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Abstract. A novel passive vibration isolation and damping concept is implemented to wind 
turbine towers in order to minimize their response, under wind or seismic loads. This concept, 
called KDamper, constitutes a combination of the classic Tunned Mass Damper isolation sys-
tem (TMD) with negative stiffness elements. The formulation of the linear and non-liner dy-
namic problem is a prerequisite. A parametric study is performed to determine the optimal 
parameters of the KDamper which degradate the response. For this scope, the calculation 
process of the aerodynamic load that exerts along the tower of the wind turbine is described. 
A comparison with a non-isolated wind turbine, as long as with a TMD isolated wind turbine 
indicates that KDamper is a promising isolation system, offering numerous advantages, such 
as increased damping and simple technological implementations.   
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1 INTRODUCTION 
As wind power continues its rapid growth worldwide, wind farms are likely to comprise a 

significant portion of the total production of wind energy, and may even become a sizable 
contributor to the total electricity production in some countries. The high quality wind re-
source and the proximity to load centers make wind energy a compelling proposition. A criti-
cal factor in the design of wind turbines is their dynamic response, due to wind loads and 
seismic excitations. A way to extend the feasibility of the wind turbine towers is by means of 
structural control, in which external devises are installed in order to reduce the dynamic re-
sponse. For structural control of fixed wind turbines, resonant damping is the concept most 
widely used by the industry, and it is also the damping concept that has received the most at-
tention in the literature. Installation of a resonant damper like a Tuned Mass Damper (TMD) 
have been shown to degradate the response of the wind turbine. In order to be effective, a res-
onant damper like a TMD should be installed where the absolute motion of the targeted vibra-
tion mode is large, wich is at the top of the tower or inside the nacelle.  

The Tuned Mass Damper (TMD) has a long history, already more than 100 years. The 
TMD concept was first applied by (Frahm, 1909 [8]). A theory for the TMD was presented 
later in the paper by (Ormondroyd and Den Hartog, 1928 [16]) . A detailed discussion of op-
timal tuning and damping parameters appears in (Den Hartog, 1956 [5]). Since then, numer-
ous applications of various forms of TMDs have been reported. Some recent examples 
include vibration absorption in seismic or other forms of excitation of structures (Debnath et 
al., 2015 [4]), wind and wave excitation in wind turbines by and torsional vibrations in rotat-
ing and reciprocating machines by (Mayet and Ulbrich, 2015 [14]). TMDs are available in 
various physical forms, including solids, liquids, or even active implementations (Younespour 
and Ghaffarzadeh, 2015 [22]). The essential limitation of the TMD is that a large oscillating 
mass is required in order to achieve significant vibration reduction. Among others, this has 
prohibited the usage of TMDs in the automotive or aerospace sector. 

A parallel direction to the various TMD approaches is the concept of introducing negative 
stiffness elements (or ’anti-springs’) for vibration isolation. This concept has also a long his-
tory, being first introduced in the pioneering publication of (Molyneaux, 1957 [15]), as well 
as in the milestone developments of (Platus, 1999 [17]). The central concept of these ap-
proaches is to significantly reduce the stiffness of the isolator and consequently to reduce the 
natural frequency of the system even at almost zero levels (Carella et al., 2007 [2]), being thus 
called “Quazi Zero Stiffness” (QZS) oscillators. In this way, the transmissibility of the system 
for all operating frequencies above the natural frequency is reduced, resulting to enhanced 
vibration isolation. An initial comprehensive review of such designs can be found in (Ibrahim, 
2008 [10]). However, Quazi Zero Stiffness (QZS) oscillators suffer from their fundamental 
requirement for a drastic reduction of the stiffness of the structure almost to negligible levels, 
which limits the static load capacity of such structures. 

A novel passive vibration isolation and damping concept, KDamper is proposed in Antoni-
adis et al. [1] incorporating negative stiffness elements in the classical Tuned Mass Damper 
isolation system (TMD), which can exhibit extraordinary damping properties, without pre-
senting the drawbacks of the traditional linear oscillator, or of the ’zero-stiffness’ designs. 
This oscillator is designed to present the same overall (static) stiffness as a traditional refer-
ence original oscillator. However, it differs both from the original SDoF oscillator, as well as 
from the known negative stiffness oscillators, by appropriately redistributing the individual 
stiffness elements and by reallocating the damping. The KDamper always indicates better iso-
lation properties than a TMD damper with the same additional mass. Instead of increasing the 
additional mass, the vibration isolation capability of the KDamper can be increased by in-
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creasing the value of the negative stiffness element. Although the proposed oscillator incorpo-
rates a negative stiffness element, it is designed to be both statically and dynamically stable. 
Once such a system is designed according to the approach proposed in (Antoniadis et al., 
2015 [1]), it is shown to exhibit an extraordinary damping behaviour. 

2 GENERAL CONCEPT FOR LINEAR DAMPERS 
Figure 1 presents the basic layout of the fundamental vibration isolation and damping con-

cepts to be considered. They are all designed to minimize the response x(t) of an undamped 
SDoF system of mass m and static stiffness k of to a base excitation of xG(t). 

The concept of the QZS oscillator, presented in Figure 1.a, is to add a negative stiffness el-
ement kN in parallel to the original stiffness k of the system, so that the overall stiffness of the 
system becomes lower than the original stiffness of the system.         
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Figure 1: Schematic presentation of the considered vibration absorption concepts (a) Quasi-Zero Stiffness (QZS) 
oscillator, (b) Tunned Mass Damper(TMD), (c) KDamper. 

However, this limits the static loading capacity of the structure, which may result to un-
solvable problems, especially for vertical vibration isolation.  

Figure 1.c presents the fundamental concept of the KDamper. Similarly to the QZS oscilla-
tor, it uses a negative stiffness element kN. However, contrary to the QZS oscillator, the first 
basic requirement of the KDamper is that the overall static stiffness of the system is main-
tained: 

 k
kk
kkk

NP

NP
R  

�
� (1) 

In this way, the KDamper can overcome the fundamental disadvantage of the QZS oscilla-
tor. Compared to the TMD damper, the KDamper uses an additional negative stiffness ele-
ment kN, which connects the additional mass also to the base. Thus, the equation of motion of 
the KDamper becomes: 

GDSPSRDSDS mauukukuucum � ����� )()( ����       (2) 

GDDNDSPDSDDD amukuukuucum � ����� )()( ���� (3) 

or equivalently: 
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GDDNDDSRS ammukumukum )( �� ��� ���� (4) 

GDDNDSPDSDDD amukuukuucum � ����� )()( ���� (5) 

Assuming a harmonic excitation in the form of: 

)exp()( tjAta GG Z (6) 

and a steady state response of: 

)exp(~)( tjUtu SS Z (7) 

)exp(~)( tjUtu DD Z (8) 

the equations of motion (Eq. 4-5) of the TMD become: 

GDSPSRDSDS mAUUkUkUUcjUm � ������ )~~(~)~~(~2 ZZ (9) 

GDDNDSPDSDDD AmUkUUkUUcjUm � ������
~)~~()~~(~2 ZZ (10) 

or equivalently: 

GDDNDSRS AmmUkUmUkUm )(~~~~ 22 �� ���� ZZ (11) 

GDDNDSPDSDDD AmUkUUkUUcjUm � ������
~)~~()~~(~2 ZZ (12) 

A careful examination of Eq. (11-12) reveals that the amplitude FMD of the inertia force of 
the additional mass and the amplitude FN  of the negative stiffness force: 

DDMD UmF ~2Z� (13) 

0~
d DNN UkF (14) 

are exactly in phase, due to the negative value of kN. Thus, the KDamper essentially consists 
an indirect approach to increase the inertia effect of the additional mass mD without however 
increasing directly the mass mD itself. Moreover, it should be noticed that the value of FMD
depends on the frequency, while the value of FN is constant in the entire frequency range, a 
fact which is of importance for low frequency vibration isolation. 

3 THEORY AND MODELING 
The wind turbine tower is modeled as an assemblage of beam elements with sway degrees 

of freedom considered to be the dynamic degrees of freedom. The theoretical development is 
based on the assumption that the cross-sectional dimension within the element remains the 
same, i.e. prismatic beam element. Additional assumptions made for the analytical formula-
tion are: (i) the wind turbine tower is considered to remain within the elastic limit under the 
earthquake excitation and/or the aerodynamic loads; (ii) the system is subjected to a single 
horizontal (uni-directional) component of the earthquake ground motion; and (iii) the effects 
of soil-structure-interaction (SSI) are not taken into consideration. 

3.1 Mathematical modeling of wind turbine tower 
Figure 2(a–f) shows the lumped mass model of the wind turbine tower, placement of the 

TMDs and the KDamper and the degrees of freedom considered in the study. The governing 
equations of motion for the wind turbine tower installed with the STMD at the top and in-
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stalled with the d-TMDs and the KDamper are obtained by considering the equilibrium of 
forces at the location of each degree of freedom as follows. 

> @^ ` > @^ ` > @^ ` > @^ `S S S S S S S gM x C x K x M r x� �  � (15) 

> @^ ` > @^ ` > @^ ` > @S S S S S SM x C x K x P� �  (16) 

where > @SM , > @SC  and > @SK   are the mass, damping, and stiffness matrices of the wind tur-

bine tower, respectively of order � � � �N n N n� u � . Here, N indicates degrees of freedom
(DOF) for the wind turbine tower and n indicates DOF for the STMD, 2TMDs or KDamper. 

Further, ^ ` ^ `1 2 3 1 1, x , x ,..., x , x ,X ,...,X T
S N N nx x � , ^ `sx  and ^ `sx  are the unknown relative 

nodal displacement, velocity, and acceleration vectors, respectively. The earthquake ground 
acceleration is represented by gx  and ^ `r  is the vector of influence coefficients. The modal
frequencies and mode shapes of the wind turbine tower without control systems are deter-
mined by solving the Eigen value problem. A TMD is placed where the mode shape ampli-
tude of the wind turbine tower is the largest/larger in a particular mode and is tuned to the 
corresponding modal frequency. Not more than one TMD is placed at a location, and the 
stiffness (ki) and damping (ci) parameters of the TMDs (i = 1. . .n) are calculated based on the 
modal frequencies. For the TMDs and the KDamper, the mass matrix is of order 
� � � �N n N n� u �  as follows:

> @
> @ > @
> @

0

0
N N N n N

S
nn N n n

M
M

m
u u

u u

ª º
« » 

ª º« »¬ ¼¬ ¼
                          (17) 

where > @N N N
M

u
shows the mass matrix for the chimney and > @n n n

m
u

 indicates the mass matrix 
of the TMDs. In Eq. (17), for obtaining mass matrix corresponding to the STMD n = 1 is con-
sidered. The condensed stiffness matrix > @N N N

K
u

 is corresponding to the sway degrees of 

freedom taken as the dynamic DOF. The damping matrix > @N N N
C

u
 is not explicitly known but 

is obtained with the help of the Rayleigh’s approach using same damping ratio in all modes. 
The stiffness matrix, > @N N N

K
u

and damping matrix,  > @N N N
C

u
are expressed corresponding to 

the degrees of freedom associated with the TMDs or the KDamper. For the wind turbine tow-
er installed with the STMD, 2TMDs or KDamper stiffness and damping are inputs in the ge-
neric stiffness matrix > @SK  and damping matrix > @SC  as follows. 

> @
> @ > @
> @ > @

> @ > @

> @ > @
( ) ( )

0

0 0

n nN N N nN N N N n
S

n N n n n nn N n n N n N n
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K K

u uu u

u u u u � u �

ª ºª º�ª º
« »« »« » �
« »« »« » �¬ ¼ ¬ ¼¬ ¼

                    (18) 

> @
> @ > @
> @ > @

> @ > @

> @ > @
( ) ( )

0

0 0

n nN N N nN N N N n
S

n N n n n nn N n n N n N n

C CC
C

C C

u uu u

u u u u � u �

ª ºª º�ª º
« »« »« » �
« »« »« » �¬ ¼ ¬ ¼¬ ¼

                     (19) 
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The coupled differential equations of motion (Eq. (15-16)) for the wind turbine tower in-
stalled with TMD(s) or KDamper are thus derived and solved using Newmark’s integration 
method. 

(a)                     (b)               (c)                   (d)                        (e)                       (f)  
Figure 2: Details of the wind turbine tower (a) with no-control, i.e. uncontrolled, (b) schematic diagram of 

TMD and section A-A, (c) lumped mass idealization for wind turbine tower installed with, (d) single TMD, (e) 2 
TMDs, and (f) KDamper. 

Figure 3: Modeshapes of wind turbine tower with fixed support. 
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3.2 Designing and placement of resonant dampers 

Test case 1: Uncontrolled wind turbine tower. 

Test case 2(a): Single TMD placed on top of wind turbine tower. 
The deciding criterion for the use of the single TMD is the control of the first modal re-

sponse. The frequency of the TMD is calculated as  

1

f Z
 
:

(20) 

Where the tuning frequency ratio is 1f  . Here, Z  and 1:  respectively are the frequency 
of the TMD and the first natural frequency of the wind turbine tower before controlling. The 
effectiveness of the TMD installed on a wind turbine tower depends on mass ratio, 

/t tm MP  , where tm  is the mass of the TMD, 
1

N

t i
i

M M
 

 ¦  is the mass of the wind turbine 

tower and iM  are the lumped masses of the wind turbine tower. 
The stiffness k  is used for adjusting the frequency of the TMD such that 

2k mZ (21) 

The damping c  of the TMD is calculated as follows 

2 Dc m] Z        (22) 

where D]  is the damping ratio of the TMD. 

Test case 2(b): Pendulum placed at the top of wind turbine tower. 
The procedure is the same with the single TMD placed on top of wind turbine tower, with 

the difference for the calculation of the stiffness Kpend  (Eq. (23)). 

cosT mg T  
sinxT T T 

2 4

cos sinx
u uT mg mg
L L

T T § · § ·  �¨ ¸ ¨ ¸
© ¹ © ¹

cos 1, sin / LuT T T T�� �  

, /x linearT mgu L 

Figure 4: Simple Pendulum assuming linear behavior. 
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/x
pend

TK mg L
u

w
  
w (23) 

Test case 3: 2TMDs placed according to the 2 first modal shapes. 
This time the goal is to control the first 2 modal responses of the wind turbine tower. The 

frequency of each TMD is calculated as: 

i
i

i

f Z
 
:

   i=1,2 (24) 

where all (i=1,2) tuning frequency ratios are, 1if  . Here, iZ  and i:  respectively are the 
frequencies of the TMD and natural frequencies of the wind turbine tower before controlling. 
The effectiveness of the TMD installed on a chimney depends on mass ratio, /t tm MP  , 

where 
2

1
t i

i
m m

 

 ¦  is te total mass of the TMDs,
1

N

t i
i

M M
 

 ¦ is the mass of the wind turbine

tower, im  and iM  are the lumped masses of the TMDs and wind turbine tower, respectively. 
Thus, the mass of the TMDs is calculated by t tm MP . The masses of the TMDs, 

1 2( , )im diag m m  are taken equal. Mass ( im ) used for each TMD unit is calculated as follows. 

2
t

i
mm     i=1,2 (25) 

 The stiffness (ki) is used for adjusting the frequency of each TMD unit such that 
2

i ik m LZ     i=1,2 (26) 

The damping ratio 1 2( )D] ] ]   of the TMDs is kept the same and the damping (c )i of 
the TMDs is calculated as follows. 

2i D i ic m] Z     i=1,2 (27)

Test case 4: Single KDamper placed on top of the wind turbine tower. 
The optimal design approach for the parameters of the KDamper controlling a single de-

gree of freedom system, follows exactly the corresponding steps as in Den Hartog (1956). The 
first step is for the user to define the parameters P  and N  as follows:  

D sm mP      (28) 

N

e N

k
k k

N  �
�

(29) 

where sm  is the system’s mass and Dm  is the additional mass of the KDamper, as shown in 
Figure 1.c. The mass ratio P , is selected arbitrarily. The bigger the value of P  and conse-
quently the value of Dm , the better the results of the system’s response. However, when ap-
plying to structures where the value of sm  is extremely big, an optimal choice between the 
desired effects on structure’s response and the ability to construct the device should be found. 

In terms of the parameterN , further explanation on how to choose the right value is given 
later in this paper. Once P  and N  are chosen, frequency ratio U  is defined as 
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D oU Z Z    (30) 

o o sk mZ             (31) 

D D Dk mZ   (32) 

where Dk  is equal to e Nk k�  for the KDamper. 
For each set of the parameters P , N  the optimum value of U  is 

� �, C BU UU N P  �        (33) 

Coefficients CU  and BU  are calculated according to Table 1 and Equations (34-37). 

A2i A0i B0i C2i C0i D2i D0i 
i=ρ 0 1+(1+κ)μ  0 -[1+(1+κ)2μ] 0 0 κ2μ 
i=ρ -1 0 1+μ -1 -1 -(1+μ) 1 

Table 1: Values of coefficients riA , riB , riC  and riD  for r = 2 or 0. 

� � � � � �0 20 2 00 2 00 0 20 0 20 2 00 20AB A D D A A D D A B C C B DU U U U U U Uª º � � � � �¬ ¼        (34) 

� � � �2 20 20 2 0 00 20 20 00 02 2BB A D A D B D A D B DU U U U U � � � � �                  (35) 

A BB B BU U U �        (36) 

� � � �00 20 20 00 00 20 20 20 20 00 002C A D A D B C D A D B DU  � � � �           (37) 

Consequently, the values of the KDamper’s parameters finally result as: 

2N
N

o

k
k

N NPU  � (38) 

� � 21e
e

o

k
k

N N PU  � (39) 

� � 21 1R
R

o

k
k

N N N PU  � � (40) 

D sm mP         (41) 

� �2D D e N Dc k k m] �   (42) 

The increase of the value of N  is upper limited by a value of maxN . As it is observed in 
Figure 5.a, when N  reaches maxN  the frequency ratio U  tends to infinity. However, increasing 
N  has a number of implications in the design of the KDamper. First, high stiffness values re-
sult, as presented in Figure 6. 
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Figure 5: Variation of the N  and P  KDamper parameters. (a) on the value of D oU Z Z . (b) on the static 
stability margin H . 
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Figure 6: Increase of the values of KDamper’s stiffness elements by increasing N . (a) NN , (b) eN , (c) RN .

Moreover, increasing the stiffness and especially Nk , may endanger the static stability of 
the system. Although Nk  is selected according to Eq. (29) to ensure the static stability, varia-
tions of Nk  result in practice due to various reasons, such as temperature variations, manufac-
turing tolerances, or non-linear behavior, since almost all negative stiffness designs result 
from unstable non-linear systems. Consequently, an increase of the absolute value of Nk  by a 
factor H  may lead to a new value of NLk  where the structure becomes unstable. 

� �0 1e NL R e
R NL N

e NL R e

k k k kk k k
k k k k

H�  �  �  �
� �

(43) 

Substitution of Eq. (38,39,40) into Eq. (43) leads to the following estimate for the static 
stability margin H  

� �2 2

1

1 1
H

N N PU
 

ª º� �« »¬ ¼

(44) 

Figure 5.b presents the variation of H  over N  and P . As it can be observed from Eq. (44) 
and Figure 5.b, the increase of the negative stiffness of the system is upper bounded by the 
static stability limit of the structure, where H  tends to zero. In practice, the value of maxN  can 
be calculated by a Goal Seek command with the condition that H  is equal to zero.  
In this paper due to the fact that the system does not consist of  a single degree of freedom, the 
parameters of the KDamper are  calculated numerically. 
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4 NUMERICAL STUDY ON WIND TURBINE TOWER 

A wind turbine tower of variable tubular cross section ( 8 22.1 10 /E kN m u , 
38.5 /tn mU  , 0.3Q  , 7 28.0769 10 /G kN m u , 120l m ) supporting the NREL baseline 

5-MW nacelle and rotor (3 blades of length 61.5blr m ) [18] is examined. The radius and the 
thickness of the tubular cross section vary linearly along the tower length according to the di-
mensions. In order to take into account the inertial forces applied by the mechanical parts (na-
celle, rotor and blades), an additional concentrated mass 403.22topm tn  [18] is added at the 
top of the tower. The tower is considered to be clamped at its base and is subjected to the 
seismic excitations of JMA(1995) and TABAS and to the time-dependent horizontal force 

( )NF t  at its top due to the wind.  

       (a)                                                                    (b) 

Figure 7: JMA(1995) (a) and TABAS (b) excitation motion accelerograms. 

Moreover, the force ( )NF t  can be obtained by the following relation 

21(r, t) ( ) ( )( ( ))
2

N air N blF C r c r V tU (45) 

where 3 31.225 10 /air tn mU � u  is the air density and ( )NC r  is the coefficient computed by 
the corresponding lift ( )LC r  and drag ( )DC r  coefficients. The values of the latter coefficients 
depend on the airfoil characteristics of the blades and their distribution with respect to the 
“angle of attack” of the wind velocity ( )V t  vector passing through the blade profile can be 
retrieved from [12]. It is noted that ( )V t  is assumed to have a uniform spatial distribution 
over the actuator disc. ( )blc r  is the chord of the blade profile varying along the blade length r, 
the distribution of which is obtained from [18],[12]. In order to evaluate ( )NC r , the classical 
Blade Element Momentum theory [9] is employed with an assumption of constant angular 
velocity of the blades 12.1bl rpm:  [12]. Subsequently, breaking  ( )V t  down into a mean 
component mV  and a fluctuating component ( )V t , the corresponding mean and fluctuating 

components of ( )NF t  can be obtained as 

21 ( ) ( )
2Nm air N bl mF C r c r VU (46) 
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21( , ) ( ) ( )(2 ( ) ( ) )
2N air N bl mF r t C r c r V V t V tU �                                 (47) 

In this application the mean velocity is 27 / secmV m .Moreover, in order to take into ac-
count the wind velocity fluctuation at the altitude of 120l m , an artificial velocity time his-
tory is generated following the regulations of EC1, part1.4 [3] and applying the procedure 
presented in [21] with a standard deviation 3.3 / secmV  . After having established (r, t)NF , 
the total concentrated force exerted on the top of the tower can be computed as 

0
( ) 3 ( , )blr

N NF t F r t dr ³       (48) 

     (a)          (b) 

Figure 8: (a) Time history of the total Force ( )NF t  applied at the top of the tower and (b) basic velocity bV  at 
the altitude of 10 m. 

4.1 Numerical results 

Test case 1: uncontrolled wind turbine tower 
The critical factor for the design of the wind turbine is the deflection at the top of the wind 

turbine tower. In Figure 9 are presented the transfer functions for the displacement at the top 
of the wind turbine tower for base excitation and input force at the top of the tower respective-
ly. 

       (a)                                                                            (b) 

Figure 9: Transfer function for the displacement at the top of the wind turbine tower due to (a) base excitation, 
and (b) excitation at top. 
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The Fourier transformations for the seismic excitation of JMA (1995) and TABAS and for 
the time-dependent horizontal force ( )NF t  at its top due to the wind, are formulated so the 
main frequencies that are applied to the wind turbine can be determined. 

 (a)  (b) 

(c) 

Figure 10: Fourier Transformation for (a) the seismic excitation of JMA (1995), (b) the seismic excitation of 
TABAS, and (c) for the time-dependent horizontal force ( )NF t . 

(a) (b) 
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(c) 

Figure 11: Dynamic response of the top of the wind turbine tower, displacement in (m), for (a) JMA (1995) 

seismic excitation (max 0.3682topu m ) , (b) TABAS seismic excitation (max 0.9607topu m ) and

(c) the force ( )NF t due to the wind (max 1.436topu m ). 

(a) (b) 

(c) 

Figure 12: Dynamic response of the top of the wind turbine tower, acceleration in (m/sec2), for (a) JMA 

(1995) seismic excitation ( 2max 7.2802 / sectopa m ), (b) TABAS seismic excitation 

( 2max 8.9502 / sectopa m ) and (c) the force ( )NF t due to the wind ( 2max 3.2665 / sectopa m ). 
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Test case 2: Single TMD placed on top of wind turbine tower – linear pendulum 
Given that the TMD is tuned with the first natural frequency before control, the only pa-

rameter of the TMD is the mass ratio μ, the damping ratio is taken ζ=15%.  

(a)  (b) 

(c) 

Figure 13: Variation of the maximum displacement at the top of the wind turbine tower on the mass ratio μ for (a) 

seismic excitation of JMA (1995), (b) seismic excitation of TABAS, and (c) the force ( )NF t due to the wind. 

For each of these excitations a verification is made, in order to verify that the tuning of the 
TMD with the first natural frequency is optimum. A constant mass ratio of 10% and a damp-
ing ratio of 15% are taken and the only parameter is Kd. Figure 14 shows the maximum dis-
placement at the top of the wind turbine tower in relation to Kd. 

66



K. A. Kapasakalis, E. I. Sapountzakis, I. A. Antoniadis 

 (a)   (b) 

(c) 

Figure 14: Variation of the maximum displacement at the top of the wind turbine tower on the stiffness k of 
the TMD. 

Given that 1 1.9924 / secradZ   the expected value for k is 2
1 454.3 /tk M kN mP Z  .It 

is observed that the minimum displacement of the top is around the value 450 kN/m. 
Figure 15 showns the Transfer function for the wind turbine tower controlled with a TMD 

with a mass ratio of 10% and a damping ratio of 15%. 

(a)                                                                  (b) 

Figure 15: Transfer function for the displacement at the top of the wind turbine tower, controlled with a TMD, 
due to (a) base excitation, and (b) excitation at top 
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Furthermore, a critical factor for the design of the wind turbine tower controlled with a 
TMD, is the relative displacement between the TMD and the top of the wind turbine tower for 
constructional reasons. The maximum displacement that the TMD can have, is 3,87/2=1.935 
m. 

(a)  (b) 

(c) 

Figure 16: Variation of the maximum relative displacement of the TMD and the top of the wind turbine tower 
on the mass ratio μ. 

In Table 2 are presented the optimum results after the implementation of a tuned TMD 
with a mass ratio of 10% and a damping ratio of 15%.  

Excitation        max ( )topu m  2max ( / sec )topa m max ( )relativeTMDu m  

JMA (1995) 0.3273 11.9731 0.3807 
TABAS 0.6408 11.7115 1.0029 

( )NF t  1.2783 3.2665 0.8421 

Table 2: Results after the implementation of a TMD of a mass ratio of 10% and a damping ratio of 15%. 

The implementation of the TMD leads to a new system with reduced displacements along 
the tower of the wind turbine and higher damping ratio. In order to calculate the exact value 
of the new damping ratio, the isolated system is subjected to a free vibration with initial con-
ditions, which in this case are according to the first modal eigenform of the wind turbine tow-
er before control with the initial condition of the TMD equal to the initial condition at the top 
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of the wind turbine tower. More specifically, the value of the new damping ratio is calculated 
as: 

2

( ) 2ln
( ) 1
top

top

u t
u t T

S]
]

ª º
 « »

� �« »¬ ¼
(49) 

where T is the time between two consecutive peaks of the dynamic response of the system, as 
shown in Figure 17. The new damping ratio of the system equals to 15.68%. 

Figure 17: Dynamic response of the isolated system, with the TMD, to a free vibration with initial conditions. 

Test case 3: 2 TMDs placed according to the 2 first modal shapes 
Following the procedure that is presented in 3.2 the unknown parameter is the mass ratio μ, 

the damping ratio ζ is taken 15%. Again, beside the maximum displacement at the top of the 
wind turbine tower, a critical factor for the design of the wind turbine tower controlled with 
2TMDs, is the relative displacements between the TMDs and the degree of freedom of the 
wind turbine tower that is relative with the respective TMD, for constructional reasons. The 
maximum displacement that can have a TMD is 3,87/2=1.935 m. 

 (a)  (b) 
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(c) 

Figure 18: Variation of (a) the maximum displacement at the top of the wind turbine tower, (b) the maximum 
relative displacement of the TMD1, and (c) the maximum relative displacement of the TMD2 on the mass ratio μ 

for the seismic excitation of JMA (1995). 

(a)  (b) 

(c) 

Figure 19: Variation of (a) the maximum displacement at the top of the wind turbine tower, (b) the maximum 
relative displacement of the TMD1, and (c) the maximum relative displacement of the TMD2 on the mass ratio μ 

for the seismic excitation of TABAS. 
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     (a)     (b) 

(c) 

Figure 20: Variation of (a) the maximum displacement at the top of the wind turbine tower, (b) the maximum 
relative displacement of the TMD1, and (c) the maximum relative displacement of the TMD2 on the mass ratio μ 

for the force ( )NF t due to the wind. 

In Figure 21 is shown the Transfer function for the wind turbine tower with 2TMDs con-
trolling the first 2 natural frequencies of the wind turbine tower before control, with a mass 
ratio of 10% and a damping ratio of 15%. 

     (a)                                                                                  (b) 

Figure 21: Transfer functions for the displacement at the top of the wind turbine tower, controlled with 2TMDs, 
due to (a) base excitation, and (b) excitation at top. 
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In Table 3 are the optimum results after the implementation of 2TMDs that control the first 
2 natural frequencies of the wind turbine tower before control, with a mass ratio of 10% and a 
damping ratio of 15%.  

Excitation max ( )topu m  2max ( / sec )topa m
1

max ( )relativeTMDu m  
2

max ( )relativeTMDu m  

JMA (1995) 0.3264 9.3866 0.4389 0.1124 
TABAS 0.7471 10.4754 1.2580 0.0894 

( )NF t  1.3515 3.2665 1.0183 0.0131 

Table 3: Results after the implementation of  2TMDs of a mass ratio of 10% and a damping ratio of 15%. 

In order to calculate the exact value of the new damping ratio, the isolated system, with the 
2 TMDs, is subjected to a free vibration with initial conditions, which in this case are accord-
ing to the first modal eigenform of the wind turbine tower before control, with the initial con-
ditions of the degrees of freedom of the TMDs to be equal to the respective degrees of 
freedom of the wind turbine tower which are related. More specifically, the value of the new 
damping ratio is calculated as in Eq.(48), where T is the time between two consecutive peaks 
of the dynamic response of the system, as shown in Figure 22 . The new damping ratio of the 
system equals to 10.86%. 

Figure 22: Dynamic response of the isolated system, with the 2TMDs, to a free vibration with initial conditions. 
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Test case 4: Single KDamper placed on top of the wind turbine tower 
The mass ratio, the damping ratio and the stiffness kP have the value 10%, 15% and 454.6 

kN/m (as in test case 2 with 10% mass ratio) respectively. 

  (a)    (b) 

(c) 

Figure 23: Variation of the maximum displacement at the top of the wind turbine tower on the negative stiff-
ness element kN. 

     (a)    (b) 
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(c) 

Figure 24: Variation of the maximum relative displacement of the KDamper and the top of the wind turbine 
tower on the negative stiffness element kN. 

In Figure 25 the Transfer functions are shown, for the wind turbine tower controlled with a 
KDamper with a mass ratio of 10%,a damping ratio of 15%, kP=454.6  kN/m and a negative 
stiffness element of -200 kN/m. 

(a)        (b) 

Figure 25: Transfer functions for the displacement at the top of the wind turbine tower, controlled a KDamper, 
due to (a) base excitation, and (b) excitation at top. 

In Table the optimum results after the implementation of a KDamper, are presented, with a 
mass ratio of 10%, a damping ratio of 15%, kP=454.6  kN/m and a negative stiffness element 
of -200 kN/m. 

Excitation        max ( )topu m  2max ( / sec )topa m max ( )relativeKDamperu m  

JMA (1995) 0.2991 11.9553 0.4530 
TABAS 0.5539 11.7323 1.2560 

( )NF t  1.3074 3.2665 2.1393 

 Table 4: Results after the implementation of a KDamper of a mass ratio of 10%, a damping ratio of 15%, 
kP=454.6  kN/m and a negative stiffness element of -200 kN/m. 
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The implementation of the KDamper leads to a new system with reduced displacements 
along the tower of the wind turbine and higher damping ratio. In order to calculate the value 
of the new damping ratio, the isolated system is subjected to a free vibration with initial con-
ditions, which in this case are according to the first modal eigenform of the wind turbine tow-
er before control, with the initial condition of the KDamper equal to the initial condition at the 
top of the wind turbine tower. However, the new damping ratio of the system cannot be calcu-
lated as in the previous Test cases, due to the fact that the maximum values of the response 
(Figure 26), for a free vibration with initial conditions, does not follow an exponential distri-
bution. 

Figure 26: Dynamic response of the isolated system, with the KDamper, to a free vibration with initial conditions. 

Finally, the static stability margin ε is calculated as in 3.2 (Test case 4). With the installed 
parameters that are presented in 4.1 (Test case 4), the value for the static stability margin is 
1.0283 or 102.83%. 

4.2 Comparison of the top displacement 
In Table 5, the maximum displacement of the top of the wind turbine tower is presented, 

for each excitation and test case respectively, as well as the reduction percentage in relation to 
the top displacement of the uncontrolled wind turbine. 

Test case        JMA (1995) TABAS ( )NF t  

Uncontrolled 0.3682 m 0.9607 m 1.436 m 
Single TMD 0.3273 m 0.6408 m 1.2783 m 
Reduction  11.10 % 33.29 % 10.98 % 
2 TMDs 0.3264 m 0.7471 m 1.3515 m 
Reduction  11.35 % 22.23 % 5.88 % 
Single KDamper 0.2991 m 0.5539 m 1.3074 m 
Reduction  18.77 % 42.34 8.95 % 

Table 5: maximum top displacement for each test case respectively. 
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5 CONCLUSIONS 
The KDamper concept can provide a realistic alternative to the existing vibration isolation 

systems used for the design of wind turbines. The implementation of the KDamper leads to a 
drastic reduction of the wind turbines dynamic response, in most cases even greater than that 
of the TMD, offering high damping properties at the same time. The reliability and simplicity 
of the system are also advantages that render the devise suitable for various technological im-
plementations. Moreover, the inherent non-linear nature of the negative stiffness force can be 
exploited to offer further potential advantages of the KDamper concept, such as robustness, 
broadband response and energy sinks.  
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