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Abstract. The material point method (MPM) is an advancement of particle in cell method
(PIC), in which Lagrangian bodies are discretized by a number of material points that hold
all the properties and the state of the material 1. All internal variables, stress, strain, velocity
etc., that specify the current state and are required to advance the solution are stored in the
material points. A background grid is employed to solve the governing equations by interpo-
lating the material point data to the grid. The derived momentum conservation equations are
solved at the grid nodes and information is transferred back to the material points and the
background grid is reset. In this work the standard explicit MPM is extended to account for
elastoplastic material behavior. The stress-strain constitutive law is determined according to
the strain decomposition rule '?! where the strain rates are uncoupled into an elastic and a
plastic part. In order to account for the different phases during elastic loading or unloading
and yielding two Heaviside type functions are introduced 3!, These act as switches and incor-
porate the yield function '8!, The final form of the constitutive stress-strain relation incorpo-
rates the tangent modulus of elasticity, which now includes the Heaviside functions and
gathers all of the governing behavior, facilitating considerably the solution. Numerical re-
sults are presented that validate the proposed formulation in the context of the MPM and in
comparison with Finite Element Method.
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1 INTRODUCTION

The Material Point Method (MPM) is an extension of the Particle in Cell (PIC) P! method
that was first developed for fluid mechanics problems. Many of the inherent numerical prob-
lems associated with PIC were alleviated in the fluid implicit particle method (FLIP) 19,
MPM was originally conceived as an extension of FLIP in solid mechanics. The most notice-
able difference however, is that in MPM the description of motion and governing equations
are derived from the weak form of the updated Lagrangian formulation.

The MPM utilizes both an Eulerian background grid and a Lagrangian discretization of the
domain. It can be divided into two phases. First the material domain is represented by a set of
particles (material points). All the information of the subdomain that each particle represents
is hold in the material points (such as mass, momentum, velocity, strain or stresses etc.). This
Lagrangian phase is followed by an Eulerian phase where a background grid is employed. In-
formation is then transferred into the nodes of the grid where the governing equations are
solved. After this convective phase the material point variables are updated and the back-
ground grid is reset to its original form. This means that the grid is not attached to the material
points and does not follow the deformation. In addition, one of the advantages of the MPM is
that the background grid can be arbitrarily chosen for convenience.

2 MPM MODEL

If € is the domain of the material, it can be represented by N, number of material points
(or particles) as in Figure 1.
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Figure 1: MPM discretization.

The material points are assigned a mass m , position x,, velocity v, and stress o, . Since

the total mass is divided into the material point set and the material points have constant mass
through the simulation, the mass conservation is fulfilled. Conservation of momentum is:

p v =Vo+ pb (1)
dt

where v is the velocity field, o is the Cauchy stress tensor, p is the density and b is the
specific body force. In the previous relation Vo is the internal force while pb is the external

forces acting on the body. Moreover, if E is the mechanical energy and ¢ the strain tensor,
the mechanical energy conservation equation is defined as:

dE dE
—=0:—+pv-b 2
r— P (2)
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The strain rate is expressed in terms of the gradient velocity as:

dE 1
il =—(Vv+(VV)T) 3)
d 2
and for the linear elastic case the constitutive equation relating stresses and stresses can be

expressed using the elasticity tensor D as:

do _pde (4)
dt dt
The plane stress elasticity matrix D is defined as:
[ E Ev 0 |
(1 -~ vz) (1 - V2)
Ev E
D= 0 5
) 1) )
E
0 =
I 2(1+v) |

where E is the Young’s modulus and v is the Poisson ratio.

In the Material Point Method each particle represents a sub-domain of the whole domain
Q. Using the Dirac delta function the mass density can be expressed as a function of the ma-
terial point masses and the material point positions as:

p:Zp:mp5(x—xp) (6)

Similar to the Finite Element method the material gradients are calculated on a background
computational grid. Shape functions are used to approximate the solution and the velocity and
acceleration of any material point are expressed in terms of the nodal accelerations of the grid
as:

N
v(xp)=2viNi (7)
i=1
and:
N
«(x)=3 Sy, ®)

where in both relations the summation refers to the nodes of the element of the background
grid that the material point resides in. In this work the shape functions used are cubic B-
Splines 5], They have been shown to reduce the quadrature errors and the grid crossing er-
rors associated with discontinuous shape functions. Applying the Galerkin method and using
the previous relations in the momentum equation integrals are replaced by sums over all the
material points and the momentum equation now reads:

N
Zmiﬂ — Elnt +F;ext (9)
o dt

The internal and the external forces are defined as:
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. rm .
E.'m =— ﬁam.VNi (10)
izt P
and:
Fi“”“ =7,+b (11)

where the subscript p,i denotes the material point i .

Although many implementations are possible the main algorithm of the MPM is described
below:

Map mass, momentum and internal forces from the particles to the background grid nodes:

N,
m, =Y MN,
p=l1

N,

(mv)i = (Mv)p N.

1

(12)

p=l
: N M
F;lm — _Z_paval
p=l1 p p
Compute the nodal force vector and apply the boundary conditions:

F — Fexl +Eint (13)

l l

Update nodal momenta at the nodes:
(mv)’, = (mv)’, + Fdt (14)

Update particle positions and velocities:

y (15)
X, =X, + [Z—(mv)’ al jdt

= m

1

Employing the Modified Update Stress Last (MUSL) scheme the final step is to recalculate
the grid nodal momentum based on the new particle velocities and from there calculate the
particle strain and stress increments as:

i (16)

=

Ag, =Y v(x,) VNt
i=1

AO‘p = EAEP
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3 HYSTERETIC MODEL

Based on the theory of classical plasticity the governing equations of plasticity are the flow
rule, the yield condition, the consistency condition and the hardening rule. In this work kine-

matic hardening is considered. The plastic strain tensor{é" } can be expressed in terms of the

flow rule @ as:

1 .861)({0'})
{¢ }_ua—7;§;y— (17)

where A is the plastic multiplier and{a} is the stress tensor. The Kuhn-Tucker optimality
conditions state that:
A>0 ®<0 Ad=0 (18)

Using the additive decomposition of the strain rates we derive:
{e}={e"}+{e"} (19)

The elastic part of the strain rates is connected to the stress rate tensor with the use of the elas-
ticity tensor as:

{o}=[p]){&"} (20)
Substituting equation (17) to (20) with the use of (19) we can write:

-1t 20| o

Using the Kuhn-Tucker optimality condition in (18) and relation (21) and since at yield
® =0 and 4 >0 the following relation can be derived [*:

(o)) ., (e@oD) .\
[—a{a} ]{ | (—a{o_} J{n} 0 @)

Finally, the expression for the plastic multiplier becomes [*!:

-1

e, GCD({G})]T o0 ({o}) (&D({J})]T .
A= ( oo D] oo} o{o} [Dl{z} (23)

The previous equations hold when yielding has occurred. In order to smooth the transition
from the elastic to the inelastic regime and generalize the plastic multiplier in the whole do-
main of the strain tensor as in [* and ), the following Heaviside functions are introduced:

1 ®=0 1 ®=0
H, = , H, = ] (24)
0 &<0 0 &<0

This way a single expression is used for the plastic multiplier neglecting the need for a piece
wise approach for the domains of the Kuhn-Tucker condition.
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i=HH, C+£MJT[D]6®({G}) {&D({U})]T[D]{é} 25)

o{o} o{o}

The Heaviside functions are smoothed according to the following relations [3!:

n

=2

1

. H,=05+05sign({z}' {c}) (26)

0

Finally substituting the plastic multiplier into equation (21) the following relation can be ob-
tained relating stress and strain rates:

tor=[E]i&)
” @27)

(0.5+0.55ign({2)" {o}))[R]

[EJ[D{[I]—;%

0

This tangent elasticity modulus can now be incorporated in the MPM framework in relation
(16) and the updated stresses can be calculated using the explicit scheme.

4 NUMERICAL EXAMPLES

4.1 Cantilever beam

In this example a cantilever beam subject to a point load on its free end is analyzed. The
material is steel with E=2/0GPa, v=0.3 and s,=240MPa. The beam has a length of /m and a
height of 0./m while its width is 0.05m. The material point discretization is shown in Figure 2.
For the beam discretization 360 material points were used. The load is applied gradually over
time in order to simulate a quasi-static conditions. The force-displacement diagram of the free
end of the beam are presented in Figure 3 and are compared with results from Finite Element
codes. Finally, the Von Mises stresses are presented in Figure 4. Results are in good agree-
ment and the hysteretic MPM model can accurately predict both the displacement history of
the beam as well as its stress state.

Figure 2: MPM discretization of cantilever beam with 360 material points.

3813



Christos D. Sofianos, Vlasis K. Koumousis
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Figure 3: Force-displacement diagrams at the free end.
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Figure 4: Von Mises stresses.

4.2 Dynamic load cantilever beam

For this second example another cantilever beam is considered with dimensions 1x0.2m.
The beam thickness is 0.02m. Material is steel S235 and 5% hardening is considered. The
beam is loaded at its free end with a sinusoidal load of 75kN. In Figure 5 the history of the
displacement of the free end of the beam is presented and compared with results from ANSYS
Finite Element code. Plastic regions were developed in the support of the beam. Results are in
good agreement verifying the proposed formulation in quasi-static and dynamic conditions.
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Figure 5: Free end displacement history.

S CONCLUSIONS

e The Material Point Method is used in an explicit formulation to model dynamic or quasi-
static loadings accounting for the inelastic behavior.
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An hysteretic model has been presented for nonlinear analysis that accounts for smooth
transition from the elastic to the inelastic regime.

The hysteretic model has been efficiently incorporated into the MPM framework by
modifying the tangent modulus of elasticity.

High order cubic B-Splines have been used to minimize the grid crossing error and im-
prove the accuracy of the MPM method.

Numerical examples are compared with existing finite element codes and verify the pro-
posed model ability to simulate hysteretic phenomena in the framework of MPM.
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