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Abstract. This paper presents an investigation on the dynamics involved in a two degrees of
freedom system consisting of a nonlinear oscillator attached to the moving head of a linear
electro-dynamic shaker. The effective stiffness of the nonlinear attachment is realized to
achieve a softening force-deflection curve characteristics, and magnets are exploited to this
purpose. The shaker is modelled as a linear spring-mass-damper system excited by a harmon-
ic force with a varying excitation frequency. The attached oscillator consists of a cantilever
beam with a specified mass on its tip, and it behaves linearly in the given domain of investiga-
tion. The nonlinearity is then introduced by adopting magnets in an attractive configuration
acting on the tip of the beam. This has the twofold effect of reducing the linear effective stiff-
ness and adding a negative stiffness of cubic type. The equations of motion of the system are
presented, and an analytical solution in terms of amplitude-frequency equation is reported.
This allows to explore the role of the key parameters involved in the system dynamics, and
their effects is investigated in terms of the frequency response curve. The relationship among
the non-dimensional, dimensional and physical parameters of an equivalent mechanical pro-
totype is presented.
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1 INTRODUCTION

The dynamics of two degree-of-freedom (DOF) nonlinear oscillators has been extensively
reported in the literature, and the main applications have been related to the passive control of
vibration, e.g. as vibration absorber [1] and energy sink [2].

A coupled system with springs of a linear-plus-cubic characteristics was investigated in [3],
showing that the presence of the nonlinearity can result in amplification rather than reduction
of the vibration amplitude. Reduction of the vibration amplitude can be obtained by a proper
selection of the parameters in a system with nonlinear damping and nonlinear springs [4]. The
theoretical investigation on the system behaviour in the vicinity of a main resonance was re-
ported in [5], where possible quasi-periodic response was highlighted. In [6] such a nonlinear
system was investigated for vibration mitigation and absorption, the local bifurcations of the
periodic solutions was illustrated via frequency-response curves (FRCs), and their evolution
with an increase of the excitation amplitude was shown. The performance and characteristics
of a nonlinear neutralizer acting on a linear host structure were investigated in [7], and distin-
guishable features, such as closed detached resonance curves, have been predicted either in-
side [8] or outside [9,10] the main FRC. Experimental evidence of those features have been
reported in [11,12]. In the majority of these studies, nonlinearity is concentrated on the sus-
pension stiffness, which is modelled as a linear plus a cubic spring with a hardening charac-
teristics. A static force-deflection curve of this type can be physically realized by assembling
linear springs in a specific geometric configuration [12].

Other studies reported on the use of nonlinear springs with softening characteristics to
achieve a quasi-zero stiffness effect for vibration isolation purposes [13-15]. The combination
of mechanical springs and magnets has been exploited in [16].

In this paper we analyse an experimental setup in which an electro-dynamic shaker is used
to excite a nonlinear system which has a much smaller mass than that of the shaker. The sys-
tem is modelled as a nonlinear softening oscillator coupled to a linear system, representing the
shaker, which also provide the harmonic force excitation. Because the system is softening, the
resonance frequency due to the nonlinear system bends to lower frequencies and determines
multi-valuedness of the amplitude response at some given frequencies of excitation. An ana-
lytical solution to the amplitude-frequency relation is reported, and a theoretical investigation
on the effect of the system parameters on the response, has revealed coexisting steady-states
regimes with detached resonance curves appearing inside the amplitude-frequency diagrams.

2 EXPERIMENTAL TEST-RIG

2.1 System description

The experimental test-rig under consideration in this work is illustrated in Fig. 1(a), and a
schematic model is reported in Fig. 1(b). It consists of a large electro-dynamic shaker, on the
moving head of which a support structure is attached. This is used to hold a cantilever beam,
which is clamped at one extreme on the support and it is free to move at the other extreme. At
the free end, two magnets are attached on each side of the beam and they act as a concentrated
mass at the tip. They are also used to induce an auxiliary nonlinear stiffness component when
they interact with their corresponding counter-parts on the support structure. If the magnets
are arranged so that those on the tip of the beam are attracted by those on the support structure,
the overall effect is to reduce the linear stiffness due to the slender beam alone, and add a non-
linear component of softening type. The physical parameters of the system and their corre-
sponding values are reported in Table 1.
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In the frequency range of interest, the beam with concentrated mass on its tip may be con-
sidered as a single DOF oscillator with effective stiffness and mass given by [17]

3E]

1_beam L3 (1)
m=0.2357m,,,, +m,,
where I is the second moment of area of the beam section and m1p,,,, 1S the beam mass.
Preliminary experimental tests were performed to estimate the frequency response function
(FRF) of the system due to random excitation. An LMS Scadas III system was used for data
acquisition and signal processing, and an accelerometer (PCB 352C22) was attached on the
tip of the beam. Magnets on the support structure are removed so as to avoid any magnetic
interaction with the beam, and the system was thus considered to behave as a two DOF linear
oscillator. Result is reported in Fig. 2 as solid line and normalised to the maximum value. It
can be seen that the resonance frequency at about 20 Hz due to the shaker is very highly
damped, and the resonance frequency of the beam with attached tip mass is at about 34 Hz, as
predicted by adopting the effective stiffness and mass in Eq. (1). To investigate the softening
effect on the FRF, magnets are attached on the support structure in an attractive arrangement
and at a specified distance, as reported in Table 1. It is reasonably assumed that the effect of
the weight of the magnets on the mass of the excited main oscillator was negligible. The nor-
malised result in this case is reported as dashed line in Fig. 2, where it can be noted that the
overall effect, when using a linear FRF estimate, is to move the resonance peak to the lower
frequencies, which is the case of a softening stiffness.

(a) (b) Electro-dynamic Nonlinear attachment
shaker

AL AL
r Y4 N\

Rigid supports  Flexible cantilever beam

magnets

|V
Ground Magnets
—
Accelerometer Shaker displacement Beam tip displacement

Figure 1. Two DOF system under study: (a) photograph and (b) schematic model.

Description Parameter Value Description Parameter Value
Shaker stiffness [N/m] Kshaker 9000 Beam width [mm] a 30
Shaker moving mass [kg] muaker 0.45 Beam thickness [mm] Ry 2
Support mass [kg] Mgupp 0.15 Beam length [mm] L 90
Magnet mass [g] Mg 12 Beam density [kg/m’] e, 850
][31\?/21;?2 ]Young s modulus E 1.95¢9
Distance between magnets
b 10
[mm]

Table 1: Physical parameters of the experimental system.
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Figure 2. (a) Measured amplitude of beam tip displacement normalised to the maximum value, and (b) close-up.

Linear FRF estimate without (solid line) and with (dashed line) magnets. Right (left) -pointing triangles indicate

the FRC obtained by measuring the response at each frequency when increasing (decreasing) frequency of exci-
tation.

For a better insight on the dynamic response of the system due to harmonic excitation, the
shaker was driven with constant amplitude at each frequency, using a signal generator and a
power amplifier. The system response in time was then measured using the accelerometer,
and the spectrum of the corresponding signal was estimated by the frequency analyser. The
amplitude of the spectrum at the excitation frequency is considered to reconstruct the frequen-
cy response curve (FRC), and this is normalised and plotted in Fig. 2 as well, using markers:
left-pointing triangles are used to indicate the case where the excitation frequency is de-
creased from 40 to 25 Hz; right-pointing triangles indicate the case where the excitation fre-
quency is increased from 25 to 30 Hz. Despite higher order harmonics were present around
the resonance, it can be clearly noted that actual FRC presents a bending of the resonance
peak to the lower frequencies, and this determines multi-valuedness and jump phenomena in
the FRC. These latter are indicated in the close-up of Fig. 2(b) by vertical arrows pointing
upwards for jump-up, or pointing downwards for jump-down.

2.2 Magnetic interaction

To quantify the magnetic interaction, an experimental setup, as illustrated in Fig. 3(a,b),
was assembled and used to estimate the force-deflection characteristics. To this purpose, one
magnet was constrained on a horizontal surface and a second magnet was attached on the base
of a non-metallic cylinder, in such a way that it was set in a repelling arrangement to the pre-
vious magnet. A plastic tube was used to constrain the non-metallic cylinder to a vertical mo-
tion, when located on top of the magnet attached to ground. The force-deflection curve of
magnetic interaction was then estimated by measuring the change in displacement for each
additional weight applied on top of the non-metallic cylinder. Results of this test are reported
in Fig. 3(c) as markers, and a fitting curve to the experimental data is also overlapped. A rea-
sonably good fitting was achieved using the following equation

C
— @

mag n

y

where Cyqe = 0.104 Nm'” and n = 1/3.
The total magnetic force acting on the tip of the beam is then given by the following rela-
tion
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C C
_ mag + mag ( 3 )

F tip n n
T (b-2) (bg)

where b is given in Table 1, and z = x; — x is the relative displacement between the support,
Xs, and the beam tip, x, as depicted in Fig. 4(a). Equation (3) may be expanded in McLaurin’s
series to the third order to give

Fre ip 2K g 24Ky 07 4)
where
Ky g =—2C g /3% s
Ky ag =—28C,,,, /816"

Equation (3) and (4) are plotted in Fig. 4(b), where it is noted that the cubic-type approxi-
mation in Eq. (4) (solid line) well approximates the expression in Eq. (3) (dashed line). The
approximation is reasonable for relative displacements up to about half of the distance, b, be-
tween magnets at rest.
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Figure 3. Experimental rig used to estimate the force-deflection curve characteristics of magnetic interaction: (a)
photograph and (b) schematics. (c) Measured characteristics (markers) and fitting curve (dashed line).

04

(a) (b)

l
I
1
1
1
1

1 "mag fip [N]

)
1
1 b
I’ +—>
/
~lee

RSN | . T4 2 0 2 4 e
| X | X z[mm]

Figure 4. Magnetic force at tip: (a) close-up, (b) net force from Eq. (3) (dashed line) and Eq. (4) (solid line).
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3 SYSTEM MODELLING

A simplified model for the system described in the previous section is reported in Fig. 5(a),
and the corresponding equations of motion are given as

.. . . 3 _
mx +c X +kx +cz+kz+kz’ =F cos(or)

e 3 (6)
mxX,—mZ—cz—kz—kz2=0
where parameters are indicated in Fig. 5(a). In particular it is
3Bl 2C,,,
kl = kl_beam + kl_mag = 3 4/3
L 3b 7)
b p 2%
_mag 81 b10/3
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Figure 5. (a) Simplified model of the system in Fig. 1. (b) Example of FRC with stable (solid line) and unstable
(dashed line) solutions.

In the assumption that the mass of the shaker and the attached support is much larger than
the effective mass of the nonlinear oscillator, which is the actual case in Fig. 1, the non-
dimensional form of Egs. (6) simplifies to [10]

Y +2L,y +y, =cos(Qr)

" ! 2 3 " (8)
W+ 2w+ Qiw+yw = y!
and the following non-dimensional parameters are defined
X, Z F k, k,
V==, w=—,X,=—,0, = —,a)lz,/—,r:a)st,
X, X, k, m m
L )
m c c @ @
11'1:_’7/:_3 x§’§5= S ,é/: ’QO=_19Q:_
m, Lk, 2m .o, 2mao, w, w,

It is noted form Eq. (8) that the assumption of a small mass ratio, z, implies that the shaker
is not affected by the smaller nonlinear system, while this latter is affected by the former. A
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solution for the relative displacement amplitude in Eq. (8) is reported from [10] in terms of
the amplitude-frequency response as

Q4
(1-) +as’er

iyzwé +§yW4 (QF-Q7)+W? (Q' +44°Q° + O - 2000’ ) - =0(10)

16 2

which is a cubic polynomial equation in terms of W* (i.e. the relative displacement ampli-
tude squared), and thus admits three solutions, two of which are stable and one is unstable.
The FRC of the relative displacement amplitude is plotted in Fig. 5(b) for the values of pa-
rameters listed in Table 1, assuming ¢ = 0.02, ¢; = 0.3 and F = 4 N. It can be noted that Fig.
5(b) qualitatively predicts a similar peak bending as that seen in the experimental results of
Fig. 2.

The experimental case reported in this paper was particularly unfavourable, mainly due to
the high damping of the shaker. In case of lighter damping, the FRC exhibits more interesting
phenomena, such as resonance interactions and appearance of detached curves inside the main
FRC. For a softening attachment, this happens because its resonance peak bends to the lower
frequencies and interacts with the resonance peak due to the shaker with attached support, as
can be seen in Fig. 6(a) and (b), where a damping ¢; of 0.03 and 0.01 is used, respectively.
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Figure 6. FRC when a light damping in the shaker is considered: (a) ¢; = 0.03, (b) ¢; = 0.01. Stable solutions
(solid line) and unstable solutions (dashed line).

4 CONCLUSIONS

Based on the design and on some experimental tests performed on a nonlinear oscillator
with softening spring characteristics driven by a shaker, this paper has shown some interesting
dynamic effects appearing when the resonance peak of the nonlinear oscillator interacts with
the resonance peak of the shaker: inner detached resonance curves manifest in the main fre-
quency response curve for relatively light damping of the shaker. Although this was not
shown experimentally due to the high damping of the actual shaker used in this work, the the-
oretical model predicts those features.

Understanding the complex dynamics involved in the type of system described in this pa-
per, could be valuable not only for the tests of softening oscillators using an electro-dynamic
shaker, but it could advance knowledge in the behaviour of two degrees of freedom nonlinear
oscillators, and eventually foster pioneering engineering applications for vibration isolation,
vibration absorption and vibration energy harvesting.
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