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Abstract. Small free low-frequency vibrations of a thin elastic cylindrical shell stiffened by
the rings with T-shaped cross-section are analyzed. The narrow rings are considered as cir-
cular beams. The wide rings are treated as annular plates stiffened at one edge by a circular
beam. In the both cases problem is reduced to solution of the eigenvalue problem for systems
of linear differential equations containing a small parameter. By means of various asymptotic
approaches simple approximate formulas for the low frequencies are obtained. These formulas
are used for the evaluation of optimal parameters corresponding to the maximal fundamental
frequency of the ring-stiffened shell with a given mass.
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1 INTRODUCTION

Ring-stiffened cylindrical shells are widely applied in engineering. Often the rings with
rectangular or T-shape cross-sections are used ([1], [2]). The vibrations of the shell stiffened
by the rings with rectangular cross-sections are sufficiently well studied e.g. in [3], [4], [5] and
[6]. In this paper the shell stiffened by rings with T-shape cross-sections is considered. In many
cases the use of the rings with T-shape cross-sections instead of the rings with rectangular cross-
sections allows to increase the low frequencies of a ring-stiffened shell without the increase in
its weight.

Differential equations describing vibrations of a thin shells contain the dimensionless shell
thickness as a small parameter. By means of asymptotic approaches ([7], [8], [9]) complex
eigenvalue problems of the stiffened shells theory can be transformed into problems which
have simple analytical solutions.

If the width of the rings is sufficiently small the typical vibration mode is similar to the
vibration mode of the shell without rings, and the shell surface is covered by a series of pits
stretched along the generatrix of the cylinder. In this case, considering the rings as circular
beams, it is possible to seek solutions as a sum of slowly varying functions and boundary layers
near shell edges and stiffened parallels. In the first approximation one get eigenvalue problem
describing also vibrations of a beam stiffened by springs. If the rings are identical and uniformly
arranged along the shell then a solution of the last problem can be obtained in a closed form by
means of a homogenization procedure ([6]).

If the width of a ring grows, the low frequencies increase until the typical vibration mode
will be replaced with the axisymmetric vibration mode localized on the surface of the ring while
the cylindrical shell itself does not actually deform. At the further increase in width of a ring
the low frequencies decrease ([10]). The beam model can not be used for studying vibrations
of the wide ring. The ring with T-shape cross-section may be considered as an annular plate
stiffened by a circular beam with the rectangular cross-section. An asymptotic analyze shows
that the couple vibration problem for the cylindrical shell joined with the annular plate in the
first approximation reduce to the eigenvalue problem describing vibrations of the plate. In
assumption that the ratio of the plate width to the radius of its inner edge is small, a simple
approximate equation for the low frequencies is obtained.

2 BASIC EQUATIONS

Consider the low-frequency free vibrations of a thin circular cylindrical shell stiffened by 7,
identical rings at the parallels s = s;, where s € [0,(] is the dimensionless coordinate in the
longitudinal directions, © = 1,2,...n, (see Fig. 1). The radius R of the cylindrical shell is
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Figure 1: Ring-stiffened cylindrical shell.
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taken as the characteristic size.
After the separation of variables the non-dimensional equations describing free vibrations of
a cylindrical shell can be written in the following form

Ti+mS+Au=0, S —ml+ Qs+ =0,
QL+mQy =T+ w=0, Q=M +2mH, Qy=—mM,

T1 :51+V€2, TQ :€2+V€1, S = (1—1/)(1)/—771’&)/2, (1)
My = p* (9 +vmdy), My = p*(mdy +v0), H = p*(1 —v)v),
1=, s=mvt+w, UV =-w, U¥y=mw+o.

where (') denotes the derivative with respect to the longitudinal coordinate s, m is the circum-
ferential wave number, u, v, w are the components of the displacement, A\ = opw?R2E~! is
the frequency parameter, o = 1 — v%, v is Poisson’s ratio, £ is Young’s modulus, p is the
mass density, w is the vibration frequency, 17, 15, S, Q1, Q2, My, M, H are the dimensionless
stress-resultants and stress-couples, ©/; and 1), are the angles of rotation of the normal, y is the
small parameter, i* = h? /12, h is the dimensionless shell thickness.

We denote as /) the solutions of equations (1) in the intervals s € [s;_1,s;],7 =1,2,...n,
n = n, + 1. These solutions satisfy 8 boundary conditions on the shell edges s = 0 and s = [
and 8n,. continuity conditions on the parallels s = s;,7 =1,2,... n,.

3 FIRST APPROXIMATION FOR NARROW RINGS

Assume that the width of the rings is sufficiently small. Then the lowest eigenvalues A ~
12 corresponds to the large circumferential wave number m ~ p~/? and we seek unknown
functions in equations (1) as

()=o) + 3 DPYI(s), s €lsigs), =12...n @)
k=1
Here y(()j ) are slowly varying functions, D,(Cj ) are arbitrary constants. The edge effect functions
Yk(] ), are localized in a small neighborhoods of the parallels sg, s1,...,S;.

The equations of the first approximation are

d4w(j) .
ng — ot =0, cat=m'A—ptmd, j=1,2,...,n. (3)

System of equations (3) has the order 4n and its solutions can not satisfy all 8 boundary
conditions of the initial eigenvalue problem. The problem of the extracting the boundary con-
ditions for equations (3) out of the boundary conditions for equations (1) is discussed in [9].

The solutions of equations (3) must satisfy 4n, continuity conditions on the parallels s = s;:

w[()i) _ w(()i+1)’ wéi)/ _ w((]i‘f‘l)/’ w[()i)// _ w(()i-&-l)//7 w(()i)/// . w(()i-l—l)/// _ —Cw(()H_l),

4
c=m"I/h, @

where [ is the dimensionless moment of inertia of a ring cross-section. The boundary conditions
for equations (3) at the freely supported shell edges have the form

w(0) = w§?"(0) = wi (1) = w§"(1) = 0. 5)
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The eigenvalue problem (3-5) also describe the flexural vibrations of the simply supported
beam, stiffened by n, identical springs of the stiffness c at the points s = s;.
From the second formula (3) it follows that the approximate values of the frequency param-
eter \ are
Me(m) = oag(m)/m* + p*m?, k=1,2,...,

where 0 < a3 < ay < --- are eigenvalues of the eigenvalue problem (3-5). The minimal
frequency parameter \;, corresponding to the fundamental frequency w;, can be obtained by
the formula

A = mﬂiln[ao/f(m)/m4 + ptm?. (6)

Assume that rings are uniformly arranged, i. e. s; = il/n, the number of rings n, is large
and the stiffness c of rings is small. In this case one can use the homogenization method [6] for
the approximate evaluation of the eigenvalues «;. Instead of the eigenvalue problem (3-5) we
will solve the equivalent problem for the equation

——tcwd d(s—s)=a'w (7)
with the boundary conditions (5). Here 6(z) is Dirac’s delta function. In the new variables

s =zl and w = wl equation (7) is

4, Ny
CO i S° (6 — i) = wi, @®)
i=1

dzt
where ¢ = cl®, k = (al)*, and ¢ = nz. Boundary conditions (5) take the form

d*

w:dﬁ_o, r=0, x=1 9
Assuming that n > 1 and ¢n ~ 1, we seek the solution of equation (8) as

W(x, &) = wo(2, &) + n twa(x, &)+, K=ro+n kgt (10)

where w;(x, §) = w;(z, £ + 1) and, since,

8kwi - /5"'1 8’%01

< PIG

The operator < - > is called the homogenization operator. The application of this operator to
both parts of an equation is called the homogenization of the equation.
Substituting (10) into (8), we obtain the equations
8421]0 (‘94w4 84’LU0 N "

o1 =0, o + 5 —|—cn;5(£—i)w0:/<a0wo. (11)

From the first of equations (11) it follows that

agwo 831,[}0
96 vs(z), v3(x) =< v3(zr) >=< o6

>= (.
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A further integration followed by a homogenization gives

8211)0

€2

= vy(x) =0, Gwo _ vi(x) =0, wo(z,&) = vo(x).

o6

After the homogenization of the second of equations (11) we get

d4
%Uf ¥ énwg = Kouo. (12)

The boundary conditions for equation (12) are

d2U0

Vo
Eigenvalue problem (12), (13) describes the vibrations of a simply supported beam on an
elastic base and has the solutions v, = sin(knz),

kow = (km)* 4+ én, k=1,2,... (14)

Although formula (14) is derived for n > 1 and ¢ ~ 1/n < 1, they provide good approxima-
tions for the exact values of x; even for n = 2 (for one ring) and for a sufficiently large stiffness
¢ (see [6]). It follows from (14) that

T n en  wik? n nu*m ocn onl
o, = — = - — = == .
T T T o T sl T i

(15)

The relative ring stiffness 7 is proportional to the ratio D,./D, where D, = EI is the bending
stiffness of the ring and D = E'h®/(120) is the bending stiffness of the shell.
Substituting (15) into (6) we get the following approximate formula

AT(n) = A1(0)y/ 1+ (16)

where \i(n) and \j(0) = 2y/ou?7? /1% are the approximate values of frequency parameters for
the ring-stiffened and non-stiffened cylindrical shells accordingly.

The lowest frequency parameter \;, corresponding to fundamental frequency, is the impor-
tant characteristics of a shell. For a non-stiffened cylindrical shell the approximate value of
A1 can be found by the formula \; ~ \;(0). However, for the ring-stiffened cylindrical shell
relation A\; ~ A}(n) is valid only if the relative ring stiffness 7 is not to large, because eigen-
value problem (3-5) in case s; = jl/n has stiffness-independent solutions wy, = sin(nws/l),
ag = mn/l. Corresponding to this solution the minimal stiffness-independent eigenvalue is
A5 (0) = n?X5(0).

The root of the equation \j(n) = A:(0) is n* = n* — 1. If n < n* then Aj(n) < \5(0) else
Ai(n) > A%(0). Therefore, for ring-stiffened shell

n*X;(0), n>n.
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4 OPTIMAL DESIGN

We suppose that the mass M of a ring-stiffened simply supported cylindrical shell is given
and seek the optimal parameters for which its fundamental vibrations frequency w; has the
largest value.

The fundamental vibration frequency wy of the unstiffened simply supported cylindrical shell
of the thickness hq and length [/ can be found by the approximate formula

w2 . E)\l(()) . Ehoﬂ'Q
O opR:  \/3opR22

The mass of the unstiffened shell My = 27 plhoR3. Assume that M, = M,. The values of the
ring-stiffened shell parameters for which the ratio f = w; /wy attains its maximum are called its
optimal values.

The approximate values of optimal parameters for the cylindrical shell stiffened by the rings
with rectangular cross-sections are obtained in [6]. Consider the cylindrical shell stiffened by
the rings with T-shaped cross-sections. The dimensionless sizes of the T-shaped cross-sections
are shown in Fig. 2.

(18)

| | b,

a

L h

Figure 2: T-shaped cross-sections of the ring.

The mass of a cylindrical shell stiffened by the rings with the T-shaped cross-sections is
M, = 27 R3p(hl 4+ n,S), where S = a?k(k, + ky — koK) is the area of the ring cross-section,
k=bla,k, = ai/a, ky = by /b. If k, = 1 or k;, = 1 then the cross-section is the rectangle and
S = a%k. It follows from the condition M, = M, that
n.k(kq + ko — koks)

lho ’
where z = h/hg, h is the thickness of the ring-stiffened shell.

Using formula (17) we obtain

2 / < < p*

z=1-Ad*, A=

(19)

an?, n>,
The moment of inertia of T-shaped cross-section with respect to the generatrix of the cylinder
is
I =a*k[1+ (1 —k)(1—ky)%/3.
Taking into account that

_ 120onI  Ba* B(1—2)? B 4onk3[1 4+ (1 — ko) (1 — kp)?]

TT TR T s T Az h3l ’

21)
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from relation (20) we obtain

n?, z < 2"

F2) = { z\/1+’y(z—1)2/z3, z > 2,

where v = B/A% and z* € (0, 1) is the root of the cubic equation
g(z) =2 —q(z—1)*=0, q=~/n" (22)

By virtue of the inequalities g(1) = 1 > 0 and g(0) = —¢ < 0 the function g(z) has at least
one root in the interval (0,1). This root is unique, since

g =dg/dz =32 -2q(z—1) >0 for z€]0,1].
As was to be proved in [6] for the small values of A

f* = max f(z) = f(z") = V2", (23)
and the optimal values of the parameters z and @ are z* and a* = /(1 — 2*) /A.

Letl = 4, hg = 0.01, v = 0.3. The values of z*, a* and f* for various numbers of rings
n, are given in Table 1. In left and right parts of the table are listed the results for the rings
with square cross-section (kK = 1, k, = 1) und T-shaped cross-section (k = 1, k, = k;, = 0.2)
correspondingly. From Table 1 it follows that the replacement of the rings with the square cross-

E=1,k,=k =1 k=1,k, =k, =0.2
1 10935 0.0510 1.934| 0968 0.0596 1.968
2 10.805 0.0625 2691 | 0.893 0.0771 2.835
4 10537 0.0680 3.667 | 0.687 0.0932 4.145
6 [0363 0.0652 4.218 | 0.507 0.0955 4.985
01]0.192 0.0586 4.826|0.292 0.0887 5.947

-

p—

Table 1: Values of optimal parameters z*, a* and ratio f* vs. number of rings n,..

sections to the rings with the T-shaped cross-sections leads to an increase in the fundamental
frequency of the stiffened shell without the increase in its mass. For ten rings this increase
reaches 23%.

Using formulas (19), (21) and (22) we obtain
B Bk dq By

WAL A dk A

A=Ak, A >0, B=Bk* B >0, ¢= > 0,
)

dg 23—~z
dz  (1—2)3

Therefore,
ar* n dz n dzdq

=7 =cF7—=7>7>0
dk  2v/zdk  2/zdqdk ’
and the function f*(k) increases with k. However, for large values of k formula (23) is not valid
because a wide ring must be considered as an annular plate.
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5 FIRST APPROXIMATION FOR WIDE RINGS

We consider the wide rings with T-shaped cross-section as annular plates of the thickness
h, = a, and the width b, = b — b, stiffened at one edge by a circular beam. The beam has the
rectangular cross-section of the sizes a and b, (see Fig. 2).

The results presented in [10] show that the low-frequency vibrations of the cylindrical shell
stiffened by annular plates are axisymmetric, i.e. m = 0. The equations

T+ =0, Q—To+ =0, Q= M{,

Ty=u+vw, Th=w+vu, M =up*, 09 = (24)
describing axisymmetric vibrations of a cylindrical shell are obtained from equations (1).
The non-dimensional equations
(8pQ1p) + Aspwy =0, 8,Q1p = (spM1,) — Moy, (25)
spMyp = h2(sy0, +v01,) /12, s, Moy = h2(V1, + vsp,) /12, by = —w,
(8pT1p)" — Top + Aspup, = 0, 8Ty, = spuy, 4+ vy, 8T, = up + l/spu (26)

describe the axisymmetric vibrations of the annular plate. Here (") denotes the derivative with
respect to the radial coordinate s, € [1,1 + b,], w, and u,, are the components of the displace-
ment, Q1,, 11, 1o, and M, My, are the dimensionless stress-resultant and the stress-couples,
), 1s the angle of rotation.

For the simply supported shell

/

v=w=uw"=0, =0, z=I. (27)

At the parallel s = s; the following 9 continuity conditions have to be satisfied

w® = w(Hl) = u]()z)7 u® = D) = w}(}l) 9@ = 9t — 9
WD~ T0) = 1, Q. K = MO) = B2, h(QI = Q) = —n, T,
(28)
where u{?, w(, ¥\, .. are the solutions of equations (25) and (26) for the plate located on
parallel with the coordinate s = s;. At the outer plate edge s, = 1 + b, stiffened by circular
beam, following 3 conditions should be fulfilled

0a3b1

3 )
hp

Tl(;) = ablw](f), Ml(p) =c w(z)', QSQ =0, ¢ =

(29)
where ¢, is the relative stiffness of the beam.

We assume that h, ~ h, A\ ~ h]% and seek the solutions of equation (24) in the form (2). In
the first approximation w(()j ) = u(()j ) = ufj) = 0 and the eigenvalue problem (24-29) reduced to
the solution of equation (25) with the boundary conditions

Wy = Q91;7 =0, Sp = 1, Mlp = wa;; le =0, Sp = 1+ bp‘ (30)

Assume that the plate is narrow, i.e. b, < 1. Replacing variable s = 1+ b,z in the equations
(25) and neglecting small terms leads to the approximate equation (see [11])

4
d——b’“ x € 1[0,1], (31)
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where 3* = 1265\ /h?. The solution of equation (31) has the form
w = C] sin fx + Cy cos fx + Cysinh Sz + Cy cosh Bx. (32)
Instead boundary conditions (30) we obtain the approximate boundary conditions
w=w =0, =0, w'4+cguw =0 w"=0 =1, (33)

Substituting solution (32) into boundary conditions (33) we get four linear homogeneous
algebraic equations for unknowns C;, Cs, C3 and Cy. This system of equations has nontrivial
solutions if its characteristic determinant D[3) is equal to zero, i. e.

D(() = cosh fcos B+ 1+ ¢(cosh Bsin 3 + sinh 5 cos ) = 0. (34)

The minimal frequency parameter )\, corresponding to fundamental frequency wy , can be found
by following approximate formula

>\ — hpﬁil — h‘pﬁ%
o1and 12— b))t

(35)

where (3; is the minimal positive root of equation (34). The values of the root 3; vs. the relative
stiffness of the beam ¢, are plotted in Fig. 3. The parameter (3; and frequency parameter \;

B,

22

Cp
0.5 1.0 1.5 2.0

Figure 3: The root 31 of equation (34) dependent on the stiffness of the beam cy,.

increase with the beam stiffness c;.

According to formula (35), which is valid in the case of wide rings, the minimal frequency
parameter \; decreases when the the rings width b increases, while for narrow rings A, increases
with b.

Let us compare the fundamental frequencies w! and w® of the wide rings with T-shaped and
rectangular cross-sections, assuming that the rings have equal width and mass. Suppose that
the dimensionless sizes of T-shaped and rectangular cross-sections are a = 0.05, by = 0.01,
bg =0.1, hg = 0.1 and bﬁ = bg +b =0.11, hﬁ = (hgbg + aby)/b® = 0.0136 accordingly.
The last approximate formula follows from the equality of the ring masses.

Then ¢ = oa®by/(h))* = 1138, 3 = 2.16, ¢ = 0, Bf* = 1.87 and by virtue of the
formula (35) we obtain

AL O L R
AT RF BT Wl A

p
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6 CONCLUSIONS

Free low-frequency vibrations of a thin cylindrical shell stiffened by the rings with T-shaped
cross-section was analyzed. To obtain simple approximate formulas for the lower frequencies
a combination of asymptotic method have been used. The optimal parameters corresponding to
the maximal fundamental frequency of the shell with given mass was evaluated. It was shown
that the replacement of the rings with the rectangular cross-section to the rings with the T-shaped
cross-section leads to increase in the fundamental frequency of the ring-stiffened shell without
the increase in its mass.
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