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Abstract. Semi-analytical reduced-order models for the combined aeroelastic analysis and 
gust response of flexible subsonic wings with arbitrary aspect ratio are presented. Both a thin 
plate and a slender beam are considered as the linear structural dynamics models, within a 
generalised formulation. A modified strip theory is proposed for modelling the wing unsteady 
aerodynamics in incompressible flow, accounting for the three-dimensional effects on both 
spanwise decay and build-up of the airload. Peters’ in-flow theory is adopted for calculating 
the two-dimensional unsteady airload around each morphing wing section, standard and 
tuned strip theories being readily resumed for comparison and completeness. Considering 
straight elliptical and trapezoidal planforms, approximate lift-deficiency functions for both a 
unit step-change in the angle of attack and a unit sharp-edged gust are then employed in 
place of classic Theodorsen/Wagner’s and Sears/Kussner’s functions, respectively. A modal 
approach is finally adopted to write the generalised equations of motion in state-space form, 
for both plate-based and beam-based formulations. Numerical results are then obtained and 
critically discussed for the aeroelastic stability analysis of a uniform rectangular wing, with 
respect relevant aerodynamic and structural parameters. Due to computational efficiency and 
theoretical insight, the proposed generalised formulation is suggested as an effective aeroe-
lastic tool for the preliminary multidisciplinary design and optimisation (MDO) of flexible 
wings in the low-subsonic regime, as characterised by incompressible flow. 
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1 INTRODUCTION 
Efficient aeroelastic methods and tools [1-2] based on reduced-order complexity [3-6] are 

increasingly sought for the preliminary multidisciplinary design and optimisation (MDO) [7-8] 
of flexible subsonic wings [9-14]. A semi-analytical model for the aeroelastic behavior of a 
thin straight wing in unsteady incompressible flow is hence here presented. Modified strip 
theory (MST) is adopted for the aerodynamic load [15-16], tuned strip theory (TST) being 
readily resumed for comparison and completeness [17-18]. Peters’ in-flow theory is adopted 
for calculating the two-dimensional unsteady airload around each morphing wing section [19], 
where approximate lift-deficiency functions [20-22] for both a unit step-change in the angle of 
attack and a unit sharp-edged gust are employed in place of classic Theodorsen/Wagner’s and 
Sears/Kussner’s functions [23-28], respectively. Both plate-like and beam-like linear models 
are considered for the structural dynamics, within a unified formulation [29-30]. The principle 
of virtual work (PVW) is then used to derive the equilibrium equations and the Ritz’s method 
finally employed to solve them within a modal approach [31-32], where polynomial shape 
functions are assumed for the wing displacement [33]. The resulting aeroelastic model allows 
any distribution of the thin wing properties and provides with its continuous deformation [34]. 
Numerical results for the divergence speeds and flutter frequency [35] of a uniform rectangu-
lar wing are finally shown and discussed with respect to the relevant aero-structural parame-
ters such as the aspect and thickness ratios. 

 

2 AEROELASTIC PROBLEM FORMULATION FOR PLATE-LIKE WING 

Consider a rectangular flat plate with distributed mass � �yxm ,  per unit area, moment of in-
ertia � �yx,P , area moment of inertia � �yxI , , torsion factor � �yxJ , , Young elastic modulus 
� �yxE , , shear modulus � �yxG ,  and structural damping � �yx,[ ; the unsteady airload 
� �tyxp ,,'  is also distributed on the entire surface. Being � �yxh ,  the thickness, c  the chord, 

b  the semi-chord and l  the semi-span, the ŷ  axis of the Cartesian reference system lays on 
the plate symmetry axis and is directed outward along the span, with ly dd0  from clamped 
root to free tip, whereas the x̂  axis is orthogonal to the plate symmetry axis and directed 
backward along the chord, with bxb �dd�  from leading to trailing edge; thus, the vertical 

ẑ  axis is orthogonal to the plate planform and points upward, with 
22
hzh

�dd�  from lower 

to upper surface. Aspect and thickness ratios then read 
c
lAR 2

  and 
c
hTR  , respectively. 

Within a linear analysis framework, the plate vertical displacement � �tyxw ,,  induces a lo-
cal slope � �tyx ,,ς  and curvature � �tyx ,,θ  readily given at the plate middle surface as w� ς  

and ^ `Twww '*''** 2� θ , where apices * and ‘ denote derivation in the x  and y  directions, 
respectively. The structural deformation results in strains � �tyx ,,ε  and stresses � �tyx ,,σ  which, 
by employing Kirchhoff’s hypothesis and Hook’s law [36], read θεε z�  and Eεσ  , re-
spectively, where � �yx,E  is the elastic tensor and � �yx,ε  is due to pre-stress; for orthotropic 
material, stiffness and pre-tension matrices can be written as [29-30]: 
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where the in-plane forces � �yxT ,  and stresses � �yx,σ  are due to pre-loading condition εEσ  . 

Neglecting gravity and possible concentrated loads (e.g., lumped inertia, spring or damper) 
without loss of generality, the PVW may readily be written for the arbitrary virtual displace-
ment � �tyxw ,,G  as: 
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(2) 

 
and then integrated by parts twice in order to give the linear partial differential equation (PDE) 
for the dynamic aeroelastic equilibrium [29-30]: 

 
� � � � � � � � � �  ��������

'*'*'*''''**'*'***''** 4 wTwTwTwTwEIwEIwGJwEIwEI yxyxyxyyxxyxyx  

� � � �''** wwwmwp yx ������� PP[ ����' , 
(3) 

 
which is consistently completed by both geometrical and natural boundary conditions as: 
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lylylyx
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b

b
xy wGJ , 

0'*  
lxy wGJ ,                    � � 0*'*  

l
xy wGJ , 

(4) 

 
as well as the initial rest condition � � 00,,  yxw , � � 00,,*  yxw  and � � 00,,'  yxw . 

 

2.1 Modal Solution Approach 
Rather than solving the governing PDE numerically, the Ritz’s method is employed. The 

plate displacement is then modally expressed as [31-32]: 
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where the n  functions � �tiH  are unknown generalised coordinates relative to the n  assumed 
mode shapes � �yxi ,I , which are hereby chosen as suitable combinations of chordwise � �xgk  
and spanwise � �yf j  polynomials satisfying the geometrical boundary conditions for clamped-
free plate [31,33], namely: 
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(6) 

 
note that the chordwise modes are indeed Chebyshev polynomials � �4kcos , with Glauert’s 
transformation 4 cosbx  [19,37]. 

 

2.2 Generalised Aerodynamic Load 
According to thin aerofoil theory [38-39], the sectional unsteady aerodynamic load in in-

compressible flow is due to the effective angle of attack of the latter with respect to the instan-
taneous kinematics of the thin wing camber, where the non-penetration boundary condition is 
imposed assuming small wing deformations and flow perturbations; this includes the unsteady 

wake inflow. By noting that ¦
 

 
kn

k
kk wgw

0
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jn
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ijk fw

1
H , Peters’ model for a morphing 

thin airfoil is efficiently employed to give the generalised unsteady airload � �tF a
i  as: 
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where the wing displacement has effectively been projected onto the chordwise modal base 

kg , with the 1�kn  coefficients � �tywk ,  explicitly given by [19]: 
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within the framework of a modified strip theory [15-16], the scaling function � �yN  accounts 
for the influence of the wing-tip vortices downwash on the sectional airload and scales the 
latter proportionally with the local, quasi-steady wing circulation along the span [14]. 

The generalised unsteady airload for an isolated flexible aerofoil reads [10,19]: 
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where U  is the flow density and ¦
 

 
kn

k
kk vgv

0
 is the induced flow velocity due to aerofoil mo-

tion, the generalised coefficients � �tyvk ,  of which are readily given by [10,19]: 
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thus realizing the fluid-structure interaction [40] thru the non-penetration boundary condition. 
With k  the reduced frequency [26-28], � �kC  is the equivalent of Theodorsen’s lift-deficiency 
function for the circulatory lift build-up of a finite wing due to harmonic oscillation and, via 
Fourier transform [41], is related to the equivalent of Wagner’s indicial-admittance function 
for the circulatory lift build-up due to a unit step in the angle of attack (see Appendix B). 

Finally, the airload contribution due to a vertical gust � �ty,VG , which is here assumed as 

GV: GV  with spanwise distribution � �y:  and time evolution � �tVG , reads [10,32]: 
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(11) 

 
where � �00 GG VV   and � �tK  is the equivalent of Kussner’s indicial-admittance function for 
the circulatory lift build-up of a finite wing due to a unit sharp-edge gust (see Appendix B), 
assuming a standard “frozen” approach [42]. 

Note that Peters’ theory implicitly assumes the lift-curve slope SD 2/  LC  for a flat airfoil, 
which is appropriate for a plate wing; nevertheless, his analytical model can still effectively 
be tuned with a different value, as long as subsonic potential flow is applicable [11-12]. Final-
ly, the wing lift � �tL , pitching moment � �tM p  and rolling moment � �tM r  are given by [18]: 
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3 AEROELASTIC PROBLEM FORMULATION FOR BEAM-LIKE WING 
According to the closely-spaced rigid diaphragm assumption [36], a slender wing is often 

considered spanwise flexible only and a beam-like structural model suitably employed [32,34]. 
As the latter (which is one-dimensional) can be derived from the plate-like structural model 
(which is two-dimensional), it may be seen as a semi-analytical reduced-order model where 
the chordwise dependency of the properties is dropped and only the first two chordwise (rigid) 
modes 0g  and 1g  are implicitly retained [29-30], eventually resulting in two coupled equilib-
rium equations for bending and torsion [35], respectively. 

The wing elastic axis (EA, where all applied loads are reacted [32]) is then modelled as a 
Rayleigh beam [43] and drawn by the locus of the shear centres of each chordwise section, 
with � � 0{yxEA  fixed for convenience, whereas the inertial axis � �yxCG  is drawn by the locus 
of the sectional centres of gravity (CG, where the inertial load is applied [32]). Thus, we have 
the distributed mass � �ym  per unit length, bending and torsion moment of inertia � �y]P  and 

� �y-P , area moment of inertia � �yI , torsion factor � �yJ , Young modulus � �yE , shear modu-
lus � �yG , axial tension � �yT  and bending and torsion structural damping � �y][  and � �y-[ . 

With � �ty,]  and � �ty,-  the vertical and torsional displacements of the elastic axis, respec-
tively, the wing deformation is given as -] xw � ; therefore, neglecting gravity and con-
centrated loads, the PVW for the arbitrary virtual displacements � �ty,G]  and � �ty,G-  reads: 

 

�'�' �� ³³³³³
lllll
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(13) 

 
where -] CGCG xw �  is the vertical displacement of the inertial axis, whereas � �tyL ,'  and 

� �tyM ,'  are the sectional unsteady aerodynamic force (positive upwards) and pitching mo-
ment (positive clockwise), respectively. The virtual displacement being arbitrary, bending and 
torsion virtual works separate as: 
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(14) 

 
and are then integrated by parts twice in order to give the linear system of coupled PDEs for 
the dynamic aeroelastic equilibrium of wing bending and torsion [32] as: 
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which are consistently completed by both geometrical and natural boundary conditions as: 
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as well as the initial rest conditions � � 00,  y] , � � 00,  y]�  and � � 00,  y- , � � 00,  y-� . 

 

3.1 Modal Solution Approach 
The Ritz’s method is employed and the beam displacement is then modally expressed as: 
 

i

n

i
iHI]

]

¦
 

 
1

,          i

n

i
iKM-

-

¦
 

 
1

,                    i

n

i
iGHIG]

]

¦
 

 
1

,          i

n

i
i KGMG-

-

¦
 

 
1

, (17) 

 
where the ]n  functions � �tiH  and -n  functions � �tiK  are unknown generalised coordinates 
relative to the ]n  assumed mode shapes � �yiI  for bending deformation and -n  assumed 
mode shapes � �yiM  for torsion deformation, respectively, which are hereby chosen as suitable 
spanwise polynomials satisfying the geometrical boundary conditions for clamped-free beam 
[31,33], namely: 
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Note that *w� -  and the first assumed torsion mode of the beam model is not allowed by 

the plate model, due to clamping of the wing root along the entire chord bxb �dd� ; yet, its 
linear behavior can still be recovered by higher assumed torsion modes in a Taylor sense [41]. 

 

3.2 Generalised Aerodynamic Load 
MST is still employed for calculating the generalised unsteady aerodynamic load. The non-

circulatory aerodynamic force and moment of each wing section act at its mid chord (MC), 
whereas the circulatory ones act at its aerodynamic centre (AC, where the pitching moment is 
independent of the angle of attack [38-39]) and control point (CP, where the non-penetration 
boundary condition for the flow is imposed and the fluid-structure interaction [40] hence en-
forced [38-39]). According to thin aerofoil theory for incompressible flow, aerodynamic cen-
tre � �yxAC  and control point � �yxCP  fall at the first and last quarters of the section chord [19], 
respectively. The generalised unsteady airload is then implicitly given by: 
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where the sectional aerodynamic force and pitching moment at the elastic axis read: 
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The airload contributions � �tyLW ,'  and � �tyMW ,'  due to the wing motion are given by 
[32,34]: 
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where -] ACAC xw � , -] MCMC xw �  and -] CPCP xw �  are instantaneous vertical dis-
placements of the relative section points, whereas � �tW  is the equivalent of Wagner’s indici-
al-admittance function for the circulatory lift build-up due to a unit step in the angle of attack 
(see Appendix B). Each wing section sees an effective angle of attack induced by the vertical 
flow velocity � �tyV ,  due to the instantaneous motion of its control point, namely [32,34]: 
 

CPwUV �� - , (22) 
 
where � �0,0 yVV   depends on the initial rest conditions; finally, within a “frozen” approach, 
the additional contributions � �tyLG ,'  and � �tyM G ,'  due to a vertical wind gust read [32,34]: 
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As direct analytical cross-validation, Peters’ theory is readily recovered by considering its 

first two chordwise modes only and assuming the lift-curve slope SD 2/  LC  for a flat airfoil, 
which is appropriate for a plate wing. Finally, the wing lift, pitching moment and rolling mo-
ment are given by [18]: 
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4 ADDED AERODYNAMIC STATES 
For two-dimensional unsteady incompressible potential flow, Theodorsen and Sears [26-28] 

lift-deficiency functions account for the inflow [19] generated by the travelling wake of a flat 
aerofoil due an harmonic oscillation and a sinusoidal gust, respectively; the relative indicial-
admittance functions for the circulatory lift build-up due to a unit step in the angle of attack 
and a unit sharp-edge gust are then given by Wagner and Kussner [23-25], respectively. 

For three-dimensional flow, all these fundamental functions [44-47] are modified so to in-
clude the unsteady downwash of the trailed wing-tip vortices [48-52] and the results are then 
approximated for computational convenience [53-66]; Appendix B reports the applications to 
elliptical and trapezoidal wings [20-21]. Due to rigorous analytical continuation [41], with s  
the Laplace variable, a rational approximation [22,67] is suitably adopted for the equivalent of 
Theodorsen function in the complex reduced frequency p  domain, namely: 
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11C
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where the coefficients are obtained by best-fitting the analytical reference curve for the specif-
ic wing shape, with Ĉ121 � � CC AA  and ClimĈ

k fo
  due to exact curve-fitting constraints 

[68-70]. Being 
2
1

0
v

vV �  [19], an added aerodynamic state � �tyC ,X  is introduced [71-72] 

which, due to linearity of the Laplace transform and its inverse [41], evolves from the initial 
rest condition � � 00,  yCX  and � � 00,  yCX�  according to the linear ordinary differential equa-
tion (ODE): 
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Analogously, the equivalent of Wagner function is suitably approximated with two expo-

nential terms [22,67] in the reduced time W  domain, namely: 
 

WW WW BWBW eAeA 21
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b
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where the coefficients are still obtained by best-fitting the analytical reference curve for the 
specific wing shape, with Ŵ121 � � WW AA  and WlimŴ

0o
 

W
 due to exact curve-fitting con-

straints [68-70]. Another added aerodynamic state � �tyW ,X  is then introduced which evolves 
from the initial rest condition � � 00,  yWX  and � � 00,  yWX�  according to the linear ODE: 
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of course, note that CW AA 11  , CW AA 22   and ĈŴ   due to reciprocal relations [73-75]. 
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Finally, the equivalent of Kussner function is consistently approximated with two exponen-
tial terms [22,67] in the reduced time domain too, namely: 

 
WW KK BKBK eAeA 21

211K �� ��| , (29) 
 

where the coefficients are obtained by best-fitting the analytical reference curve for the specif-
ic wing shape, with 121  � KK AA  due to exact curve-fitting constraints [68-70]. So, a further 
added aerodynamic state � �tGG XX   is introduced which evolves from the initial rest condi-
tion � � 00  GX  and � � 00  GX�  according to the linear ODE: 
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note that this equation is uncoupled from all others and hence does not affect the aeroelastic 
stability of the wing, in the present framework of a linear model for small perturbations [10]. 

 

4.1 Plate Model 
The unsteady generalised aerodynamic load per unit span is eventually given by: 
 

��
»
»
¼

º

«
«
¬

ª
¸
¸
¹

·
¨
¨
©

§ �
��¸

¹
·

¨
©
§ �� ' ¦

 

kn

k
k

a kwUwwbUwwbF
1

2
10

2
0

2
0 Ĉ2
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(31) 

 
the incremental contribution due to gust being: 
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and the linear ODE for added aerodynamic state evolution reading: 
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Thus, by expanding ¦
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 in a consistent way, the 

unsteady sectional airload is eventually expressed in terms of the generalised coordinates iH . 
In essence, each term of Peters’ theory (added states included) is projected onto the assumed 
spanwise modes jf  and the generalised aerodynamic matrices are then assembled by blocks. 

 

4.2 Beam Model 
The unsteady generalised aerodynamic load per unit span due to the wing motion is even-

tually given by: 
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(34) 

 
the incremental contribution due to gust being: 
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where, with -] XXX � W  due to linearity, the added aerodynamic states � �ty,]X  and � �ty,-X  
are relative to the wing bending and torsion motion and evolve from their initial rest condition 

� � 00,  y]X , � � 00,  y-X  and � � 00,  y]X� , � � 00,  y-X�  according to the linear ODEs: 
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As -] LLLW '�' '  and -] MMMW '�' '  due to assumed linearity, by expanding 
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 in a consistent way, the unsteady sectional airload is finally 

expressed in terms of the generalised coordinates iH  and iK . In essence, each term of strip 
theory (added states included) is projected onto the assumed spanwise modes iI  and iM , re-
spectively, and the generalised aerodynamic matrices are then assembled by blocks. 

 

5 MODIFIED STRIP THEORY 

Within the framework of TST and MST [14-16], the scaling function � �yN  accounts for the 
three-dimensional spanwise influence of the wing-tip vortices on the sectional airload and is 
consistently derived from Kutta-Joukowsky’s theorem [76-77] as: 
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where the sectional flow circulation � �y*  is directly related to the downwash angle by Helm-
holtz’s theorem and Biot-Savart law [17] and is explicitly given by Prandtl’s expansion [78], 
with the *n  coefficients q*  found by solving the linear system of algebraic equations: 
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in a least-squares sense [79], on N  wing sections at various spanwise stations � �\cosly  , 
with S\ dd0  running from tip to tip along the span. Note that 0 *  for 0 c , while the 
singularities at S\ j  can be lifted by multiplying both sides of the equation by \sin . Also 
note that odd and even Fourier terms model symmetric and antisymmetric circulation distribu-
tions, respectively. 

Essentially, within TST the airflow around each wing section is still considered fully inde-
pendent and two-dimensional: a global scaling factor is applied to the wing lift and standard 
strip theory (SST, where any three-dimensional effect is disregarded [18]) is indeed obtained 
for the limit of infinitely long wing (Theodorsen/Wagner and Sears/Kussner functions shall 
hence coherently be employed as lift-deficiency functions). On the contrary, within MST the 
airflow around each wing section is considered quasi-independent and a unitary angle of at-
tack is implicitly assumed for calculating the scaling function without loss of generality. In 
both cases, the correction is based on the undeformed wing [80] and rigorously valid in the 
low-subsonic regime for thin straight wings with significant aspect ratio. 

Finally, it is also worth stressing that N  is here based on lifting line theory (LLT, of which 
SST is the forcing term [78]) and MST may then be regarded as a simplified quasi-steady re-
alisation of unsteady LLT [81-83] but the overall tuning concept is completely general [84-87] 

1118



M. Berci 

and such function may then be derived based on the circulation distribution obtained from any 
other appropriate source, such as VLM [17], DLM [88-89], CFD [90] or experimental data. In 
the case of non-planar wings [91-92], the scaling function would also include the geometrical-
ly nonlinear effects of the wing curvature on the local loads [93]. 

 

6 AEROELASTIC RESPONSE AND STABILITY ANALYSIS 
By substituting the modal expansions in the PVW, the aeroelastic equilibrium PDE even-

tually becomes a linear system of ODEs for the generalised coordinates regardless the aero-
structural model, namely [94]: 

 
asss FKCM  �� FFF ��� ,                    Gaaaa FKCMF ��� FFF ��� , (39) 

 
with the initial rest condition � � 0 0H  and � � 0 0H� , where the generalised structural mass sM , 
damping sC  and stiffness sK  matrices are given in Appendix A, whereas the generalised aer-
odynamic load vector � �taF  as well as generalised aerodynamic mass aM , damping aC  and 
stiffness aK  matrices and generalised gust load vector � �tGF  depend on the wing shape; � �tF  
is the vector of all unknown generalised coordinates (including added aerodynamic states) and 
drives the aeroelastic dynamic response. Note that a change of variables is always possible as 
long as a proper transformation matrix can be defined and all aero-structural matrices are then 
consistently projected onto the new modal base [10,19]. 

The aeroelastic behaviour and stability analysis of the subsonic wing are then governed by: 
 

GFKCM  �� FFF ��� ,                    � � 0det 2  �� KCM OO , (40) 

 
respectively, or their equivalent first-order forms [94]: 
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where as MMM � , as CCC �  and as KKK �  are the generalised aeroelastic mass, 
damping and stiffness matrices, which depend parametrically on the flow speed. In particular, 
flutter occurs at the lowest flow speed FU  which makes the real part of at least one of the 
complex eigenvalues iO  become positive (i.e., the dynamic behaviour becomes unstable thru 
a Hopf bifurcation [35], where a couple of complex conjugates eigenvalues crosses the imagi-
nary axis and leaves the response undamped), two or even more generalised aeroelastic modes 
coupling at the flutter frequency Ff . Note that real and imaginary parts of the complex eigen-
value are related to the effective damping and vibration frequency of the wing, respectively, 
its natural vibration modes being correctly recovered in the absence of airflow [43]. The static 
divergence speed, instead, is the lowest flow speed DU  which makes at least one of the com-
plex eigenvalues cross the imaginary axis along the real axis, the aeroelastic stiffness matrix 
becoming singular (i.e., structural and aerodynamic forces do not find a stable equilibrium) 
for steady flow [35]. 
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7 RESULTS AND DISCUSSION 
A flat rectangular wing of uniform material is considered; due to clamping at the root, it is: 
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for the rectangular cross-section of the plate-like structural model [29-30,95], while the sec-
ond moments of inertia per unit area read: 

 

12

2mh
x  P ,                    � �22

12
chm

y � P , (43) 

 
being ycEIEI   and xycGJGJ   as well as xcPP]   and ycPP-   for the beam-like structural 
model [31-32,95]; in both cases, elastic and inertial axes coincide with the symmetry ŷ  axis. 
The developed code is then validated with respect to a previous fundamental work [96], where 
the wing geometry is defined by 305.0 l m, 0762.0 c m and 00044.0 h m (i.e., 8|AR  
and 006.0|TR ) and an elastic material with 2768 sU kg/m3, 974 E Pa and 33.0 Q  is 
assumed; pretension and structural damping are neglected. By coupling a plate-like finite el-
ements (FE) structural model [97] with a DLM [98] aerodynamic model via spline interface 
[99] for transferring loads and displacements, a flutter speed 61.20 FU m/s was numerically 
obtained with the p-k method [100] and a non-iterative frequency sweeping technique [101], 
where the first ten eigenmodes were considered and mode-tracking was performed via eigen-
vectors correlation matrix [102]. The proposed semi-analytical plate-like model with LLT 
scaling function detects the flutter instability at 2.20 FU m/s, in excellent agreement with 
the literature results. The first three spanwise and chordwise assumed structural modes along 
with the first ten LLT aerodynamic modes granted convergence; the coefficients for the lift-
deficiency function due to a unit step in angle of attack are shown in Table 1, whereas the in-
dicial function itself is shown in Figure 1 along with the LLT scaling function. Similar con-
clusions can coherently be drawn when the elastic material is assumed with 2800 sU kg/m3 
and 9103 E Pa, as a flutter speed 78.24 FU m/s was found in the literature, while the pro-
posed model detects the flutter instability at 3.24 FU m/s, still in remarkable agreement. 
 

  
Figure 1. Scaling (left) and indicial (right) functions for flat rectangular wings of different aspect ratio. 
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AR  4 5 6 7 8 ∞ 
e  0.120 0.141 0.161 0.179 0.195 ─ 

CW AA 11 {  0.114 0.130 0.142 0.151 0.159 0.165 
CW AA 22 {  0.265 0.272 0.276 0.278 0.279 0.335 
CW BB 11 {  0.111 0.104 0.098 0.093 0.088 0.045 
CW BB 22 {  0.473 0.445 0.428 0.416 0.407 0.300 

ĈŴ {  0.621 0.598 0.582 0.571 0.562 0.500 
Table 1. Coefficients for the lift-deficiency function due to a unit step in angle of attack. 

 
Neglecting pretension and structural damping without loos of generality, divergence speed, 

flutter speed and flutter frequency are then investigated with respect to both aspect and thick-
ness ratios for a uniform wing with 2700 sU kg/m3, 970 E Pa and 35.0 Q . Figures 2 to 4 
show the numerical results obtained with either TST (left) or MST (right); in the latter case, 
perfect agreement was found with the exact analytical results for the divergence speed of the 
beam-like wing model, thus providing with direct validation. It is worth stressing that, despite 
lacking the chordwise degree of freedom [10], the beam-based analysis is more conservative 
than the plate-based ones, as the first assumed torsion mode of the beam model is formally 
not allowed by the plate model due to the wing root clamping. 

 

  
Figure 2. Divergence speed for uniform rectangular wing, according to subsonic TST (left) and MST (right). 
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Figure 3. Flutter speed for uniform rectangular wing, according to subsonic TST (left) and MST (right). 
 

  
Figure 4. Flutter frequency for uniform rectangular wing, according to subsonic TST (left) and MST (right). 
 
Of course, the TST-based results are more conservative than the MST-based ones, as in the 

latter case the aerodynamic load decays rapidly towards the wing tip, which is the “weakest” 
area; indeed, the resulting bending moment at the wing root is lower in the MST-based cases. 
As expected, the (percentage) difference between plate-based and beam-based results remains 
roughly constant with varying the thickness ratio, whereas it consistently diminishes with in-
creasing the aspect ratio; due to the three-dimensional downwash effect, the same is true for 
the relative (percentage) difference between MST-based and TST-based results. Still, the first 
three spanwise and chordwise assumed structural modes along with the first ten LLT aerody-
namic modes granted convergence in all cases; as anticipated, the effect of higher-order cam-
ber modes for the plate-like wing could not be appreciated, as the wing root is fully clamped. 
As further cross-validation, the results difference became fairly negligible when the same aer-
odynamic model was used and only the first two chordwise modes were considered in the 
plate-based model while coincident modes were assumed for both bending and torsion in the 
beam-based model (so that identical boundary conditions were applied at the wing root). 

 

8 CONCLUSION 
A computationally efficient semi-analytical model for the combined aeroelastic analysis 

and dynamic response of flexible subsonic wings has been presented. A new modified strip 
theory was first formulated for the unsteady aerodynamic load and then coupled with a plate 
model for the structural behaviour. The principle of virtual works was employed to derive the 
equilibrium equations, which were finally solved within a modal approach for the wing dis-
placement. Tuned strip theory was also considered, in order to account for three-dimensional 
flow effects in different ways. Based on a general variational formulation, the proposed aeroe-
lastic models allow any arbitrary distribution of the flexible wing’s physical properties and 
provide with a continuous solution of the wing’s displacement along the surface, as suitable 
for parametric optimisation studies within preliminary wing design. Numerical results were 
obtained and compared for the divergence speeds and flutter frequency of a flat rectangular 
wing with constant structural properties, for different values of aspect ratio and thickness ratio. 
Semi-analytical solutions with a beam model have also been derived for rigorous validation 
purposes. All presented results provide sound insights on the behaviour of flexible subsonic 
wings and may be used to assess high-fidelity aeroelastic tools, also in terms of computational 
efficiency. The modified strip theory showed an excellent compromise between the lower 
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computational cost and complexity of strip theory and the higher accuracy of unsteady lifting 
line theory and it is hence suggested as a general and effective aerodynamic tool for the mul-
tidisciplinary design and optimisation of flexible subsonic wings, particularly at the prelimi-
nary stage where fast semi-analytical aeroelastic simulations are intensively sought. 
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APPENDIX A: GENERALISED STRUCTURAL MATRICES 

A.1     Plate Model 
The generalised structural matrices for plate model may suitably be partitioned as: 
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where the generalised structural mass submatrix is: 
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whereas the generalised structural damping submatrix is: 
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and the generalised structural stiffness submatrix is: 
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A.2     Beam Model 
The generalised structural matrices for beam model may suitably be partitioned as: 
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where the generalised structural mass submatrices are: 
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whereas the generalised structural damping submatrices are: 
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and the generalised structural stiffness submatrices are: 
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APPENDIX B: LIFT-DEFICIENCY FUNCTIONS FOR FINITE WINGS 

B.1     Elliptical Wing 
In general, the chord, surface and aspect ratio of flat elliptical wings are given by: 
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respectively, with Rc  the root chord; in particular, the latter is conveniently chosen as 2 Rc  
without loss of generality in the subsequent analysis [20,22,103]. 
 
B.1.1. Unit Step-Change in the Angle of Attack 
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where � �WD
D

LC 2  and � �WD
w
2*  are the lift-deficiency coefficient and related circulation given by 

Wagner and Kussner functions for a two-dimensional flat aerofoil (which account for the in-
flow generated by the travelling wake), respectively [23-25]: 
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whereas Theodorsen � �kC  and (modified) Sears � �kCG  functions are defined as [26-28]: 
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with � � � � � � � � � � � �kjkk 212

nnn BBH �  Hankel functions of the second type and n -th order while 
� � � �k1
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nB  Bessel functions of the first and second type and n -th order [41]. 
The gradient of the wing downwash � �W*V  with respect to the wing circulation due to a se-

ries of vortex loops extending along the wake reads [22]: 
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where � �wsK  and � �wsE  are the elliptic integrals of the first and second kind [20], respective-
ly, whereas the non-dimensional wake development � �Wwx  and � �Wws  are readily given by the 
two-dimensional theory via Joukowski transform as [20,103]: 
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being W�|1wx  for 2!W  with excellent accuracy; yet, note that 0lim

0
 

o wx
W

 and 1lim
0

 
o ws

W
. 

The sectional lift-deficiency coefficient, the related circulation and the wing’s downwash 
gradient may then be approximated as [22,103]: 
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where all coefficients C
jA , *

jA , V
jA  and C

jB , *
jB , V

jB  are obtained by constrained nonlinear 

fitting of the exact curves; finally, the time shift 
20
SW �  accounts for the initial wake length 

being set equal to the mean geometric chord and complying with the unsteady realisation of 
Kutta condition [20,21]. Due to Laplace transformation, the integral convolution process can 
thus be written as [22]: 
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where the added aerodynamic states � �WC

jz , � �W*
jz  and � �WV

jz  evolve as: 
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from the initial conditions � � 00  C

jz , � � 00  *
jz  and � � 00  V

jz . 
As the asymptotic (steady) condition is in exact agreement with lifting line theory [78] (i.e., 

the downwash angle is constant and the load-scaling function N  is unitary along the span), the 
numerically integrated wing’s lift-deficiency coefficient may finally be approximated as [103]: 
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where the n  coefficients jA  and jB  are still derived from constrained nonlinear curve-fitting 
[69]. Alternatively to employing a further exponential term [103], the proposed approximation 
has inherently been tuned to satisfy Kutta-Joukowsky condition at the impulsive start of the 
wake, since the latter initially moves as an “extension” of the wing and the resulting apparent 
flow inertia is obtained by considering the pressure difference � �W,xp'  due to the kinetic flow 
potential � �W,x3  over each two-dimensional wing section in normal motion, namely [20]: 
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the net variations of which being due to the apparent change in the wing shape. The impulsive 
pressure distribution is then instantaneously integrated over the elliptic planform (neglecting 
the variation of its perimeter is during the apparent widening), so that the initial and final lim-
its of the wing load are effectively obtained by scaling those of the aerofoil load as [22,103]: 
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In summary, the initial wing lift is slightly less than that of the isolated aerofoil (due to in-

ertia effect), whereas the asymptotic steady lift may be considerably less (due to downwash 
effect) in the case of a small aspect ratio. Note that the lift-deficiency functions of the flat air-
foil already account for the wake vortex’s inflow (including the gust penetration effect), while 
the downwash induced by the wing-tip vortices modifies the effective angle of attack; moreo-
ver, the latter “becomes practically uniform over the entire wing span before the wake has at-
tained a length of the order of one semispan” [20] and the initial lift distribution is hence 
similar to the final one. In essence, this model relies on physical assumptions and applicability 
conditions comprising those of both two-dimensional unsteady and three-dimensional steady 
incompressible potential flow; therefore, provided appropriate approximations are employed 
for all its basic elements, its accuracy increases with increasing wing’s aspect ratio. Finally, 
strip theory is correctly resumed in the case of infinite wing, where D

L
D

L CC 23
DD |  (i.e., Wagner 

function) and D
w

D
w

23 *|*  (i.e., Kussner function) with 0|*V  and 1|E  for foAR  [103]. 
 
B.1.2. Unit Sharp-Edge Vertical Wind Gust 

Due to the progressive penetration of the vertical wind gust with a “frozen” approach [42], 
the initial perturbations of both flow potential and tip-vortices strength are small; therefore, 
the wing lift starts at zero and increases with theoretically infinite rate [20]. Although all wing 
sections are assumed to enter the gust simultaneously and even if both Kussner function for 
the aerofoil lift and Sears function for the related circulation correctly embed the gust penetra-
tion effect, the flow inertia resulting from the impulsive start of the wake may also be im-
portant for wings with small aspect ratio. The lift-deficiency coefficient � �WD

LGC 3  from a unit 
sharp-edge gust may then be obtained from a generalisation of its reciprocal relation [73-75] 
with the wing’s lift-deficiency coefficient from a unit step in the angle of attack directly [103]: 
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where 2 W  is the reduced time taken by the gust to impinge the entire root chord [20,22,103]. 
 

B.2     Trapezoidal Wing 
The chord, surface and aspect ratio of flat trapezoidal wings are given by: 

 

� � »¼
º

«¬
ª �� 

l
ycc R O11 ,                    � � RlcS O� 1 ,                    � � Rc

lAR
O�

 
1

4 , (B14) 

 
respectively, where 10 dd O  is the taper ratio (i.e., the ratio between tip and root chords) [22]. 
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B.2.1. Unit Step-Change in the Angle of Attack 
With an effective simplified approach, a single vortex-ring is considered for modeling the 

total (lumped) wing circulation [21]. The bound vortex is placed at the quarter chord, where 
the aerodynamic centre of each section is assumed in accordance with thin airfoil theory, 
while the wing-tip vortices are trailed parallel to the free-stream; a single control point for the 
total downwash is then consistently placed at the third quarter of the wing’s root chord, where 
the flow’s non-penetration boundary condition is satisfied [38]. All vortices have the same 
(lumped) intensity and the shed vorticity travels towards infinity with half the reference speed 
from half the wing’s root chord behind the control point [21], hence stretching the vortex-ring 
and increasing the wake length; when the wing wake eventually approaches infinity, its influ-
ence on the wing flow fades away and the steady condition is asymptotically obtained. The 
influence of both tip vortices and unsteady wake on the wing lift is thus calculated with the 
simplest implementation of unsteady lifting line theory [81-83] and the total load build-up is 
obtained as function of both aspect and taper ratios. 

Considering all contributions due to bound, trailed and shed vortices of the vortex-ring, the 
lift-deficiency coefficient from a unit step in the angle of attack is then calculated based on 
Kutta-Joukowsky theorem and Biot-Savart law as [21-22]: 
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with initial (impulsive) and asymptotic (steady) behaviours respectively given by [22]: 
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which correctly resume Garrick’s approximation [73] of Wagner function for thin airfoils, in 
the limit of infinitely slender wing for foeAR . However, due to the inherent limitations of 
the simple vortex-system employed, these initial and final values of the lift coefficient are not 
accurate and shall rather be provided by other higher-fidelity sources [88-90], suitable approx-
imate expressions being [17,22]: 
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with 0!e  an appropriate efficiency factor (being 0 e  for elliptical planform). The wing’s 
lift-deficiency coefficient may hence finally be approximated as [22]: 
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where all coefficients jA  and jB  are obtained by constrained nonlinear fitting of the “exact” 

curve [69], while both the asymptotic D
L

D
L CC 33 lim DW fof   and the initial D

L
D

L CC 3

0

3
0 lim DWo
  conditions 

are automatically satisfied. Note that the proposed model is indeed better suited for thin slen-
der wings with high aspect and taper ratios, for which the three-dimensional flow and geome-
try effects are less significant (i.e., the induced downwash is smaller and the control point of 
each wing section is closer to the root one). 
 
B.2.2. Unit Sharp-Edge Vertical Wind Gust 

In order to obtain the lift-deficiency coefficient from a unit sharp-edge vertical wind gust 
with the standard “frozen" approach [42], that from a unit step in the angle of attack is con-
volved with the fictitious angle of attack � �WT  derived from the Fourier transform of the ratio 
between Sears and Theodorsen functions (which represents a delay function [73-75] for two-
dimensional flow), namely [22]: 
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this is substantially equivalent to multiplying the lift-deficiency coefficient from a unit step in 
the angle of attack by the ratio between Kussner and Wagner functions (which approximates 
the two-dimensional effect of the gust penetration, assuming that all wing sections encounter 
the gust at the same time). 

Note that the gust penetration delays the circulation growth and hence reaching the asymp-
totic (steady) lift [17,22], which coincides with that from a unit step in the angle of attack; al-
so, Kussner function for thin airfoils is correctly resumed in the limit of infinite wing. 
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