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Abstract. This paper presents an analytical model, based on the beam-on-dynamic Winkler 
foundation approach, for the evaluation of the kinematic stress resultants in single inclined 
piles subjected to the propagation of seismic waves. The Euler-Bernoulli beam model is 
adopted for the pile whereas analytical solutions available in literature for viscoelastic layers 
undergoing harmonic vibrations of a rigid disk are used for the soil. The coupled flexural and 
axial behaviour of the pile is governed by a system of partial differential equations, with the 
relevant boundary conditions, that is solved analytically in terms of exponential matrices. The 
solution for piles embedded in a homogeneous soil deposit is presented. Some applications, 
including comparisons of results with those obtained from rigorous boundary element formu-
lations, demonstrate that the model, characterised by a very low computational effort, is able 
to accurately predict stress resultants in inclined piles subjected to seismic loading. 
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1 INTRODUCTION 
The Beam-on-Dynamic Winkler Foundation approach (BDWF) has been largely used in 

the literature to study the problem of a single pile subjected to seismic loading. According to 
this approach, the soil-pile interaction is captured through the definition of Winkler’s coeffi-
cients (spring and dashpot coefficients) that may be characterised by a linear or nonlinear be-
haviour. Despite the nonlinear approach is more suited to model soil-pile interaction 
phenomena under severe earthquakes, linear approaches are very often preferred for different 
reasons, the most important of which is the possibility to solve the problem in the frequency 
domain, where the frequency dependent nature of the soil-pile interaction phenomena can be 
directly included and convergence problems can be avoided. In this framework, the definition 
of Winkler’s coefficients, able to capture the dynamic stiffness of the soil-pile system and the 
frequency dependent radiation damping phenomena, constitutes an important task, since they 
strongly affect both the kinematic and the inertial response of the soil-foundation system [1].  

The linear BDWF approach has been used extensively to study the response of vertical 
piles subjected to dynamic loading for which closed-form solutions, as well as simplified ex-
pressions for the prediction of the dynamic stiffness, the kinematic pile response and the max-
imum bending moments along the pile, have been derived. On the contrary, applications of 
such approaches to inclined piles are not so popular in the literature and more sophisticated 
finite element or boundary element models are preferred [2-7]. 

In this paper an analytical model for the analysis of kinematic stress resultants arising in 
inclined single piles subjected to the propagation of seismic waves is presented. The model is 
based on the BDWF approach and an analytical solution of the problem is derived by assum-
ing a linear behaviour of both the pile and soil. In particular, the pile is modelled as a Euler-
Bernoulli beam having a generic inclination and the soil-pile interaction is captured by defin-
ing soil impedances according to expressions available in the literature for viscoelastic layers 
undergoing harmonic vibrations of a rigid disk. The coupled flexural and axial behaviour of 
the pile is described by a system of partial differential equations, with the relevant boundary 
conditions, that is solved analytically exploiting exponential matrices. Some applications are 
performed to demonstrate the model efficiency, comparing results, in terms of stress result-
ants along piles, with those available in the literature, resulting from rigorous boundary ele-
ment formulations. 

2 ANALYTICAL MODEL 
The analytical formulation of the dynamic problem of a single pile embedded in a homog-

enous soil deposit and subjected to the free-field seismic displacements is presented in this 
section. The problem is formulated in the frequency domain by assuming a linear viscoelastic 
behaviour for the pile and soil. 

2.1 Kinematics 

A single circular pile of diameter I and length L, embedded with a generic inclination in a 
homogeneous soil deposit and subjected to a free field motion, is considered and a global or-
thonormal reference system frame {0, x, y, z} is defined with the origin at the top plane of the 
stratum and the z axis directed downward (Figure 1a). A local reference system {0, [, K, ]} of 
the pile, having the ] axis passing through centroids of the circular cross sections, is also in-
troduced. 

With reference to points lying on the pile axis, if Z is the circular frequency, the soil dis-
placements at depth z are described by the complex valued vector 
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Figure 1: (a): Pile section in the homogeneous stratum; (b) pile section subjected to interaction forces and (c) soil 
stratum subjected to propagating seismic waves and interaction forces. 
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in which sub-vector uh groups horizontal components in x and y directions. Similarly, the 
free-field motion at the pile location uff is partitioned by grouping horizontal components in 
sub-vector uff,h 
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Under the assumption that no gap between the pile and the soil arises during the motion, 
pile displacements are conveniently expressed as 

� � � �zgl ;; Z ]Z Ruu (3) 

where R is a rotation matrix that allow expressing pile displacements with respect to the local 
reference system, starting from displacements expressed with respect to the global one. Ac-
cording to the Euler-Bernoulli model, the displacement field of the generic point of the pile 
cross-section can be obtained from 
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where prime denotes derivatives with respect to ] and a([,K)=[[,K]T is the vector of local co-
ordinates [ and K of the cross section generic point. The pile undergoes only the longitudinal 
normal strain 

� � � � � � � �K[�]Zcc�]Zc ]K[ZH ]] ,;;,,; autu (5) 

2.2 Viscoelastic linear problem 
The pile is constituted by a linear viscoelastic material, characterized by Young’s modulus 

Ep and material damping Gp, taken into account according to the correspondence principle [8]. 
During the motion, the pile interacts with the surrounding soil and resultants of the soil reac-
tions are assumed to be constituted by forces distributed along the pile. 

By grouping the horizontal components of the soil reaction resultants in sub-vector rh, and 
denoting by rz the vertical component, vector of the line reaction forces is (Figure 1b) 
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By considering the soil stratum constituted by infinite horizontal independent layers with 
linear viscoelastic behaviour, reaction forces are given by (Figure 1c) 

 � � � � � � � �> @zzz gff ;;; Z�ZZ� Z uur  (7) 

where � is the 3x3 impedance matrix of the unbounded soil layers. Matrix � can be populat-
ed considering results of studies by Dobry et al. [9], Makris and Gazetas [10] and Gazetas and 
Dobry [11]. Components of matrix � represent forces necessary to induce unitary harmonic 
vibrations of a rigid disk at depth z. The equilibrium condition of the pile may be expressed 
by the Lagrange-D’Alembert principle that, suitably integrated by parts, furnishes 
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where J is the inertia matrix and A is the area of the pile cross section, respectively, while 
Ep

*=Ep(1+2iGp) is the complex elastic modulus of the pile material [8]. From Equation (8), 
according to the fundamental theorem of variational calculus, the local balance conditions 
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as well as the relevant boundary conditions 
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are derived. In equations (9), AS
ml

ji

,

,
indicates segments of a generic matrix A constituted by the 

subset of rows comprised between i and j and the subset of columns comprised between l and 
m. Equations (9) is a system of ordinary differential equations with constant coefficients 
whose unknowns are the complex valued function ul(]) fulfilling the boundary conditions (10) 
that encompass both kinematic and static conditions. 
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System (9), with the boundary conditions (10), can be thus rewritten in the canonical form 
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are complex valued matrices, depending on the stiffness of the pile cross section and on the 
impedance of the soil layers, while 
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are vectors depending on distributed soil-pile reaction forces and loads concentrated at the 
pile ends, respectively. 

Equation (12) is a linear system of ordinary differential equations with constant coeffi-
cients whose general solution is obtained by summing the complementary solution (solution 
of the associate homogeneous equation) to a particular solution depending on the external 
loads. It can be demonstrated that such a solution may be written as 
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where E is the exponential matrix defined through a series expansion by 
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and g is the vector of the integration constants that has to be calculated from the boundary 
conditions (13). Equation (18) is of general validity and the evaluation of the particular solu-
tion requires to know the expression of the free field motion; in this paper the case of one-
dimensional propagation of shear and pressure waves in the vertical direction is considered. 
These are governed by expressions 
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are the complex wavenumbers associated to the propagation of shear and pressure waves, re-
spectively, and qh, th, qz and tz are integration constants depending on the boundary conditions 
(i.e. at the ground surface and at the bedrock level) [12]. Taking into account equation (16) 
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By substituting (23) in (18) yields 
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which, for properties of exponential matrix, can be rewritten as 
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are the particular solutions for shear and pressure waves propagating in the vertical direction, 
respectively. Differently from classical numerical methods (e.g finite element method and fi-
nite difference method), this approach allows expressing the problem solution analytically; in 
the case of homogeneous soil deposit the discretization of the pile axis is not needed to 
achieve an accurate numerical solution. 

Once the solution is determined, stress resultants in the pile can be obtained with 
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3 APPLICATIONS 
In this section, some applications are presented in order to show the model potential in cap-

turing the kinematic stress resultants in inclined piles subjected to propagating seismic waves. 
For this proposes, results of some applications available in Padron et al. [5], performed with a 
boundary element model, are considered as benchmarks. The adopted geometrical and me-
chanical parameters are reported in Figure 2; applications are performed considering 12 m 
long piles with different inclination (T = 0°, 10°, 20°, 30°) embedded in a homogeneous soil 
deposit characterised by two different shear wave velocites (Vs = 250 and 110 m/s). The pile 
Young’s modulus and density are Ep = 30000 MPa and Up = 2.5 t/m3, respectively. The seis-
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mic input at the ground surface is constituted by an artificial accelerogram with a peak ground 
acceleration ag = 0.375g, individually matching the elastic response spectrum for ground type 
C and 5% damping. This has been obtained according to the Gasparini & Vanmarcke spec-
trum-compatible nonstationary ground motion model [13]. The seismic action is applied in 
the x direction. For this applications the pile is not subdivided and the Lysmer’s analogue ve-
locity is assumed for the compression waves within the whole pile. 
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Figure 1: (a) Pile geometry and (b) seismic input. 
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Figure 2: (a) Envelops of absolute kinematic shear force and bending moments along the pile. 
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Figure 3: Envelops of maximum and minimum axial force along the pile. 

Figure 3 shows the envelopes of absolute values of shear forces and bending moments aris-
ing along the pile as a consequence of the kinematic interaction. Results obtained by consider-
ing different pile inclinations are reported with curves of different colours for both the 
investigated soil deposits, characterised by pile-soil modulus ratios Ep/Es = 100 (Vs = 250 m/s) 
and Ep/Es = 500 (Vs =  110 m/s). Furthermore, benchmarks are reported with marks while con-
tinuous lines are used for results of the proposed formulation. For both pile-soil modulus rati-
os benchmark shear forces are overall well reproduced, independently on the pile rake angle. 
However, with reference to Ep/Es = 100 significant differences are evident in proximity of the 
pile head and also nearby the pile base; in particular, benchmark shear forces are higher than 
those evaluated with the proposed approach at the pile head and slightly lower at the pile base. 
Local inconsistency at the pile head is probably due to the adopted local soil-pile impedances, 
based on the plane-strain assumption, which are not able to capture the dynamics of soil lay-
ers near the ground surface, characterised by a reduced degree of confinement and by the 
propagation of surface waves. Previous observation is confirmed by results of Ep/Es = 500, 
namely of a softer soil, for which shear forces arising in proximity of the pile head are better 
captured. As for bending moments, the benchmarks are well reproduced for both soil condi-
tions (Ep/Es = 100, 500) expect for the local inconsistencies in proximity of the pile head 
where bending moments resulting from the BE approach tend to reduce, probably as a conse-
quence of the minor degree of confinement exerted by the superficial soil. As explained above, 
this effect cannot be captured by the proposed model unless different local soil-pile imped-
ances, suitably calibrated to capture these phenomena, are implemented. As expected, dis-
crepancies between benchmarks and the present results at the pile head reduce in the case of 
softer soils (Ep/Es = 500). Anyway, bending moments at the head appear to be consistent as 
they are characterised by a vertical tangent, according to the null value of shear force.   

Figure 4 shows the envelopes of maximum and minimum axial forces along the pile ob-
tained from the applications. Maximum discrepancies of about 25÷30% between benchmarks 
and the proposed solution are observed for both soil conditions (Ep/Es = 100, 500), mainly 
concentrated in the lower half-length of the pile. 

From an overall standpoint, kinematic shear forces and bending moments induced by the 
seismic wave propagation reduce by increasing the pile rake angle, independently on the soil 
stiffness, while, as expected, axial forces increase. 

4699



S. Carbonari, M. Morici, F. Dezi and G. Leoni 

4 CONCLUSIONS 
An analytical model, based on the BDWF approach, for the evaluation of kinematic stress 

resultants arising in inclined single piles subjected to the propagation of seismic waves in the 
soil has been presented. The pile is modelled as a Euler-Bernoulli beam having a generic in-
clined configuration and the soil-pile interaction is captured exploiting elastodynamic solu-
tions available in the literature. The coupled flexural and axial problem is solved analytically 
exploiting exponential matrices and analytical expressions of kinematic stress resultants are 
provided. The model is characterised by a computational effort much lower than that associat-
ed with numerical solutions formulated with the finite element or boundary element methods. 

Some applications are performed comparing results with those available in the literature, 
derived from rigorous boundary element solutions. Results demonstrate that shear forces and 
bending moments along the pile resulting from more rigorous approaches, are well repro-
duced, independently on the pile rake angle and soil conditions (overall errors of about 10% 
are obtained). However, local inconsistencies at the pile head are observed; these may be due 
to the adopted elastodynamic solutions to model the soil-pile interaction. As for axial forces, 
greater discrepancies with benchmarks (ranging between 25÷30%) are evident for both soil 
conditions, mainly concentrated in the lower half-length of the pile. 
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