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Abstract. A simplified approach is proposed in this paper for assessing the safety levels of 
the seismic response of large and slender rigid masonry blocks. The dynamic behavior of rig-
id free-standing blocks subjected to earthquake ground motions is highly non-linear and sen-
sitive to small perturbations of various parameters. Many difficulties arise in defining reliable 
response spectra for such systems and these are well known in the literature. An artificial lim-
it accelerogram is herein proposed to represent the most unfavorable effects of the intense 
phase of an earthquake. This consists of a sequence of instantaneous impulses, all applied 
right after the impact of the blocks on the ground. The resonance conditions also aim at high-
lighting to what extent the ground motion details and the system parameters can influence the 
rocking response. A secondary sequence of intermediate impulses is then introduced to re-
duce the resonance effects and to cover a broad range of conditions. Approximate equations 
of motion of the rocking blocks are also proposed and numerical analyses are performed to 
highlight the most significant aspects of the proposed approach. 
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1 INTRODUCTION 

Ancient masonry structures are generally regarded as sets of macro-elements under earth-
quake actions. The seismic vulnerability of these elements can be assessed throughout rocking 
analyses or energy-based approaches [1]. Rocking motion is frequently observed when the 
morphology of the wall sections allows a monolithic behavior. In this case, in absence of 
proper connections between orthogonal walls and between walls and floors, out-of-plane 
mechanisms may occur with discretization of the walls in few rigid macro-blocks articulated 
by hinges. Here rocking and sliding motions may take place. The analysis of the local failure 
modes is also provided by the multi-level approach of the Italian Guidelines on Cultural Her-
itage [2]. 

In order to evaluate the static load factor causing the onset of this kind of mechanisms, 
non-standard limit analysis procedures can be applied [3-9]. A dynamic approach, however, is 
useful to investigate the time-history evolution of the rocking response and the sensitivity to 
the features of the seismic action. Moreover, the response of a rocking block is extremely sen-
sitive to boundary conditions, very relevant for masonry panels. In that sense, some methods 
were recently proposed to consider the interaction with transverse walls [10], roofs [11], or 
vertical restrainers [12]. 

From this perspective, the reference model for the rocking motion without sliding of a rigid 
block resting on a rigid foundation was first developed by Housner [13]. He proposed a linear 
model to describe the rocking motion of slender blocks, highlighting, with the definition of 
“inverted pendulum”, how the frequency parameter of the blocks depends on their size and on 
the gravitational acceleration but not on their mass. His pioneering work, moreover, provided 
a simple expression of the coefficient of restitution only depending on the slenderness; it rep-
resents an upper bound of the loss of energy due to the impact of the block on the ground. 
Housner defined the overturning conditions under horizontal actions schematized as single 
rectangular or half-sine impulse of acceleration; however, his analysis highlighted the difficul-
ty to identify a stable relation between the geometric features of the block (size and slender-
ness) and the characteristics of the seismic input, so that the problem could only be treated 
through probabilistic approaches. This difficulty was also confirmed by the works of many 
other authors [14-17] who have examined the response of the block using both real or simu-
lated accelerograms and harmonic loadings, highlighting the great sensitivity of the response 
to small variations in both system parameters and ground motion details. On the other hand, 
also other approaches ([18], [19]) based on response spectra have concluded that rocking 
block cannot be treated as an “equivalent” elastic SDOF because substantial differences are 
recognizable in its dynamic behavior. 

Over the last years, increasing attention has been focused on the identification of the worst 
input scenario corresponding to the resonant response of the blocks and of single-degree-of-
freedom (SDOF) inelastic structures [20-24]. In particular, the pioneering works by Casapulla 
et al. [20] and Casapulla [24] proposed a simplified representation of the seismic input as a 
sequence of instantaneous impulses of acceleration and identified the resonant condition with 
a time interval between these impulses coincident with the amplitude-dependent durations of 
the half-cycles of the motion. This approach allows describing the response of the block with-
in the generic half-cycle as a natural motion. A powerful simplification of the equation of the 
motion was also proposed by the authors and a simply criterion of minimization of the error 
was validated through a comparison with the Housner model [25], [26]. 

More recently Kojima et al. [27] and Kojima and Takewaki [28] have proposed to schema-
tize the impulsive component of a near-fault earthquake as a double impulse. Such a kind of 
input has been first used to identify the resonant condition of elastic-plastic systems and then 
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extended by Nabeshima et al. [29] to obtain closed-form overturning limit for rigid blocks. 
This simplification has also been used to represent long duration earthquakes as a multiple 
impulse input [30]. Many other implications can be derived by simulating the near-field 
ground motions, which contain long-period directivity pulses [31, 32]. 

In this paper the analysis of rocking motion of large and slender rigid blocks is developed 
with reference to the intense phase of the seismic action described through an artificial 
accelerogram. In particular, this artificial accelerogram is described in Section 2 as resulting 
from the superposition of two sequences of instantaneous impulses: a main sequence, acting 
when the block impacts on the ground, defines the resonant condition; a secondary sequence 
of intermediate impulses, acting within the half-cycles, is then introduced in order to obtain a 
more realistic input condition. The closed-form equations governing the response of the block 
to the resonant sequence and a step-by-step procedure to obtain the response in the presence 
of intermediate impulses are presented in Section 3. Lastly, in Section 4 numerical results are 
presented, which take into account the effect of the amplitude of the intermediate impulses on 
the maximum response of the block and on the duration of the half-cycles, together with the 
influence of the restitution coefficient. Further developments of this study are contained in 
more extended works [33, 34]. 

2 ARTIFICIAL ACCELEROGRAMS AS SEQUENCES OF ISTANTANEOUS 
IMPULSES 

The definition of the resonance condition for the rocking motion of rigid masonry blocks 
represents a basic reference in the analysis of their seismic response. Taking into account that 
the rocking motion is characterized by the oscillation of the blocks around the two vertex of 
the base with amplitude-dependent period, the maximization of the resonant effects has been 
obtained through an artificial accelerogram made up of sequences of instantaneous Dirac im-
pulses; these impulses act at the beginning of each half-cycle of the rocking motion, right af-
ter the impact of the block on the ground. As a consequence the critical timing of impulses is 
not constant, but it increases with the duration of the half-cycle of the block oscillation, as 
schematically shown in Figure 1 [20]. The amplitude I of the single impulse of this 
accelerogram is defined through the integral of a half-wave of the ground horizontal accelera-
tion assuming that the impulse is applied at the centroid of such a half-wave.  

 

Figure 1: Limit artificial accelerogram as resonance sequence of instantaneous impulses. 

This resonance sequence represents a theoretical input that allows investigating the rocking 
response to the worst input scenario, but it is quite unrealistic because, in particular, the criti-
cal timing of the impulses can be too long. Thereafter a secondary sequence of intermediate 
impulses acting during the half-cycle of motion of the block is introduced; this secondary se-
quence is also characterized by instantaneous impulses, all with the same amplitude Is, applied 

with alternate signs at equal time intervals ∆T (the parameters and results referred to the sec-
ondary sequence are herein denoted by an underscore). The number of intermediate impulses 
between two subsequent impulses I of the limit accelerogram (main impulses), is an even 

2869



C. Casapulla, A. Maione 

number, so that their sum is zero (a typical property of all real accelerograms). Hence the sec-
ondary sequence is characterized by only two variable parameters, the amplitude and the fre-
quency of the impulses, and it fulfills two specific requirements: to reduce the resonance 
effects of the limit accelerogram and to represent, with appropriate calibration of a few pa-
rameters, a large range of effects caused by the intense phases of recorded accelerograms. The 
corresponding scheme is shown in Figure 2. 

 

Figure 2: Secondary sequence of instantaneous intermediate impulses. 

3 THE MODEL FOR THE ANALYSIS OF THE ROCKING MOTION OF THE 
BLOCKS 

The hypothesis of instantaneous application of the impulses characterizing the seismic in-
put described in the previous section allows treating the response of the block as a natural mo-
tion between two subsequent impulses. As well known, the natural motion of rigid free 

standing blocks, with slenderness λ ≥ 3 (λ = a/b in Figure 3), can be expressed by the linear-
ized equation introduced by Housner [13]. Hence with the positive signs of forces and angles 
indicated in Figure 3, it is:  

 ( ) ( ) 00 c
2

cO =α−α+α⇔=α−α+α pMgI &&&&  (1) 

in which M is the mass, IO = 4 M(a2+b2)/3 is the corresponding moment of inertia (with re-

spect to O), αc = tan–1(1/λ) is the maximum rotational angle of the block and )4/(3 Rgp =  

is the frequency parameter, being g the acceleration of gravity and R the half-diameter of the 
block.  

 

 Figure 3: Rocking rigid block. 

 

With the initial conditions α = α0 and α̇ = α̇0, the solution of Eq. (1), in terms of rotational 
angle and velocity, is given by the following closed form expressions: 
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with the constants A1 and A2 depending on the initial conditions. 
In the analysis it is assumed that the coefficient of friction is sufficiently large as to prevent 

sliding between the block and the supporting base, while the dissipation of the energy due to 
impact of the block on the ground is represented by the coefficient of restitution. This coeffi-
cient is assumed to be a variable of the problem to account also for other damping effects (e.g. 
local plastic deformations). 

3.1 The response to the artificial resonance input 

Each impulse I of the resonance sequence is applied immediately after the impact of the 

block on the ground (α = 0) and causes an increment α̇1 of the rotational velocity which is 
defined by the law of conservation of the angular momentum [20], [29]: 
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Let C denote the coefficient of restitution. The rotational velocity at the beginning of the 
generic half-cycle of the motion between two subsequent impacts is: 
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Assuming α(0) = 0 and α̇(0) = α̇ i as initial conditions for the half-cycle i, the constants in 

Eqs. (2) take the values A1i = 0 and A2i = α̇ i/p. 

The maximum rotational angle, reached when    α̇ = 0, is: 
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while the duration of the half-cycle i is: 
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Eq. (7) is similar to the formulation proposed by Housner [13] for the duration of the half-
cycle, but it is expressed in terms of initial rotational velocity rather than in terms of initial 
rotational angle. Being tanh(x) < 1, the validity of Eqs. (6) and (7) is restricted to the condi-
tion: 
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which also represents the safe region for    α̇ i to prevent overturning, as it can easily been veri-

fied by equating Eq. (6) to αc. This limiting initial velocity, say α̇c = αcp, also depends on the 
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slenderness and the base dimension, consistently with the frequency parameter as showed in 
[25], [26]. 

By equating Eq. (5) to the critical velocity α̇c, it is possible to define from Eq. (3) the criti-
cal value Iic of the impulse causing overturning at the half-cycle i. It is: 
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It results that the impulse causing overturning at a fixed half-cycle i increases with decreas-
ing slenderness and coefficient of restitution and with increasing size of the block. The in-
creasing of Iic implies of course that the block is less vulnerable to overturning. 

It is worth highlighting that assuming i = 2 in Eq. (9), the value of the critical impulse I2c is 
comparable with the velocity Vc of the critical double impulse defined by Nabeshima et al. [29] 
used to describe the impulsive component of the near-fault earthquakes. 

At last, iterating Eq. (5) for i →∞, it is obtained that the rotational velocity does not in-

crease indefinitely but converges to the limit value *α&  given by: 
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This case implies that, when overturning does not occur before, also the duration of the 
half-cycles tends to stabilize so that the motion of the block becomes of periodic type. An ex-
tensive parametric analysis of the influence of slenderness, size and coefficient of restitution 
of the block on the attainment of this stabilized phase was developed in [24]. 

3.2 The response to the secondary sequence of intermediate impulses 

When a secondary sequence of intermediate impulses is taken into account, a step-by-step 
procedure is required to describe the motion of the block between two subsequent impacts. 
This motion, however, is still treated as a natural motion according to Eqs. (2), but the con-
stants A1 and A2 have to be up dated at the application of each intermediate impulse Is. The 

increment of rotational velocity      α̇s caused by a single intermediate impulse is approximately 
evaluated as: 

 1α=α &&
I

I s
s  (11) 

The procedure required to describe the rocking motion in the presence of intermediate im-
pulses between two subsequent impacts is herein presented with reference to the first half-
cycle, but it is also suitable for the generic half-cycle with assigned initial rotational velocity. 
This procedure implies the following steps: 

1. Assign the main impulse I and compute the initial velocity      α̇1 by Eq. (3). 
2. Compute the duration T1/2 of the half-cycle by Eq. (7). 
3. Select a trial value ΔT of the time interval between two intermediate impulses (ΔT < 

T1/2). 
4. Compute step-by-step the rotational angle and velocity at each application of the inter-

mediate impulses Is by using Eqs. (2). Find approximated T1 = n ΔT at α close to zero 
(n is the number of Is within the half-cycle). 

5. Correct ΔT, and therefore T1, such that α(T1) = 0 by strictly imposing the condition to 
have an even number n of intermediate impulses. 
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6. Compute step-by-step, with the corrected ΔT, the rotational angle and the velocity at 
each application of the intermediate impulses Is by using Eqs. (2) and obtain the maxi-

mum angle of rotation α1max and the rotational velocity at the end of the half-cycle      α  ̇ 1r. 

Compute the initial velocity      α̇ i=2 of the subsequent half-cycle by Eq. (5), using                α     ̇ i-1r in-

stead of      α  ̇ i-1. 

4 PARAMETRIC ANALYSIS AND DISCUSSION OF THE RESULTS  

The response of the block to the resonance input corrected with the secondary sequence of 
impulses has been investigated assuming that the so defined input represents the intense phase 
of an earthquake with duration limited to 20 s. Figure 4 shows the role of the main parameters 
characterizing the seismic input and of the coefficient of restitution on the maximum angle of 

rotation obtained within the limited time of 20 s; in fact, the αmax/αc ratio is plotted vs. differ-
ent values of the intermediate impulses measured by the Is / I  ratio, for different values of the 
main impulses, expressed by the I / I1c ratio, being I1c the critical impulse for the first half-
cycle (Eq. (9) with i = 1). Only values comprised between 0.3 and 0.7 are considered for Is / I 
since values of Is / I < 0.3 are unrealistic, while large Is / I ratios (Is / I > 0.7) imply less reso-
nance effects, as will be shown. These non-dimensional parameters allow obtaining results 
independent of the geometric features of the blocks (block dimension and slenderness) and 
only dependent on the amplitude of the impulses and on the coefficient of restitution.  
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 Figure 4: Values of αmax/αc related to a limited duration of the seismic input (20 s) vs. Is / I ratio for different 
values of the I / I1c ratio, with (a) C = 0.9 and (b) C = 0.6. 

The curves in Figure 4 show that the secondary impulses Is play an opposite role with re-
spect to the impulses I of the limit accelerogram. In fact, for a fixed value of the I / I1c ratio, 
the maximum angle of rotation is decreasing with increasing Is / I ratio. The intermediate im-
pulses have therefore a stabilizing effect, increasing with their amplitude. This trend can be 
explained by the consideration that large Is / I ratios imply large variations of the rotational 
velocity with alternate sign at each application of the intermediate impulses, causing the angle 
of rotation to decrease. Conversely, if the Is / I ratio is fixed, the increase in the amplitude of 

the impulses I implies the increase of αmax/αc, as easily predictable. 
The influence of the coefficient of restitution is evaluated by comparing Figs. 4(a) and 4(b), 

related to the results obtained for C = 0.9 and C = 0.6, respectively. Obviously larger values 
of C, with the other parameters kept constant, imply the increase of the destabilizing effects. 

To investigate the influence of the geometric features of the blocks on the time evolution of 
their rocking response, two blocks with the same size (2b = 1 m) and different slenderness 
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(λ ≈ 4 when R = 2 m and λ ≈ 8 when R = 4 m) are compared (Figure 5), taking into account 
the reference values of the restitution coefficient previously introduced (C = 0.6 and C = 0.9). 
The amplitude of the main impulses is assumed coincident with that of the critical impulse I2c 
(Eq. (9) with i = 2) causing overturning at the second half-cycle if the secondary sequence is 
not taken into account (Is / I = 0). As already pointed out, the amplitude of this impulse is 
lower for the more slender block and also depends on the restitution coefficient. The reference 
to I2c for the main impulses allows to compare the results related to Is / I = 0 with the results 
obtained by Nabeshima et al. [29] by considering the critical double impulses Vc. However, it 
must be remarked that in the present analysis the restitution coefficient C is a constant value 
independent of the slenderness of the blocks, while Nabeshima et al. [29] use the formulation 
proposed by Housner to define this parameter. Despite this, for C = 0.9 a very good agree-
ment can be observed between the two formulations in terms both of the amplitudes of the 
main impulses and of the critical timings t0 of application of the second impulse. 

In Figure 5 the time-history responses of the two chosen blocks are reported in terms of the 

α(t) / αc ratio, for different values of Is / I and C. 
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Figure 5: Time-history responses in terms of α(t)/αc of two blocks with 2b = 1 m and R = 2 m ((a), (c))  and 
R = 4 m ((b), (d)), related to the critical impulse I2c, for different values of Is / I and C.  

 

First of all, these curves show that for each block the action of the intermediate impulses 
not only implies the reduction of the maximum rotation angle at each half-cycle, but also the 
reduction of the duration of the same half-cycles. These effects are increasing with increasing 
Is / I ratios. In fact, when  Is / I  ≠ 0, both blocks do not overturn at the second half-cycle but 
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perform a number of half-cycles increasing with Is / I . For a fixed value of this ratio and of 
the restitution coefficient, the influence of the different slenderness of the two blocks - only 
due to the different values of R, being the size 2b constant - is manly expressed in the reduc-
tion of the duration of the half-cycles, so that the more slender block (R = 4 m) achieves the 
overturning in a longer time than the other (R = 2 m), although performing the same number 
of half-cycles (Figs. 5(a) and 5(b)). The case of Is / I = 0.7 implies a slight increment also of 
the number of half-cycles for the more slender block. The higher stability of the more slender 
block is justified in this case by the lower amplitude of the main impulse. 

Lastly, the effect of the lower value of the restitution coefficient on the obtained results, 
keeping constant the other parameters, is confirmed in terms of reduction of the maximum 
angle of rotation and of the duration of the half-cycles, while their number increases in the 
limit duration of 20 s of the input. Moreover, when C = 0.6, with increasing values of Is / I, 
both  the blocks tend to reach a stabilized phase characterized by a periodic motion with con-
stant values of the maximum rotational angle at each half-cycle and of the duration of these 
half-cycles. 

 

5 CONCLUSIONS 

The great sensitivity of the rocking response of rigid blocks to small variations of the seis-
mic action makes very difficult to define a stable relation to their geometric features and the 
parameters characterizing the seismic input. Starting from this consideration, widely con-
firmed by the scientific literature on this subject, the approach proposed in this paper consists 
in the definition of simplified artificial accelerograms characterized by few parameters, both 
capable of representing the most unfavorable effects of the intense phase of an earthquake and 
of covering the widest range of real accelerograms. 

First, the resonant conditions for the rocking motion were investigated by means of a main 
sequence of instantaneous impulses applied just after the impact of the block on the ground; 
then a secondary sequence of intermediate impulses acting within the half-cycle of the block 
motion was introduced. The intent was to obtain a parametric model of accelerogram that can 
reproduce the same effects of any registered accelerogram, trough a proper calibration of the 
characteristic parameters, i.e the amplitudes of the impulses of both the main and the second-
ary sequence and the time interval of the secondary impulses. 

The critical response of the block to the proposed accelerogram, represented by the 
achievement of the overturning, has resulted to be mainly affected by the following issues: the 
size and slenderness of the rigid block; the amplitudes of the main and of the intermediate im-
pulses, the restitution coefficient. The analysis enables, in particular, to distinguish the actions 
which cause overturning from those that cause the stabilization of the motion in relation with 
the influencing parameters. It was also shown that the increasing amplitude of the intermedi-
ate impulses implies not only the reduction of the maximum response of the block, but also 
the duration of the half-cycles of the motion. The opposite trend was reported for increasing 
values of the coefficient of restitution; with the other parameters kept constant, in fact, the 
maximum response of the block and the duration of the half-cycles are increasing with this 
coefficient. 

Clearly, the specification of the parameters that characterize the artificial accelerogram 
should be depending on the specific characteristics of the sites. This aspect could be the fur-
ther developed in order to apply the proposed procedure to real accelerograms. On the other 
hand, the synthesis of the various aspects can allow translating clear specific indications in 
final sufficiently reliable evaluations. 
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