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Abstract.

Pentamode lattices are particular metamaterials belonging to the class of extremal materials,
which feature a primitive unit cell equipped with four rods meeting at a point. The potential of
confined pentamode lattices in different engineering fields, such as, e.g., structural
engineering, has not been largely explored yet. In this area, what is particularly interesting is
the confinement of pentamode structural “crystals” between stiffening plates for the design of
novel impact or seismic protection devices. Such a research line has recently appeared in the
literature, with the aim of developing performance-based, vibration-isolation devices. The
present study makes use of discrete-to-continuum approaches to the elastic moduli of
pentamode lattices, and investigates the feasibility of pentamode structures as innovative
anti-seismic devices. Experimental results and analytic formulae are employed to understand
the mechanics of pentamode structures equipped with rigid and hinged connections, and the
role played by design variables characterizing the aspect ratio of the structure and the
response of the junctions. The final part of the work deals with the design of pentamode
bearings that feature stiffness and strength properties similar to those of a commercial rubber
bearing available on the market for the seismic isolation of buildings and bridges.
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1. INTRODUCTION

Pentamode lattices are mechanical metamaterials that exhibit the minimal coordination
number required to achieve a fully positive definite elasticity tensor in three dimensions [1]-
[11]. The peculiar mechanical behavior of pentamode lattices motivates researchers to
investigate their use in transformation acoustics and elasto-mechanical cloak [6]. Their
potential in different engineering fields, such as, e.g., structural engineering, has not been
largely explored yet. In this area, what is particularly interesting is the use of pentamode
structural “crystals” for the design of novel impact or seismic protection devices. Such a
research line has recently appeared in the literature, with the aim of developing performance-
based, vibration-isolation devices [8]-[11]. The results obtained so far in this field have shown
several analogies between the mechanics of confined pentamode lattices [8]-[11] and that of
elastomeric and triple friction pendulum bearings [12]- [25].

The present study aims at developing discrete-to-continuum approaches to the elastic
moduli of pentamode lattices, and investigating the feasibility of pentamode structures as
innovative anti-seismic devices. Our approach combines experimental results and analytic
formulae to understand the mechanics of pentamode structures equipped with rigid
connections, and the role played by design variables characterizing the aspect ratio of the
structure and the response of the junctions. We begin with an experimental of the mechanical
theory presented in [3] by comparing the theoretical previsions of such a theory with
experimental results examining the mechanical response of additively manufactured, physical
models of confined pentamode lattices [8]. We then pass to examine the response of
computational models of pentamode bearings in the small strain regime, on comparing such a
response with that of a commercial rubber bearing. We end by reviewing of the main results
of the present study and drawing directions of future research.

2. COMPARISON BETWEEN THEORETICAL AND EXPERIMENTAL
MODULI OF CONFINED PENTAMODE LATTICES

We present an experimental validation of the theoretical predictions of the pentamode
elastic moduli given in Ref. [3] against experimental values obtained through quasi-static
laboratory tests on physical samples of pentamode structures. The latter were additively
manufactured through Electron Beam Melting (EBM), as described in Ref. [8]. Such samples

are made of a Ti-6Al-4V titanium alloy featuring mass density p, = 4.42 g/cm’; yield
strength o, = 910 MPa; Young’s modulus £,= 120 GPa; and Poisson’s ratio v, = 0.342.
0

Let n,,n, and n, respectively denote the number of unit cells placed along the x, y and z

axes in the generic layer, with the z -axis placed in the vertical direction.

The experimental validation presented in the current section relates experimental and
numerical values of vertical and horizontal stiffness properties of single-layer pentamode
lattices featuring thick and slender macroscopic aspect ratios. The analyzed lattices are
composed of two fcc unit cells in the horizontal plane (n, =n, =n, =2) and varying number

of unit cells along quasi the z -axis. Following the notation given in Ref. [8], we hereafter
name TPM the systems featuring n =n_ =2 (“thick pentamode materials”), and SPM

systems featuring n_ =4 (“slender pentamode materials”). For each of such systems, we

analyze physical samples featuring different values of d (d, .d,,d;) and fixed values of a
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and D, as shown in Table 1. We use the label i to denote the SPM /TMP sample featuring
d=d.,.

a D d/ dz d3
[mm] | [mm] | [mm] | [mm] | [mm]
Builtsize | 30 | 2.72 ‘ 0.49 ‘ 1.04 | 1.43
(CAD size) | (30) | (2.71) | (0.45) | (0.90) | (1.35)

Table 1. Geometrical properties of physical samples of confined fcc pentamode lattices.

Table 2 shows the mean values and standard deviations of the experimental values of the

secant horizontal stiffness K, ,, which were obtained for the above specimens under the

analyzed values of the vertical load F,. Such a quantity was defined as follows

A

||

(1)

where the symbols + and — denote the maximum and minimum values, respectively, of the
lateral force and the lateral displacement recorded during the shear tests presented in [8]. The
results in Table 3 include the effective shear modulus defined as follows

H
G =Ko v (2)

where H denotes the height of the specimen, and 4 =2ax2a denotes the lattice covered area
of the terminal plates. The effective modulus G, is compared with the theoretical shear
modulus G, obtained through the scale-bridgeing theory presented in Ref. [3]. The results in
Figure 2 and Table 2 highlight a marked increase of K, , with increasing values of d/a,
which follows by the increase in the bending rigidity of the lattice for growing sizes of the
nodal junctions. Table 2 also shows a small dispersion of X, , with the vertical load F, in

the small displacement regime. We observe that G,

explained by the stiffening effect of the terminal plates in the physical models of pentamode
lattices. Concerning SPM systems, the difference between G, and G, is equal to 35.62% in

SPM1, 26.91% in SPM2 and 27.02% in SPM3. For what instead concerns TPM systems, the
difference between G, and G, is equal to 6.18% in TPM1, 389.7% in TPM2 and 226.67%

in TPM3.

is always larger than G, , which is

The experimental results given in Ref. [8] include vertical force ( F, ) vs. vertical
displacement (5, ) tests, on considering one specimen for each examined d/a ratio, and
applying incremental weights on top of the specimens in quasi-static conditions (no lateral

displacements were applied during such tests). We let K, , denote the effective stiffness

defined as follows
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Fmax
K, = 3
’ﬂ é‘:ﬂﬁx ( )

where F™ denotes the maximum applied vertical load and 6™ denotes the corresponding
vertical displacement. Table 2 shows the experimental values of the secant stiffness K,

obtained for SPM and TPM specimens, and the values of the effective Young’s modulus
defined as follows

h
-K .= 4
eff v,eff A ( )

E
The experimental moduli (4) are compared in Table 2 with the theoretical moduli £, obtained
through the mechanical theory presented in in Ref. [3]. Comparing results in Table 2 for SPM
systems we observe that E,, assumes values very similar to G, and that £, is markedly
greater than E,, especially in presence of low d/a ratios. The difference between E . and

E, 1s indeed equal to 85.82% in SPM1, 37.67% in SPM2 and 1.72% in SPM3, and is again
explained by the presence of the terminal plates (as in the case of the increase of G, /G,,) . It
is interesting to note that both the G, /G, and E,, /E
values of the d/a ratio. Concerning TPM systems, we note that the difference between E,

and E, i1s indeed equal to 1.75% in TPMI, 1505.93% in TPM2 and 810.18% in TPM3.

Overall, we are led to conclude that the elastic response of confined pentamode lattices is
rather different from that of the unconfined pentamode lattices analyzed in Ref. [3], due to the
marked confinement effect played by the stiffening plates against the deformation of the
structure.

., ratios decrease with increasing

SPM1 | sSPM2 | sPM3 | TPM1 | TPM2 | TPM3
K H(lsetzn 202 | 1323 | 3073 | 13.1 | 6267 | 115.54
hoell Dev) (0.20) | (0.24) | (0.60) | (-0.12) | (-0.27) | (-0.66)
Gy 70.43 44;"7 10313'0 222.03 | 1061.89 | 1957.76
G, 4534 3275'0 072.84 | 4534 | 32507 | 972.84
K, 1555 | 9522 | 29581 | 43 | 175.03 | 470.5
E, 322’0 5252’6 994,25 | 728.61 | 2965.27 | 7963.88
E, 4537 325'7 977.14 | 4537 | 325.79 | 977.14

Table 2. Experimental values of the effective values of the horizontal stiffness K heff (N/mm); the shear

modulus G off (kPa); the vertical stiffness K vieff (N/mm), and the Young modulus Eeﬁ (kPa) of SPM and

TPM specimens. G, and E,, denote the theoretical values of the shear modulus and Young modulus obtained
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3. ENGINEERING APPLICATIONS OF PENTAMODE BEARINGS

The present section aims at investigating the use of pentamode lattices as next-generation
seismic isolators. According to the European Standard EN 15129 [21], a seismic isolator is a
“device possessing the characteristics needed for seismic isolation, namely, the ability to
support a gravity load of superstructure, and the ability to accommodate lateral
displacements”. Our current goal is to compare the mechanical response of computational
models of pentamode lattices with that of a commercial rubber bearing with diameter

@33.5"(0.8509m) and height 13.85" (0.3518m), which is composed of 29 rubber layers of

7mm each; 28 steel shims (spacers) of 3.04mm each; two terminal rubber layers of
31.8mmeach and covers, without lead plug (isolator Type E [RB-800] produced by Dynamic
Isolation Systems, Inc, McCarran, NV, USA).

As we have already observed, the multiscale approach to the elastic moduli of pentamode
lattices presented in Ref. [3] is not accurate in predicting the elastic response of confined
pentamode lattices, since it ignores the confinement effect played by the stiffening plates. In
consideration of this, we now make use of the theory presented in Ref. [10] to design
pentamode bearings that are equipped with hinged (stretching-dominated regime), and are
obtained by repeating in the 3D space a sub-lattice of the fcc unit cell characterizing ordinary
pentamode lattices. The latter is formed by two primitive cells, in place of the four primitive
unite cells forming the fcc cell (sfce pentamode lattices, cf. Fig. 1 of Ref. [10]).

We aim at showing that it is possible to design sfcc pentamode bearings equipped with hinged
connections that feature the same vertical stiffness K,, of the commercial rubber bearing under
consideration. We focus our attention on a square multi-layer pentamode bearing with edge
length L, which is formed by n,6xn, sfcc unit cells in the horizontal plane and n,layers,

denoting the solid volume fraction of the sfcc unit cell by ¢ . Making use of the design
formula given in Sect. 5 of Ref. [10], we obtain
2 Mg (5)
3 EyL n ¢p=K,
where Eo denotes the Young modulus of the rods. In order to avoid material yielding under
vertical loading, we also make use Eqn. (30) of Ref. [10] to predict the incremental axial
stress induced by an incremental vertical displacement w of the device from the reference
configuration, which corresponds to an incremental vertical displacement of the generic layer
equal to w/n,. By setting such an incremental stress equal to fya, where f, denotes the
yielding stress of the material and a denotes a safety factor, we obtain the second design
formula that follows

2w (6)
§Eﬁnaa—fy“

Upon solving the above design formulae (5) and (6) for n, and ¢, we obtain

_ 3afyn,L 3K,w

B = = 7
e = W AR @
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Let us now employ steel bars grade S335JH, with Young modulus E, = 210 GPa and yield
strength f, = 355 MPa [27][28], and let us assume L = 600 mm, w = 1.00 mm, a« = 0.5,
and and K, = 733 kN/mm. Table 5 and Figure 5 illustrate different designs of sfcc
pentamode bearings that correspond to such a set of design parameters, and exhibit different
numbers of layers n,. It is seen that the bilayer pentamode bearing of design (c) exhibits
horizontal and vertical dimensions rather similar to those of the commercial bearing under
consideration.

a H
" a [mm] [mm]
(a) 3 2 300 450
(b) 4 3 200 400
(c) 2 2 300 300

Table 3. Geometrical properties of square sfcc pentamode bearings
replicating a commercial rubber bearing.

RKKXKKK
RKKIKKK
RKKXKKK

(2) (b)

(©) (d)

Figure 1. Designs of sfcc pentamode bearings (a, b, c) that exhibit equal vertical stiffness and load-carrying
capacity of a commercial rubber-bearing (d).

4. CONCLUDING REMARKS

We have presented novel versions of pentamode materials: artificial structural crystals
showing shear moduli markedly smaller than the bulk modulus [3]-[5]. On examining fcc
pentamode bearings equipped with rigid connections of variable size and geometry, we have
observed that the bulk modulus of such systems is always larger than the shear modulus. The
validation of theoretical predictions of the elastic moduli of such systems against the
experimental data presented in Sect. 3 highlighted that the elastic response of confined
pentamode lattices is rather different from that of the unconfined pentamode lattices analyzed
in Ref. [3], due to the marked confinement effect played by the stiffening plates against the
deformation of the structure.

As we already noticed, the ability of pentamode lattices to show very soft and very stiff
deformation modes, which has been recognized both in the bending- [9] and in the strecthing-
dominated [10] regimes of such structures, suggests they are potentially suitable for use as
seismic isolators [8][9][29][30]. The major analogy between the mechanics of confined
pentamode lattices and that of seismic isolation devices alternating rubber layers and
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stiffening plates [8][11][15] consists of the fact that, in both cases, the plates forming such
laminated structures stiffen the compressive deformation mode of the system, and, at the same
time, keep its compliance against shear actions sufficiently large.

Unlike most other seismic isolators, where the response depends entirely on the properties
of the materials used, we wish to remark the response of pentamode lattices depends mostly
on their geometry. This is advantageous, as their response can be easily tuned by altering the
geometry to control the vertical and horizontal stiffness for each application [8]. As a matter
of fact, by simulating the mechanical response of physical models of sfcc systems in the large
elastic strain regime, it has been observed a stiffening effect in terms of the lateral force vs.
lateral displacement response with increasing amplitude of lateral displacements (cf. Ref.
[11]). It is worth noting that a similar hardening response is a desirable performance for
seismic isolators potentially experiencing large displacements, like, e.g., triple pendulum
bearings [18][19]. In addition, pentamode bearings are tension-capable, i.e., can bear both
compression and tension vertical loads during seismic excitations, due to the nonzero tensile
strength of the rods forming the pentamode lattices (refer, e.g., to the recent paper [17], and
references therein, for the technical relevance of tension-capable bearings).

In Sect. 3 we have designed innovative seismic isolators based on either fcc or sfcc
pentamode lattices confined between stiffening plates. The soft modes of such materials have
been controlled by tuning of the mechanical properties and the geometry of members and
junctions. We have shown that such novel isolators can exhibit mechanical response similar
to that of conventional rubber bearings, provided that the material and the geometry of the
lattice are suitably designed.

We may conclude that pentamode bearings offer several potential advantages over
traditional structural bearings [16]-[18], which essentially follow from the fact that the
mechanical properties of such systems are driven by the geometry of the lattice microstructure,
more than the chemical composition of the material (i.e, such systems behave as mechanical
metamaterials). It is worth noting that it is possible to play with the lattice microstructure in
order to achieve the desired combination of shear and compression moduli. Additionally, the
choice of the material offers additional design opportunities, both in terms of the elastic
response, and for what concerns the energy dissipation properties of the system (cf. Ref.[8]).
We have also observed that it is possible to design laminated structures that feature multiple
pentamode layers equipped with different materials and properties, while in laminated rubber
the only lamination variable relative to the soft layers consists of the use of natural or
synthetic rubber (Sect. 3) [31]-[33]. Finally, pentamode bearings can be manufactured on
employing rapid prototyping techniques that make use of single or multiple materials (metals,
polymers, etc.) [31]-[36].

Future extension of the present research will regard experimental testing of real-scale
physical models of pentamode bearings [38]; the modeling of facture damage in the rods of
pentamode bearings under stress [39]; discrete-to-continuum approaches to the mechanics of
multilayered structures [67]-[69]; and the use of pentamode lattices within innovative
materials and structures [70]-[71].
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