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Abstract. The current linear and nonlinear seismic response analysis approaches are based 
generally on the numerical approximation step-by-step procedures in practice, and huge 
computational effort is usually required in order to achieve the desired level of accuracy over 
the range of time for which the response is needed. However, higher efficiency is the final 
objective developing the analysis procedures in the same requirements of numerical stability 
and numerical accuracy. In this paper, a numerical time-stepping procedure is developed for 
the solution of equations governing the motion of a multi-degree-of-freedom system subjected 
to earthquake induced ground acceleration on the basis of the differential quadrature (DQ) 
rule. Initially the history of the seismic ground motion and the structural dynamic responses 
are divided into a sequence of time intervals in which the DQ analysis procedure will be car-
ried out for evaluation of the seismic response, and the ground acceleration function is con-
structed over each interval by piecewise linear interpolations. Then each interval is divided 
into a set of time step once again, and the final responses of velocity and acceleration are ex-
pressed approximately as a weighted linear sum of the initial conditions and the response of 
displacement at the discrete points over the interval by using the DQ rule. The formulae for 
the quadrature solution of the differential equations of motion are deduced so that the history 
of the dynamic response of the system could be calculated in the time-stepping procedure us-
ing the DQ method. Finally a two-story shear frame structure is employed for numerical illus-
tration, results show that this DQ analysis procedure may achieve a high order of accuracy 
when the lengths of the time intervals and the discrete points over each interval are chosen 
properly. 
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1 INTRODUCTION 
,W LV LPSRUWanW WR HYaOXaWH WKH d\naPLF EHKaYLRU RI a FRdH�dHVLJnHd VWUXFWXUH dXULnJ a 

VWURnJ HaUWKTXaNH, and WKH WLPH�VWHSSLnJ SURFHdXUHV Pa\ SURYLdH a WRRO IRU LPSOHPHnWaWLRn RI 
WKLV SXUSRVH� $PRnJ WKH dLIIHUHnW WLPH�VWHSSLnJ PHWKRdV, 1HZPaUN EHWa PHWKRdV aUH PRUH 
JHnHUaO and aSSOLHd IUHTXHnWO\ Ln WKH ILHOd RI HaUWKTXaNH HnJLnHHULnJ� ,W LV nRWHd WKaW a SUaFWL�
FaO VWUXFWXUH LV XVXaOO\ V\VWHP ZLWK a KXJH nXPEHU RI dHJUHH RI IUHHdRP, and WKH VHLVPLF UH�
VSRnVH PXVW EH FaOFXOaWHd ZLWKLn a YHU\ VKRUW WLPH LnWHUYaO EHFaXVH RI dHPandV RI WKH 
nXPHULFaO VWaELOLW\ and aFFXUaF\� 7KLV PHanV WKaW WKH WLPH KLVWRU\ RI WKH VHLVPLF UHVSRnVH Fan 
RnO\ EH REWaLnHd E\ FRPSXWaWLRnV UHSHaWHdO\ Pan\ WLPHV aFFRUdLnJ WR WKH dLIIHUHnW WLPH�
VWHSSLnJ aSSURaFKHV HVWaEOLVKHd JHnHUaOO\ Rn WKH nXPHULFaO aSSUR[LPaWLRn VWHS�E\�VWHS SUR�
FHdXUHV, VR KXJH FRPSXWaWLRnaO HIIRUWV aUH XVXaOO\ UHTXLUHd� +RZHYHU, WKH KLJKHU HIILFLHnF\ LV 
WKH ILnaO REMHFWLYH dHYHORSLnJ WKH anaO\VLV SURFHdXUHV Ln WKH VaPH UHTXLUHPHnWV RI nXPHULFaO 
VWaELOLW\ and nXPHULFaO aFFXUaF\� 

'LIIHUHnWLaO TXadUaWXUH PHWKRd �'40� SURSRVHd E\ %HOOPan and KLV aVVRFLaWHV >�, �@ LV a 
nXPHULFaO VROXWLRn WHFKnLTXH IRU WKH LnLWLaO and�RU ERXndaU\ YaOXH SUREOHPV RI RUdLnaU\ and 
SaUWLaO dLIIHUHnWLaO HTXaWLRnV� 7KH PaLn LdHa RI WKH '40 LV WKaW WKH YaOXHV RI dHULYaWLYHV aW 
HaFK VaPSOLnJ JULd SRLnW aUH H[SUHVVHd aSSUR[LPaWHO\ aV ZHLJKWHd OLnHaU VXPV RI WKH IXnFWLRn 
YaOXHV aW aOO VaPSOLnJ JULd SRLnWV ZLWKLn WKH dRPaLn XndHU FRnVLdHUaWLRn, and LW LV UHFRJnL]Hd 
SURdXFWLRn RI WKH KLJK aFFXUaWH VROXWLRnV ZLWK a PLnLPaO FRPSXWaWLRnaO HIIRUW >�@� ,n HnJL�
nHHULnJ ILHOd, WKH '40 LV XVXaOO\ aSSOLHd IRU VROYLnJ RI WLPH�LnYaULanW SUREOHPV VXFK aV VWaWLF 
anaO\VLV RU naWXUaO YLEUaWLRn anaO\VLV >����@, WKaW PHanV WKH '40 LV XVHd IRU WKH aSSUR[LPa�
WLRn RI WKH dHULYaWLYHV WR VSaWLaO FRRUdLnaWHV and WKH VROXWLRnV RI YaULRXV HnJLnHHULnJ ERXnda�
U\ YaOXH SUREOHPV KaYH EHHn SURYLdHd E\ WKLV PHWKRd� (aUWKTXaNH LndXFHd JURXnd PRWLRn LV a 
NLnd RI WLPH YaU\LnJ H[FLWaWLRn IRU VWUXFWXUHV, and REYLRXVO\ WKH SUREOHP RI VHLVPLF UHVSRnVH 
anaO\VLV EHORnJV WR WKH LnLWLaO YaOXH SUREOHP aIWHU WKH dLVFUHWL]aWLRn RI VSaWLaO dRPaLn and WKH 
ERXndaU\ FRndLWLRnV RI WKH VWUXFWXUH aUH FaUULHd RXW E\ FHUWaLn nXPHULFaO PHWKRd VXFK aV WKH 
ILnLWH HOHPHnW PHWKRd and WKH dLIIHUHnWLaO HTXaWLRnV JRYHUnLnJ WKH PRWLRnV RI WKH VWUXFWXUH aUH 
HVWaEOLVKHd� $ PHWKRd VROYLnJ WKH LnLWLaO YaOXH SUREOHPV XVLnJ WKH dLIIHUHnWLaO TXadUaWXUH UXOH 
KaV EHHn dHYHORSHd E\ )XnJ >��, ��@ and /LX HW aO� >��@, Ln WKLV SaSHU, LW LV H[WHndHd WR HYaOX�
aWH WKH d\naPLF UHVSRnVH RI WKH VWUXFWXUH VXEMHFWHd WR H[FLWaWLRn RI JURXnd aFFHOHUaWLRn Ln�
dXFHd E\ an HaUWKTXaNH� %HFaXVH WKH VHLVPLF JURXnd aFFHOHUaWLRn LV a ZaYH SURFHVV ZLWK 
FRPSOLFaWHd IUHTXHnF\ FRPSRnHnWV and SUaFWLFaOO\ H[SUHVVHd aV a dLVFUHWH WLPH IXnFWLRn ZLWK 
WKRXVandV RI VaPSOLnJ JULd SRLnWV dXULnJ dXUaWLRn RI WKH HaUWKTXaNH, WKH dLIIHUHnWLaO TXadUa�
WXUH UXOH FannRW EH XVHd dLUHFWO\ IRU WKH WLPH dHULYaWLYHV aSSUR[LPaWLRn WR aFKLHYH WKH VROXWLRn 
RI WKH JRYHUnLnJ HTXaWLRnV RI WKH VWUXFWXUH� %aVHd Rn UHIHUHnFH >��@, an LnWHJUaWHd SURFHdXUH 
WKaW WKH VHLVPLF WLPH KLVWRU\ anaO\VLV LV WUanVIRUPHd LnWR a VHTXHnFH RI LnLWLaO YaOXH SUREOHPV 
and WKH dLIIHUHnWLaO TXadUaWXUH UXOH LV aSSOLHd VWHS E\ VWHS ZLWKLn a VKRUW WLPH LnWHUYaO WR aYRLd 
dLVWRUWLRn RI WKH ZHLJKWLnJ FRHIILFLHnW PaWUL[ LV SUHVHnWHd, WKH SXUSRVH LV WR SURYLdH a KLJK 
aFFXUaF\ nXPHULFaO aSSURaFK IRU VWUXFWXUaO UHVSRnVH anaO\VLV dXH WR HaUWKTXaNH H[FLWaWLRn� 

2 DIFFERENTIAL 4UADRATURE RULE 

7KH '40 aSSUR[LPaWHV WKH YaOXHV RI WKH dHULYaWLYHV aW HaFK VaPSOLnJ JULd SRLnW IRU a 
IXnFWLRn aV a ZHLJKWHd OLnHaU VXP RI IXnFWLRn YaOXHV aW aOO JLYHn VaPSOLnJ JULd SRLnWV� $ dLI�
IHUHnWLaO TXadUaWXUH aSSUR[LPaWLRn aW WKH i�WK dLVFUHWH SRLnW LV JLYHn E\ 
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Ln ZKLFK n dHnRWHV WKH nXPEHU RI dLVFUHWH SRLnWV FRnVLdHUHd Ln WKH dRPaLn� �� ii xff =  and 
�� ii xff ′=′  aUH WKH IXnFWLRn YaOXH and LWV dHULYaWLYH aW WKH SRLnW ixx = , UHVSHFWLYHO\� ikw  LV WKH 

FRUUHVSRndLnJ ZHLJKWLnJ FRHIILFLHnW, WKH\ aUH ZULWWHn Ln PaWUL[ IRUP aV 
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*HnHUaOO\ WKH IRUP RI WKH IXnFWLRn ��xf  LV WaNHn aV 

 kxxf =�� , nk ������� �=  ��� 

WKHn WKH ZHLJKWLnJ FRHIILFLHnW PaWUL[ Fan EH FaOFXOaWHd, L�H� 
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ZKHUH nxxxx ���� ��� �  aUH WKH FR�RUdLnaWHV RI WKH n�� dLVFUHWH SRLnWV� V UHSUHVHnWV a 9an�
dHUPRndH PaWUL[ ZKLFK FRnVLVWV RI HOHPHnWV RI k

jx  and aOZa\V KaV an LnYHUVH� 
)RU nXPHULFaO FRPSXWaWLRnaO SUREOHPV, LW LV FRnYHnLHnW WR FKRRVH WKH dLVFUHWH SRLnWV ZLWK 

HTXaO VSaFLnJ, and WKLV FKRLFH LV SHUIRUPHd SUaFWLFaOO\ Ln PRVW WLPH�VWHSSLnJ SURFHdXUHV� %XW 
Ln '40, WKH aFFXUaF\ and WKH VWaELOLW\ FKaUaFWHULVWLF RI WKH TXadUaWXUH VROXWLRnV aUH dLFWaWHd 
E\ WKH FKRLFH RI WKH ORFaWLRnV RI WKH VaPSOLnJ JULd SRLnWV, and EaVLFaOO\ WKH nRn�XnLIRUP JULdV 
KaYH EHHn FRnVLdHUHd LnVWHad RI WKH HTXaOO\ VSaFHd JULdV� +RZHYHU, an LVVXH RI WKH VaPSOLnJ 
JULd SRLnWV IRU dLIIHUHnWLaO TXadUaWXUH VROXWLRn WR JLYH XnFRndLWLRnaOO\ VWaEOH KLJKHU�RUdHU aF�
FXUaWH WLPH VWHS LnWHJUaWLRn aOJRULWKPV LV LnWURdXFHd E\ )XnJ >��@, Ln ZKLFK LndHSHndHnW YaUL�
aEOHV x Pa\ EH dHWHUPLnHd E\ VROYLnJ WKH IROORZLnJ HTXaWLRn� 

 ��
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3 SEISMIC RESPONSE ANAL<SIS %< D4 RULE 

3.1 Dynamic resSonse of the MDOF systems 
7KH dLIIHUHnWLaO HTXaWLRnV JRYHUnLnJ WKH UHVSRnVH RI a PXOWL� dHJUHH�RI�IUHHdRP V\VWHP WR 

HaUWKTXaNH�LndXFHd JURXnd PRWLRn Fan EH H[SUHVVHd aV 
 gu����� ιmkuucum −=++  ��� 

WKaW VaWLVILHV WKH LnLWLaO FRndLWLRnV 
 ���uu = , ���uu �� =  ��� 
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ZKHUH k , c and m  aUH WKH VWLIInHVV, daPSLnJ and PaVV PaWULFHV, UHVSHFWLYHO\� ι  LV WKH LnIOX�
HnFH YHFWRU� ��tug��  LV WKH JURXnd aFFHOHUaWLRn LndXFHd E\ WKH HaUWKTXaNH� 

7KH dLVSOaFHPHnW u  RI an N�'2) V\VWHP Fan EH H[SUHVVHd aV WKH VXSHUSRVLWLRn RI WKH 
PRdaO FRnWULEXWLRnV, WKaW LV 

∑
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Ln ZKLFK jΦ  LV j�WK naWXUaO PRdH RI WKH V\VWHP ZLWKRXW daPSLnJ, and jq  FRUUHVSRndLnJ PRdaO 
FR�RUdLnaWHV� 

8VLnJ WKLV HTXaWLRn, WKH FRXSOHd HTXaWLRnV ��� Ln ��tu  Fan EH WUanVIRUPHd WR a VHW RI XnFRX�
SOHd HTXaWLRnV ZLWK ��tq j  aV WKH XnNnRZnV LI WKH V\VWHP KaV FOaVVLFaO daPSLnJ� 6XEVWLWXWLnJ 
(T� ���� Ln (T� ��� JLYHV 
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3UHPXOWLSO\LnJ HaFK WHUP Ln WKLV HTXaWLRn E\ ȉ
jΦ  and XVLnJ WKH RUWKRJRnaOLW\ SURSHUW\ RI WKH 

PRdHV JLYHV 

gjjjjjjj uqqq ����� ηωωζ −=++ ��  IRU Nj ����� �= ���� 

ZKHUH jω  and jζ  aUH WKH naWXUaO IUHTXHnF\ and daPSLnJ UaWLR RI WKH j�WK PRdH RI WKH 0'2) 
V\VWHP, UHVSHFWLYHO\�  jη  LV WKH PRdaO SaUWLFLSaWLRn IaFWRU, FaOFXOaWHd E\ 
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,W LV nRWHd WKaW WKH N XnFRXSOHd HTXaWLRnV Ln ���� aUH LndHSHndHnW HaFK RWKHU, WKHUHIRUH 
WKH\ Fan EH VROYHd LndLYLdXaOO\ E\ an\ anaO\WLFaO RU nXPHULFaO PHWKRdV� 2nFH WKH PRdaO FR�
RUdLnaWHV ��tq j  KaYH EHHn dHWHUPLnHd, WKH VROXWLRnV RI WKH V\VWHP, L�H� u , u�  and u�� , aUH aOVR 
REWaLnHd� 

3.2 Seismic resSonse analysis within a time steS by D4 rule 
)RU WKH d\naPLF HTXaWLRn H[FLWHd E\ WKH HaUWKTXaNH, LW LV SUaFWLFaO WR dHWHUPLnH WKH VROX�

WLRn E\ nXPHULFaO PHWKRdV� &RnVLdHULnJ WKH VHLVPLF UHVSRnVH ZLWKLn a WLPH LnWHUYaO RI @�> ji tt , 
Ln ZKLFK it  and jt  aUH WZR dLIIHUHnW dLVFUHWH WLPH LnVWanWV aW WLPH a[LV� )RU dLIIHUHnWLaO TXadUa�
WXUH anaO\VLV RI VHLVPLF UHVSRnVH, WKH WLPH LnWHUYaO RI @�> ji tt  LV dHILnHd aV a WLPH VWHS Ln ZKLFK 
WKH UHVSRnVHV ZLOO EH dHWHUPLnHd� 2EYLRXVO\ WKH OHnJWK RI WKH VWHS, ijt∆ , Fan EH REWaLnHd aV 

ijij ttt −=∆ ���� 

,W LV XnnHFHVVaU\ WR WaNH ijt∆  EH FRnVWanW, Ln IaFW, WKH OHnJWK RI HaFK VWHS LV XVXaOO\ nRW HTXaO 
Ln dLIIHUHnWLaO TXadUaWXUH anaO\VLV EHFaXVH RI WKH SURSHUW\ RI KLJKHU aFFXUaF\ RI WKLV PHWKRd, 
VR WKaW EHnHILWV RI OHVV FRPSXWaWLRnaO HIIRUWV Fan EH REWaLnHd� 

(VWaEOLVKLnJ a ORFaO FRRUdLnaWH V\VWHP VKRZn Ln )LJ�� RYHU WKH VWHS, WKHn (T� ���� EHFRPHV 
a VHW RI WKH RUdLnaU\ dLIIHUHnWLaO HTXaWLRnV WR FRRUdLnaWH τ , LW LV UHZULWWHn E\ RPLWWLnJ WKH VXE�
VFULSW j aV 
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��������� � τητωτζωτ guqqq ����� −=++ ���� 

,nWURdXFLnJ a VWaWH YHFWRU FRnVLVWLnJ RI ��τq  and ��τq�  aV IROORZV� 
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,W LV nRWHd WKaW ERWK M  and K  aUH V\PPHWULFaO Ln (T� ���� and an LdHnWLFaO HTXaWLRn KaV 
EHHn LnWURdXFHd� &RPSaUHd ZLWK (T� ����, WKH RUdHU RI (T� ���� UHdXFHd WR RnH RUdHU EXW 
nXPEHU RI HTXaWLRnV LnFUHaVHd WZLFH� 

7KH '4 UXOH SURSRVHd Ln (T� ��� ZLOO EH XVHd WR aFKLHYH WKH VROXWLRnV RI (T� ����� ,n RUdHU 
WR aSSO\ WKH '4 UXOH, WKH WLPH VWHS XndHU FRnVLdHUaWLRn LV dLYLdHd LnWR n SaUWV LnFOXdLnJ VHSa�
UaWH nRdHV ZLWK FRRUdLnaWHV RI ��������� nkk �=τ � /HW WKH LnLWLaO SRLnW �τ  and WKH ILnaO SRLnW 

nτ  EH aW WKH WZR WHUPLnaOV RI WKH WLPH VWHS, UHVSHFWLYHO\, VHH )LJ� �� 7KHVH PLnL�LnWHUYaOV ZLWK�
Ln WKH WLPH VWHS aUH JHnHUaOO\ nRW HTXaO Ln OHnJWK RZLnJ WR dHPandV RI WKH nXPHULFaO aFFXUaF\ 
and VWaELOLW\� 

)LJXUH �� /RFaO FRRUdLnaWH V\VWHP� 

,nWURdXFLnJ WKH IROORZLnJ nRWaWLRnV� 
�� kk τyy = , �� kk τyy �� = , �� kk τyy ���� = ���� 
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,W LV REYLRXV WKaW ��τy  LV a IXnFWLRn aERXW τ , KHnFH WKH '4 UXOH IRUPXOaWHd Ln WKH H[SUHV�
VLRn ��� Pa\ EH XVHd WR JLYH aSSUR[LPaWHO\ WKH dHULYaWLYHV aW HaFK dLVFUHWH JULd SRLnWV E\ WKH 
ZHLJKWHd VXPV RI WKH IXnFWLRn YaOXHV aW aOO JULd SRLnWV RYHU WKH ZKROH WLPH VWHS, L�H� 
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,W LV nRWHd WKaW WRWaO n HTXaWLRnV aUH LnFOXdHd Ln (TV� ����, WKH\ Fan EH aOVR H[SUHVVHd Ln 
IRUP RI PaWUL[, WKLV OHadV WR 

TYwY =� ���� 
ZKHUH 

[ ]nyyyY ��� �� �=  ���� 

6XEVWLWXWLnJ (T� ���� Ln (T� ���� JLYHV 
CXBAX =+ ���� 

Ln ZKLFK X LV a PaWUL[ aVVHPEOHd FRPSaFWO\ E\ a VHW RI XnNnRZn YHFWRUV, nyyy ��� �� � , ZKLFK 
ZRXOd EH VROYHd IRU WKH VROXWLRn RI VHLVPLF UHVSRnVH� 7KH IRUP RI PaWUL[ X LV 

[ ]nyyX ��� �= ���� 

A and B aUH WKH FRHIILFLHnW PaWULFH, C LV aOVR a PaWUL[ FRUUHVSRndLnJ WR dLVFUHWH YaOXHV RI 
HaUWKTXaNH�LndXFHd JURXnd aFFHOHUaWLRn aW dLIIHUHnW WLPH LnVWanWV� 7KH\ Fan EH FaOFXOaWHd E\ 
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,W Pa\ EH REVHUYHd WKaW WKH FRHIILFLHnW PaWULFH RI A, B and C aUH dHILnLWH Ln WKH (T� ����, 
and WKH PRdaO FRRUdLnaWHV kq  and kq�  ZLOO EH dHWHUPLnHd E\ VROYLnJ WKH PaWUL[ HTXaWLRn ����, 
WKHn WKH VHLVPLF UHVSRnVH YHFWRU y  LV aOVR REWaLnHd Ln dLVFUHWH IRUP 

4 E;PRESSION OF GROUND ACCELERATION 
7KH HaUWKTXaNH LndXFHd JURXnd aFFHOHUaWLRn LV a FRPSOLFaWHd WLPH KLVWRU\ SURFHVV ZLWK 

aEXndanW IUHTXHnF\ FRPSRnHnWV, and LW Fan EH RnO\ dHILnHd E\ nXPHULFaO YaOXH aW dLVFUHWH 
WLPH LnVWanWV� ,I WKH aFFHOHURJUaP RI WKH VWURnJ JURXnd VKaNLnJ ZLWKLn FHUWaLn dXUaWLRn T  KaV 
EHHn LnVWUXPHnWHd dXULnJ an HaUWKTXaNH, WKH dLVFUHWH YaOXHV RI WKH JURXnd aFFHOHUaWLRn ZLOO EH 
NnRZn aV 

�� lggl tuu ���� = , @��> Ttl ∈ , ml ��� �=  ���� 

ZKHUH T LV dXUaWLRn RI WKH VWURnJ JURXnd PRWLRn, m LV WKH nXPEHU RI VaPSOLnJ JULd SRLnWV 
ZLWKLn WKH dRPaLn LnWHUYaO XndHU FRnVLdHUaWLRn, XVXaOO\ WKH aFFHOHURJUaP LV UHFRUdHd ZLWK 
HTXaO VSaFLnJ, WKaW PHanV aOO WKH OHnJWK RI HaFK VWHS ZLWKLn WKH WLPH LnWHUYaO RI @��> T , L�H� 

ll ttt −=∆ +� , LV HTXaO� 
%XW Ln '40, WKH XnHTXaOO\ VSaFHd JULdV KaV JHnHUaOO\ EHHn FKRVHn WR HnKanFH WKH aFFXUa�

F\ RI WKH TXadUaWXUH VROXWLRnV, WKLV ZLOO OHad WR WKH UHVXOW WKaW WKH dLVFUHWH SRLnWV XVHd Ln WKH 
'4 UXOH PXVW nRW EH FRLnFLdHnW ZLWK WKH VaPSOLnJ JULd SRLnWV aW WKH UHFRUdHd aFFHOHURJUaP, VR 
WKH YaOXHV RI WKH JURXnd aFFHOHUaWLRn aW VRPH dLVFUHWH SRLnWV ZLOO EH XnNnRZn SUREaEO\ ZKHn 
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WKH '40 LV HPSOR\Hd WR HYaOXaWH WKH VHLVPLF UHVSRnVH RI WKH V\VWHP aFFRUdLnJ WR (T� ����� 
2EYLRXVO\, WKH VaPSOLnJ YaOXHV aW HaFK dLVFUHWH JULd SRLnW ZLWKLn WKH JLYHn WLPH VWHS Pa\ EH 
XWLOL]Hd WR FRnVWUXFW WKH WLPH IXnFWLRn RI WKH JURXnd aFFHOHUaWLRn E\ an\ LnWHUSROaWLRn aS�
SURaFK� ,n IaFW, LW LV naWXUaO and FRnYHnLHnW WR IRUP WKH aFFHOHUaWLRn IXnFWLRn EaVHd Rn WKH 
SLHFHZLVH OLnHaU LnWHUSROaWLRnV� 2YHU HaFK WLPH VWHS ji ttt ≤≤ , WKH aFFHOHUaWLRn IXnFWLRn LV 
JLYHn E\ 

���� �

�

tktuu k

k

l
lgig ∆−+∆+= +

=
∑ ταατ ���� ���� 

Ln ZKLFK kα  LV WKH FRnVWanW VORSH RI WKH aVVXPHd OLnHaUO\ YaU\LnJ aFFHOHUaWLRn RYHU WKH k�WK 
PLnL�LnWHUYaO dXULnJ WKH WLPH VWHS XndHU FRnVLdHUaWLRn, LW Fan EH FaOFXOaWHd aFFRUdLnJ WR 

t
uu gkkg

k ∆

−
= + ����

��α ���� 

7KXV, WKH HaUWKTXaNH LndXFHd JURXnd aFFHOHUaWLRn ��tug��  LV H[SUHVVHd E\ a WLPH IXnFWLRn FRn�
VWLWXWHd IURP a VHTXHnFH RI SLHFHZLVH OLnHaU IXnFWLRnV� 7KLV WUHaWPHnW SURFHVV LV VKRZn aV 
)LJXUH �� 

)LJXUH �� )XnFWLRn RI HaUWKTXaNH LndXFHd JURXnd aFFHOHUaWLRn� 

� THE D4 PROCEDURE FOR SEISMIC RESPONSE ANAL<SIS 
,W LV aVVXPHd WKaW WKHUH WRWaOO\ aUH m VaPSOLnJ JULd SRLnWV VSaFHd HTXaOO\ IRU WLPH KLVWRU\ 

RI WKH JURXnd aFFHOHUaWLRn ZLWKLn FHUWaLn WLPH VWHS RI ijt∆ , REYLRXVO\ ZH REWaLn 

tmtij ∆⋅=∆ ���� 

2YHU WKH WLPH VWHS iT∆ , WKH nRn�XnLIRUP dLVFUHWH SRLnWV VHUYLnJ WKH '4 UXOH ZLOO SUREaEO\ 
nRW FRLnFLdH ZLWK WKH RULJLnaO VaPSOLnJ SRLnWV VSaFHd HTXaOO\ IRU WKH UHFRUdHd aFFHOHURJUaP� 
$IWHU WKH IXnFWLRn H[SUHVVLRn RI WKH JURXnd aFFHOHUaWLRn LV IRUPHd aFFRUdLnJ WR IRUPXOa ����, 
WKH YaOXH RI WKH JURXnd aFFHOHUaWLRn aW an\ WLPH LnVWanW ZLOO EH dHWHUPLnHd� 

7KH '4 anaO\VLV SURFHdXUH IRU VHLVPLF UHVSRnVH Pa\ EH HVWaEOLVKHd aV IROORZV� 
��� 'HWHUPLnLnJ WKH dXUaWLRn dHILnLnJ WKH WLPH dRPaLn IRU VHLVPLF UHVSRnVH anaO\VLV� 
��� &RnVWXFWLnJ WKH IXnFWLRn H[SUHVVLRn RI WKH HaUWKTXaNH LndXFHd JURXnd aFFHOHUaWLRn 

ZLWKLn WKH dXUaWLRn dRPaLn E\ WKH SLHFHZLVH OLnHaU LnWHUSROaWLRn PHWKRd� 
��� 'LYLdLnJ WKH dXUaWLRn dRPaLn LnWR a VHTXHnFH RI WLPH VWHSV, LW LV XnnHFHVVaU\ WKaW WKH 

EHJLnnLnJ and WHUPLnaO SRLnWV RI WKH LnWHUYaO FRLnFLdH ZLWK WKH RULJLnaO VaPSOLnJ SRLnWV IRU 
WKH UHFRUd RI VWURnJ JURXnd PRWLRn� 

��� 2YHU HaFK WLPH VWHS, a VHTXHnFH RI JULd SRLnWV LV FKRVHn IRU dLVVHFWLRn RI WKH LnWHUYaO E\ 
XVLnJ an\ SURSHU dLVFUHWH VFKHPH, IRU H[aPSOH, WKH FKRLFH RI WKH &KHE\VKHY�*aXVV�/REaWWR 
SRLnWV� 

it kt« t
tm ∆⋅

��tu g��

« jt
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��� (YaOXaWLnJ WKH VHLVPLF UHVSRnVH RYHU HaFK WLPH VWHS aFFRUdLnJ WR WKH '4 anaO\VLV 
PHWKRd PHnWLRnHd aERYH, VR WKH WLPH KLVWRU\ RI VHLVPLF UHVSRnVH Pa\ EH REWaLnHd E\ FRP�
ELnLnJ FRPSXWaWLRnaO UHVXOWV dXULnJ aOO WKH VWHSV� 

7KLV SURFHdXUH LV VKRZn EULHIO\ Ln )LJXUH �� 

)LJXUH �� ,OOXVWUaWLRn RI WKH '4 anaO\VLV SURFHdXUH� 

,W LV nRWLFHd WKaW UH�dLYLdHd WLPH VWHSV RYHU WKH dXUaWLRn dRPaLn �VWHS �� aUH VLJnLILFanW Ln 
WKH '4 anaO\VLV SURFHdXUH� ,W LV XnnHFHVVaU\ WR dLYLdH WKH dXUaWLRn dRPaLn Ln HTXaO OHnJWK IRU 
HaFK VWHS, EXW WKH dLVVHFWLRn VKRXOd EH LPSOHPHnWHd E\ FRnVLdHUaWLRnV RI ERWK FKaUaFWHULVWLFV 
RI WKH VHLVPLF JURXnd PRWLRn and d\naPLF SURSHUWLHV RI WKH V\VWHP� 

� NUMERICAL E;AMPLE 
,n WKLV VHFWLRn, a WZR�VWRU\ VKHaU IUaPH VKRZn Ln )LJ� � LV HPSOR\Hd IRU nXPHULFaO LOOXVWUa�

WLRn RI WKH '4 anaO\VLV SURFHdXUH� 7KH d\naPLF SURSHUWLHV RI WKH WZR�'2) V\VWHP aUH OLVWHd 
Ln 7aEOH �, Ln ZKLFK WKH daPSLnJ SURSHUWLHV aUH NLnd RI 5a\OHLJK daPSLnJ ZLWK � SHUFHnW 
PRdaO daPSLnJ UaWLR� 

)LJXUH �� &aVH VWUXFWXUH� 

6WLIInHVV SURSHUWLHV >N1āP��@ 0aVV SURSHUWLHV >N1āV�āP��@ 'aPSLnJ SURSHUWLHV >N1āVāP��@ 1aWXUaO SHULRdV >V@ 
k� k� m� m� c� c� T� T�

���î��� ����î��� ���î��� ���î��� ���î��� ���î��� ������ ������ 

7aEOH �� &KaUaFWHULVWLFV RI WKH FaVH VWUXFWXUH� 

7KH aFFHOHURJUaP UHFRUdHd aW �� (O &HnWUR $UUa\ dXULnJ WKH ,PSHULaO 9aOOH\ HaUWKTXaNH, 
$PHULFa RI ��WK 0a\, ���� LV VHOHFWHd IRU H[FLWaWLRn RI WKH V\VWHP� 7KH WLPH KLVWRU\ RI WKH 
JURXnd aFFHOHUaWLRn and FRUUHVSRndLnJ HaUWKTXaNH UHVSRnVH VSHFWUXP aUH VKRZn Ln )LJ� � and 
)LJ� �� 
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,n RUdHU WR YHULI\ HIIHFW RI WKH '4 SURFHdXUH IRU VHLVPLF UHVSRnVH anaO\VLV, WKH d\naPLF UH�
VSRnVHV RI WKH V\VWHP dXH WR JLYHn HaUWKTXaNH H[FLWaWLRn aUH FRPSXWHd ILUVW E\ PRdaO VXSHU�
SRVLWLRn PHWKRd� $OO WHUPV RI PRdaO FRnWULEXWLRnV aUH FaOFXOaWHd YLa 'XKaPHO¶V LnWHJUaO and 
WKH UHVXOWV ZLOO EH WKH VWandaUd IRU FRPSaULVRn, and FaOOHd LW µH[aFW¶ VROXWLRn� 

                
)LJXUH �� 7LPH KLVWRU\ RI WKH JURXnd aFFHOHUaWLRn�    )LJXUH �� 5HVSRnVH VSHFWUXP RI WKH JURXnd aFFHOHUaWLRn 

7KH VHLVPLF UHVSRnVHV RI WKH V\VWHP aUH FaOFXOaWHd E\ WKH WLPH�VWHSSLnJ anaO\VLV SURFHdXUH 
XVLnJ '4 UXOH, WKH FaOFXOaWHd UHVXOWV aUH VKRZn Ln )LJ� � Ln ZKLFK H[aFW VROXWLRn LV H[SUHVVHd 
E\ WKH aFWXaO OLnH and WKH '4 UHVXOWV WKH dLVFUHWH FLUFOHV� ,W LV nRWLFHd WKaW WKH VaPSOLnJ SHUL�
RdV IRU WKH JURXnd aFFHOHUaWLRn LV WaNHn Ln ���� VHFRnd, and WKH LnWHUYaOV ZLWK VaPH OHnJWK aUH 
aOVR FKRVHn IRU TXadUaWXUH LnWHJUaWLRn FRPSXWaWLRn� 2nO\ WKH UHVSRnVHV ZLWKLn ILUVW �� VHF�
RndV aUH dUaZn EHFaXVH WKH PaLn d\naPLF EHKaYLRUV RI WKH V\VWHP KaYH EHHn LnFOXdHd� ,W KaV 
EHHn IRXndHd WKaW WKH FaOFXOaWHd d\naPLF UHVSRnVHV E\ '4 anaO\VLV SURFHdXUH aUH YHU\ FORVH 
WR WKH H[aFW VROXWLRn ZKHn WKH OHnJWK RI WKH WLPH LnWHUYaO LV VHOHFWHd VKRUW HnRXJK� 

 
)LJXUH �� &aOFXOaWHd UHVXOWV RI VHLVPLF UHVSRnVHV dXULnJ ���� VHFRndV� 

,I WKH OHnJWK RI WKH WLPH VWHS LV HnOaUJHd, IRU H[aPSOH, IURP ���� VHFRnd WR ����, ���� and 
���� VHFRnd, and LnIRUPaWLRn aFFRUdLnJ WR RULJLnaO VaPSOLnJ SHULRd LV RPLWWHd, WKH FRPSXWa�
WLRnaO HIIRUWV ZLOO EH UHdXFHd� )LJ� � and )LJ� � VKRZ WKH FaOFXOaWHd UHVXOWV RI d\naPLF UH�
VSRnVH XVLnJ '4 anaO\VLV SURFHdXUH EaVHd Rn WKH WLPH VWHS ZLWK WKH OHnJWK RI ���� VHFRnd and 
���� VHFRnd, UHVSHFWLYHO\� )XUWKHUPRUH, 1HZPaUN EHWa PHWKRd JHnHUaOO\ aSSOLHd IRU OLnHaU 
and nRnOLnHaU VHLVPLF UHVSRnVH anaO\VLV LV HPSOR\Hd XndHU WKH VaPH FRndLWLRn ZLWK '4 anaO�
\VLV SURFHdXUH WR HYaOXaWH WKH d\naPLF UHVSRnVHV RI WKLV V\VWHP IRU FRPSaULVRn� 7KH aFWXaO 
OLnH LV VWLOO WKH H[aFW VROXWLRn FaOFXOaWHd Ln WKH VaPSOLnJ SHULRd RI ���� VHFRnd, and WKH UHVXOWV 
E\ '4 SURFHdXUH and 1HZPaUN EHWa PHWKRd aUH H[SUHVVHd Ln WKH OLnH RI daVKHV and WKH dRW�
WHd OLnH, UHVSHFWLYHO\� 

,W Fan EH IRXndHd IURP )LJ� � and )LJ� � WKaW dLIIHUHnFH EHWZHHn WKH FaOFXOaWHd UHVXOWV IURP 
'4 anaO\VLV and 1HZPaUN PHWKRd, UHVSHFWLYHO\ LV YHU\ VPaOO LI WKH WLPH VWHSV aUH WaNHn VKRUW 
HnRXJK �WKH OHnJWK LV ���� VHFRnd VKRZn Ln )LJ� ��, aOO WKH WZR aSSURaFKHV Fan aFKLHYH JRRd 
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aFFXUaF\� %XW Ln WKH FRndLWLRn RI OaUJH LnWHUYaO, WKH FaOFXOaWHd UHVXOWV E\ '4 anaO\VLV SURFH�
dXUH aUH REYLRXVO\ EHWWHU WKan WKRVH E\ 1HZPaUN PHWKRd� 

�a�                                                                                           �E� 

)LJXUH �� &RPSaULVRn RI FaOFXOaWHd UHVXOWV XVLnJ '40 and 1HZPaUN�ȕ�PHWKRd ZKLOH Δt   ����V, ZKHUH �E� LV 
WKH ORFaO ]RRP RI �a�� 

�a�                                                                                           �E� 

)LJXUH �� &RPSaULVRn RI FaOFXOaWHd UHVXOWV XVLnJ '40 and 1HZPaUN�ȕ�PHWKRd ZKLOH Δt   ����V, ZKHUH �E� LV 
WKH ORFaO ]RRP RI �a�� 

� CONCLUSIONS  
,n WKLV SaSHU, WKH dLIIHUHnWLaO TXadUaWXUH UXOH LV aSSOLHd WR dLVFUHWL]aWLRn RI WLPH dRPaLn and 

an LnWHJUaWHd WLPH�VWHSSLnJ SURFHdXUH LV SUHVHnWHd IRU d\naPLF UHVSRnVH anaO\VLV RI V\VWHP 
VXEMHFWHd WR HaUWKTXaNH LndXFHd JURXnd PRWLRn� 7KH WLPH KLVWRU\ RI WKH JURXnd aFFHOHUaWLRn 
H[SUHVVHd E\ a VHW RI dLVFUHWH YaOXHV LV FRnVWUXFWHd aV a IXnFWLRn WR WLPH XVLnJ SLHFHZLVH OLnH�
aU LnWHUSROaWLRnV, VR WKaW aOO WKH YaOXHV RI WKH JURXnd aFFHOHUaWLRn aW an\ WLPH LnVWanWV Pa\ EH 
REWaLnHd� 7KLV OHadV WR '4 UXOH FRXOd EH XVHd RYHU a WLPH LnWHUYaO ZLWK nRW ORnJ OHnJWK and 
ILnLWH dLVFUHWH SRLnWV VHOHFWHd XnnHFHVVaULO\ WKH RULJLnaO VaPSOLnJ JULd SRLnWV IRU WKH JURXnd 
aFFHOHUaWLRn� %HFaXVH WKH WLPH FRRUdLnaWH LV RnH dLPHnVLRnaO V\VWHP, dLIILFXOWLHV H[LVWHd Ln 
WKH VHWWOHPHnW RI ERXndaU\ FRndLWLRnV aUH naWXUaOO\ RYHUFRPH, and aFFXUaF\ IRU FRPSXWaWLRn 
ZLOO EH LnFUHaVHd WKURXJK SURSHU FKRLFH RI SRVLWLRnV RI WKH dLVFUHWH SRLnWV ZLWKLn HaFK LnWHUYaO� 
5HVXOWV IURP nXPHULFaO anaO\VLV VKRZ WKaW WKH SURSRVHd TXadUaWXUH SURFHdXUH Fan VWLOO 
aFKLHYH an H[FHOOHnW anaO\VLV IRU WKH WLPH KLVWRU\ RI WKH VHLVPLF UHVSRnVH HYHn ZKHn WKH 
OHnJWK RI WKH WLPH LnWHUYaO LV VHOHFWHd a OLWWOH OaUJHU� 6R WKH FRPSXWaWLRnaO HIILFLHnF\ ZRXOd EH 
LPSURYHd E\ XVLnJ WKH SURSRVHd TXadUaWXUH SURFHdXUH IRU VHLVPLF UHVSRnVH anaO\VLV Ln WLPH 
dRPaLn, EHFaXVH a UHOaWLYH OaUJHU OHnJWK RI WKH dLVFUHWH LnWHUYaO Pa\ EH VHOHFWHd Ln SUaFWLFH VR 
WKaW WKH aFWXaO FRPSXWHU HIIRUWV ZLOO dHFUHaVH JUHaWO\� 
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