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Abstract. The standard explicit time scheme (e.g. the central difference method) in finite

element analysis is not able to keep accuracy of stress distribution through meshes with different

local Courant numbers for each finite element. Therefore in this paper, we suggest and test

a two-time step explicit scheme with local time stepping for direct time integration in finite

element analysis of wave propagation in heterogeneous solids. The nominated two-time step

scheme with the diagonal mass matrix is based on the modification of the central difference

method with pullback interpolation and local time stepping. It means that we integrate stress

situation on each finite element with local stable time step size. With local time stepping, it

is possible to track more accurately a movement of wavefronts for finite element meshes with

different local Courant numbers. We present numerical examples of one-dimensional wave

propagation in layered and graded elastic bars under shock loading. Based on numerical tests,

the presented time scheme is able to eliminate spurious oscillations in stress distribution in

numerical modelling of shock wave propagation in heterogeneous materials.
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1 INTRODUCTION

Nowadays, in industrial and engineering applications, number of usages of functionally
graded materials (FGM) and materials made of additive manufacturing technology grows up.
The reason is that manufacturing processes and tools are available and financially attractive for
a wider range of users. Generally, functionally graded materials and materials of light-weight
optimized structures offer many advantages in real problems in comparison with conventional
materials [1].

In this paper, we focus only on numerical solution of wave propagation in an elastic hetero-
geneous bar and on accuracy analysis of a nominated explicit scheme in finite element analysis.
Wave propagation in functionally graded materials has been analyzed in [2]. Advanced mod-
elling technique of such heterogeneous materials based on the finite volume method has been
published in [3]. As we know, the standard explicit time scheme (e.g. the central difference
method) in finite element analysis is not able to keep accuracy of stress distribution through
meshes with different local Courant numbers for each finite element [4]. The reason is that
the smallest local time step size dictates the stability limit and at the place with substantially
different time step sizes, the wavefront movement is polluted by dispersion errors of the finite
element method (FEM) [5]. Therefore, it is necessary to develop a scheme respecting differ-
ent wave speeds, mesh sizes and local critical time step sizes. This phenomenon means a big
trouble for numerical methods, because wave speed affects stability limit for explicit schemes.
Several numerical approaches for elimination of spurious oscillations in heterogeneous media
have been developed, as the Park method [4, 6] based on pullback interpolation or the Idesman
method based on post-processing filtering [7].

2 AN EXPLICIT TIME SCHEME WITH LOCAL TIME STEPPING:
ONE DIMENSIONAL CASE

In this Section, we present a time scheme with local time stepping for modelling of one-
dimensional wave propagation in heterogeneous solids. The finite element method [8] based
on the Galerkin approximation method with linear shape functions is used. Further, the global
mass matrix of lumped type M and stiffness matrix K are defined also with Dirichlet boundary
conditions and external loading vector f(t) for each time t 2 [0, T

end

]. We use the linear
theory of elastodynamics [9], therefore the stiffness and mass matrices do not change during
computation process. Elemental quantities are marked by the subscript e. The nodal elemental
displacement vector for the e-th element is marked as u

e

against the global nodal displacement
vector marked u.

Let’s assume that we know displacement, velocity and acceleration nodal vectors at the
time t

n: un, vn, and an, respectively. We estimate the stable time step size �t as �t =
↵

s

min(h
e

/c

e

), where ↵

s

is the safety parameter in the range (0, 9], h
e

is the length of the e-th
finite element, c

e

is the wave speed of the e-th finite element of bar type. In one-dimensional
linear theory of wave propagation in solids, the wave speed at the position x is defined as
c(x) =

p
E(x)/⇢(x), where E is the Young’s modulus and ⇢ marks the mass density.

The nominated numerical method for wave propagation in heterogeneous materials is based
on the algorithm presented by Park in [4, 6]. This scheme has been reformulated into the
two-time step scheme in [10]. The used time stepping process is consisted of following two
computational steps for the predictor-corrector form for numerically elimination of spurious
stress oscillations close to wavefront and dispersive properties of the finite element method [5]
as follows:
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STEP 1. Pull-back integration with local stepping:
1a) Integration by the central difference scheme with the local (elemental) critical time step

size �t

cr

e

for each finite element at the time t

n+cr = t

n +�t

cr

e

(un+cr

fs

)
e

= un

e

+�t

cr

e

vn

e

+
1

2
(�t

cr

e

)2an

e

(1)

(an+cr

fs

)
e

= (M
e

)-1 ⇥fn+cr

e

�K
e

(un+cr

fs

)
e

⇤
(2)

The elemental critical time step size �t

cr

e

is set as �t

cr

e

= h

e

/c

e

or �t

cr

e

= 2/!e

max

, where
!

e

max

is the maximum eigen-angular velocity for the e-th separate finite element.
1b) Pull-back interpolation of local nodal displacement vectors at the time t

n+1 = t

n + �t

with ↵ = �t/�t

cr

e

, �1(↵) =
1
6↵

�
1 + 3↵� ↵

2
�
, �2(↵) =

1
6↵

�
↵

2 � 1
�

(un+1
fs

)
e

= un

e

+�t

cr

e

vn

e

+ (�t

cr

e

)2�1a
n

e

+ (�t

cr

e

)2�2(a
n+cr

fs

)
e

(3)

1c) Assembling of local contributions of displacement vector from Step 1b.

un+1
fs

= L(un+1
fs

)
e

(4)

where L is the assembly Boolean matrix.

STEP 2. Push-forward integration with averaging:
2a) Push-forward predictor of displacement vector at the time t

n+1 = t

n +�t by the central
difference scheme with the time step size �t.

un+1
cd

= un +�tvn +
1

2
�t

2an (5)

2b) Averaging of the total displacement vectors at the time t

n+1 = t

n + �t form Steps 1c
and 2a for given ✓ = [0, 1].

un+1 = ✓un+1
fs

+ (1� ✓)un+1
cd

(6)

2c) Evaluation of acceleration and velocity nodal vectors at the time t

n+1 = t

n +�t.

an+1 = (M)-1 ⇥f(tn+1)�Kun+1
⇤

(7)

vn+1 = vn +
1

2
(an + an+1) (8)

In the following text, we use the averaging parameter as ✓ = 0.5.

3 NUMERICAL TESTS

We present results of two numerical tests: elastic wave propagation in layered and graded
bars under shock loading. Stress distributions are obtained by the presented explicit scheme
with and without local stepping based on the Park method, and they are compared with results
given by the central difference method.
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Figure 1: A scheme of a free-fixed layered elastic bar under shock loading.

3.1 Wave propagation in layered bar

In this Section, results of numerical solution of wave propagation problem in a layered elastic
bar, see Fig. 1, are shown. The bar is consisted of twelve layers with the same lengths, which
occur in turn repeatedly as depicted in Fig. 1.

Geometrical and material parameters of the task are set as: the domain length L = 2 m,
the cross-section A = 1m2, Young’s modulus corresponding to Material 1 and Material 2 are
as E1 = 16 Pa, E2 = 1 Pa, the mass density ⇢1 = ⇢2 = 1 kg/m

3 and the amplitude of
impact pressure �0 = 1 Pa, thus the applied force is F = 1 N. We use computational mesh
with NNE = 240 uniform finite elements with length h = L/NNE = 0.008333 m. Time
duration of the loading is takes as T0 = 0.25 s and final time of computations is set as T

end

=
1.2 s. The critical time step sizes for finite elements of Material 1 and Material 2 are given as
�t

MAT1
cr

= h/c1 ⇡ 0.0021 s and �t

MAT2
cr

= h/c2 ⇡ 0.0083 s, respectively. In that case, the
value �t

MAT1
cr

dictates the global stability limit so we set the time step size for both tests as
�t = 0.5�t

MAT1
cr

⇡ 0.0010 s.
In Fig. 2, the stress distributions for wave propagation in the layered bar at the time t =

1.2 s are shown. Here one can see results given by the central difference method, the Park
method with and without local time stepping. The results are computed for �t = 0.5�t

cr,
where �t

cr is the global critical time step size. Based on comparison of the stress distributions
along the bar, we can say that the local stepping in direct time integration is able to eliminated
spurious oscillations, which are evident in stress distributions given by the central difference
method and the original Park method without local time stepping. The cardinal improvement
and elimination of stress spurious oscillations in the bar are observed in parts with higher wave
speeds, because in that place, the wavefront movement is integrated with smaller time step size
and the results are polluted by dispersion errors.

3.2 Wave propagation in graded bar with linear distribution of elastic modulus

In this Section, results of numerical solution of wave propagation problem in a graded elastic
bar, see Fig. 3, are presented. The elastic modulus of a bar is linearly distributed along the bar,
where E1 = 16 Pa and E2 = 1 Pa and the total computational time was set as T

end

= 0.75 s.
The rest of parameters of the test are the same as in the previous test for a layered bar.

In this test, also the presented explicit scheme with local time stepping produces results
without spurious oscillations, only but only small cusps on the corners of stress discontinuities
can be observed, see Fig. 4. Further, the improvement of stress spurious oscillations is evident
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(a)

(b) (c)

Figure 2: Stress distributions in a layered elastic bar under shock loading obtained by a) the central difference
method, b) the Park method without local stepping, c) the Park method with local stepping.

with comparison of the scheme with and without local stepping, because the nominated local
stepping process respects local critical time step size at each material point.

4 CONCLUSIONS

In this paper, we have tested the two-time step explicit scheme based on pullback interpo-
lation with local stepping for accurate tracking of elastic waves in heterogeneous media. The
layered and graded bar tests have showed accuracy of the presented scheme. The scheme is able
to eliminate spurious oscillations in numerical modelling of wave propagation problems against
explicit time integration schemes without local time stepping. In the future, we will focus on
extension the presented scheme for wave modelling in multidimensional domains.
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Figure 3: A scheme of a free-fixed graded elastic bar under shock loading.

(a)

(b) (c)

Figure 4: Stress distributions in a graded elastic bar under shock loading obtained by a) the central difference
method, b) the Park method without local stepping, c) the Park method with local stepping.
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