the superstructure, 
which can lead to very high displacement ductility demand [62]. In fact, an inelastic response 
of the superstructure can lead to a disproportionately large displacement ductility demand that 
could also be amplified in the case of soft soil condition due to the resonance effects, consi-
dering structural systems in ordinary conditions and neglecting aging effects [63]-[72].  

From a design point of view, it may be of interest to evaluate the values of *
,optP3  that mi-

nimize response percentile others than the 50th, corresponding to different exceedance prob-
abilities [57]. Therefore, for each soil type, through a multivariate nonlinear regression 
analysis, a regression expression is obtained for *

,optP3  as a function of the parameters J3 , 

bT  and Z3  and of three percentile levels (i.e., 50th, 16th and 84th percentiles). In particular, the 

expressions for *
,optP3  is derived by fitting in Matlab [61] the following second-order poly-

nomial expression: 
*

,opt 1 2 3 4 5 6

2 2 2
7 8 9 10

b b b

b

c c T c c c T c T

c c T c c
P Z J Z J

J Z Z J

3  � � � �3 � �3 � � �3 � � �3 �

� �3 �3 � � � �3 � �3
  (13) 

where ci, i=1,…,10, are the regression coefficients, whose values are reported in Tables 1-3 as 
a function of the different percentile levels and soil condition. It is noteworthy that the order 
of the polynomials is kept as small as possible to balance the contrasting requirements of ac-
curacy and simplicity, thus providing a polynomial expression easy to be applied for the pre-
liminary designing of FPS characteristics.  

 
 c1 c2 c3 c4 c5 c6 c7 c8 c9 c10 
50th percentile  0.2657 -0.0380 -0.0083 -0.2022 -0.0012 -0.0028 0.0071 0.0045 0.0005 0.2187 

84th percentile  0.2643 -0.0249 -0.0034 -0.2641 -0.0016 -0.0126 0.0044 0.0020 0.0005 0.3359 

16th percentile  0.3038 -0.0392 -0.0083 -0.3230 -0.0010 0.0181 0.0034 0.0037 0.0005 0.2422 

Table 1. Coefficients of multi-variate non-linear regression for stiff soil. 

 c1 c2 c3 c4 c5 c6 c7 c8 c9 c10 
50th percentile  0.2248 -0.0327 -0.0034 -0.1122 -0.0007 0.0162 0.0059 0.0008 0.0002 0.1094 

84th percentile  0.1973 0.0055 -0.0064 -0.1456 -0.0011 0.0090 0.0080 -0.0055 0.0005 0.1719 

16th percentile  0.2483 -0.0376 -0.0058 -0.1906 -0.0011 0.0301 0.0049 0.0020 0.0005 0.1172 

Table 2. Coefficients of multi-variate non-linear regression for medium soil. 
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The regression R-squared values are higher than 0.92 for all the cases considered, indicat-
ing that the fitted model describes well the variation of *

,optP3  with the parameters consi-
dered. Only the regressions, related to the 16th percentile for stiff and medium soil conditions, 
present slightly lower values of R-squared. Eqn. (13) can be used to design the optimum FPS 
properties for the isolated system, provided that a seismic intensity level � �A bS T  is assigned. 
In fact, according to Eqn. (6), the optimum friction coefficient (at high velocity) can be easily 

calculated as 
� �*

,opt
max,opt

A bS T
f

g
P3 �

 . This implies that the optimum friction coefficient in-

creases linearly with the IM level. Furthermore, friction pendulum properties that are "optim-
al" for a given seismic intensity, are not "optimal" for the other intensities. It follows that the 
optimal friction coefficient can be defined considering the seismic intensity corresponding to 
the collapse limit state [53] in order to ensure an adequate response of the isolated superstruc-
ture under strong earthquake events. More details may be found in [33]. 

 
 c1 c2 c3 c4 c5 c6 c7 c8 c9 c10 
50th percentile  0.5689 -0.1603 0.0113 -0.4345 -0.0005 0.0632 0.0007 0.0108 -0.0003 0.2187 

84th percentile  0.3726 -0.0629 0.0204 -0.4317 -0.0018 0.0292 -0.0038 0.0008 -0.0004 0.3437 

16th percentile  0.5751 -0.1607 0.0022 -0.3256 0.0002 0.0665 0.0079 0.0103 -0.0004 0.0781 

Table 3. Coefficients of multi-variate non-linear regression for soft soil. 

5 CONCLUSIONS  
This paper investigates the influence of the soil characteristics in terms of frequency con-

tent, related to stiff, medium and soft soils, on the seismic performance of elastic buildings 
isolated with friction pendulum system (FPS) bearings and the optimal isolator friction prop-
erties. In particular, the results of an extensive parametric study, encompassing a wide range 
of isolator and building properties, different seismic intensity levels, different soil conditions 
and various response parameters that are of interest for monitoring the seismic behavior, are 
described. The behavior of these systems is analyzed by employing a two-degree-of-freedom 
model accounting for the superstructure flexibility, whereas the FPS isolator behaviour is de-
scribed by adopting a widespread model which considers the variation of the friction coeffi-
cient with the velocity.  

The uncertainty in the seismic inputs is taken into account by considering for each (stiff, 
medium and soft) soil condition a set of 100 artificial records, obtained through the power 
spectral density method, with different frequency content and scaled to increasing intensity 
levels. A nondimensionalization of the equation of motion is carried out to unveil the parame-
ters controlling the problem and also allows to explore a wide range of situations while limit-
ing the required nonlinear response history analyses. The estimates of the response statistics 
obtained for each combination of the parameters reflect the effect of the variability of the fre-
quency characteristics of the seismic input at different intensity levels and can be used for de-
riving approximate fragility curves and for simplified seismic risk analyses.  

For each set of random excitations, the influence of superstructure and FPS system proper-
ties are evaluated by considering the geometric mean (GM) and dispersion of each normalised 
response parameter, assumed to follow a lognormal distribution. With reference to both isola-
tion device and superstructures response, it is possible to conclude that low-frequency random 
excitations related to soft soil condition negatively influences the statistics of the response pa-
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rameters of the whole isolated systems due to resonance effects which affect seismic inputs 
dominant frequencies and the effective frequency of the frictional bearings.  

Finally, multi-variate regression expressions are derived for the optimal values of the nor-
malized friction coefficient minimizing the 50th, 16th and 84th percentile values of the super-
structure displacements relative to the base mass, as function of the identified system 
characteristic parameters and soil type. Thus the performance of both the structural and non-
structural components of the superstructure can be controlled. Higher values of the optimum 
friction coefficient are required, especially for low isolated periods, in the case of soft soil 
condition in order to reduce the bearing displacements and, consequently, the forces transmit-
ted to the superstructure as well as to increase the energy dissipation (equivalent damping).  
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