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Abstract. Deck-abutment contact, during earthquake excitation, might alter the boundary 
conditions at the deck level and activate a mechanical behavior unforeseen during the design 
of the bridge. Occasionally, this discrepancy between the assumed and the actual seismic be-
havior has detrimental consequences for the bridge e.g. pier damage, deck unseating or even 
collapse. A recent insightful shake-table test of a scaled deck-abutment bridge model [1], 
showed unexpected in-plane rotations even though the deck was straight. These contact-
induced rotations produced significant residual displacements and damage to the piers and 
the bents. The present paper utilizes the measured response of the deck-abutment system to 
examine the validity of a proposed nonsmooth dynamic analysis framework. The results show 
that the proposed approach satisfactorily captures the planar rigid-body dynamics of the deck 
which is characterized by deck-abutment contact. Further, the study brings forward the role 
of friction on the physical mechanism behind the rotation of straight bridges. It underlines the 
importance of considering the frictional contact forces during deck-abutment interaction even 
for straight bridges, which are typically neglected. Finally, the paper comparatively assesses 
the nonsmooth approach vs. the compliance (or gap element) approach with respect to their 
ability to predict the measured response. 
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1 INTRODUCTION 
A large number of bridges suffer damage due to contact (impact/pounding) during earth-

quake (e.g., [2]). Contact has direct consequences on bridges, such as local damage. More im-
portantly though, contact can also alter the effective mechanical system of the bridge and even 
lead to deck unseating/collapse of the deck [3]. 

Of key importance to evaluate the seismic behavior of this type of bridge is the simulation 
of the deck-abutment pounding. Most studies adopt the gap element (compliance) approach, 
i.e., a spring with/without a dashpot activated only in compression after the clearance distance 
(gap) vanishes, solely along the normal direction of contact (e.g., [4], [5]). A limited number 
of studies consider the tangential contact forces due to friction when evaluating seismic be-
havior of the deck-abutment bridge system. An early exception is the study of Jankowski et al. 
[6] which adopts linear dashpot elements to simulate the tangential contact forces between the 
contacting bodies. More recently, Amjadian et al. [7] applied the Karnopp friction model to 
examine the response of curved bridges. Adopting an alternative nonsmooth dynamics ap-
proach, Dimitrakopoulos studied the pounding phenomenon between deck and abutment [8], 
[9], as well as between successive deck segments [10]. The analysis therein [9] also investi-
gated the tendency of the deck to rotate after deck-abutment frictional/frictionless impact, and 
proposed the following dimensionless criteria: 

 � �
� �

2sin 2 cos2
2 W L W L

D DK P r  (1) 

where, μ  is the coefficient of friction, α  is the skew angle, W  is the width, and  L  is the 
length of the deck, respectively (Figure 1). If |η| > 1, both a skew (α > 0) and a straight (α = 0) 
bridge will tend to rotate after deck-abutment impact, e.g., in Figure 1 (a) and (b) respectively. 
Saiidi et al. [1], performed large-scale shake table tests of a deck-abutment system and report-
ed substantial, although unexpected, in-plane rotations of the deck, even though the bridge 
was straight. Among all potential rotation mechanisms, e.g. the stiffness eccentricity and the 
multi-support excitation, the frictional deck-abutment contact forces (and the torsional mo-
ment they produce) were identified [1] as the main reason of the deck rotation. 

The present study uses the experimental data from [1] to validate a nonsmooth dynamics 
simulation and offer insight on the pounding-induced deck rotation. In this context, this study 
extends the nonsmooth dynamics framework proposed previously [8], [9], [10] to deal with 
the multi-support excitation, the inelastic behavior of concrete piers, and the continuous fric-
tional contact of a multibody system. Finally, the present paper compares the nonsmooth ap-
proach with a conventional gap element (compliance) approach with respect to their ability to 
predict the observed deck response from [1]. 

 
Figure 1: Rotational mechanism due to deck-abutment pounding.
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2 METHODOLOGY 
This study compares the simulation results obtained by using different methods with the 

measured response of a 4-span reinforced concrete bridge (1/4-scale) model tested by Saiidi et 
al. [1]. The benchmark shake table tests concern a straight continuous post-tensioned deck 
supported by three 2-column bents and two abutment seats. Three independent shake tables 
introduce the ground accelerations along two translational directions at each bent base, while 
another two actuators controls the displacement of the abutment seats solely along the longi-
tudinal direction. The seven sets of input excitations are scaled to different target Peak 
Ground Accelerations (PGAs). Of particular interest for the present study, are the deck-
abutment pounding and the subsequent, but unexpected, in-plane rotation of the deck ob-
served during these experimental tests. 

2.1 Analytical model and equation of motion 
The present study considers the idealized bridge model of Figure 2 which consists of 3 rig-

id bodies subjected to multiple-support excitation at the 3 bent supports (ua
g ) and the 2 abut-

ment seats ( ua
a ) [1]. The motion of the system is described by 7 degrees of freedom (DOFs) of 

the three rigid bodies (abutment seat ‘1’ and ‘2’ and the deck ‘d’, discussed in [11]) with re-
spect to an absolute reference frame (denoted with superscript ‘a’). The equation of motion 
for this multibody system with unilateral contacts and multiple-support excitation can be writ-
ten as ([9], [11]): 

 � � � � 0Mu F u F u W λ W λa r r
D S N N T T� � � �  �� �  (2) 

where  M  is the mass matrix; ua��   is the acceleration vector of the deck and the abutment 
seats with respect to an absolute system of reference (superscript ‘a’); FD  and  FS  are the 
vectors of the damping and restoring forces, expressed using the relative veloci-
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Figure 2: Kinematics and analytical model. 
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ty/displacement vector  u u ur a a
g �� � �   and  u u ur a a

g �   respectively; WN  and  WT  are the 
direction matrices of the contact (constraint) forces in the normal (subscript ‘N’) and the tan-
gential (subscript ‘T’) direction;  λN  and  λT  are the contact force vectors along the two direc-
tions of contact. 

2.2 Nonsmooth dynamics 
The proposed nonsmooth approach [8], [9], [10], [11] decomposes the dynamic response 

into continuous motion (without impacts) and discontinuous events [12], [13], [14]. In partic-
ular, it distinguishes contacts into impacts which are instantaneous events and continuous 
contacts of finite duration. Further, it enforces a kinematic (‘impenetratability’) constraint to 
ensure that the contacting deck and abutment cannot overlap. Lastly, it formulates [11] both 
types of contacts as pertinent Linear Complementarity Problems (LCPs, [15]). The following 
sections introduce briefly only the LCP for the impact. Refer to [8], [9], [10], [11] for the LCP 
treating continuous contact. 

During impacts, the approach employs momentum-impulse principles to calculate the im-
pulses transferred. Along the normal direction, Newton's law determines the normal contact 
velocity vector just after impact ( gN

�� ): 

 g gN N N
� � �� �H  (3) 

where  gN
��   is the  normal contact velocity vector just before impact, and  ^ `diagN NiH H   

with NiH �[0, 1] being the coefficient of restitution of contact point i. As explained in [8], [9], 
[10], [11], the normal contact velocity vector  0g g gN N N N

� � �� � �H   and the normal impulse  ΛN  
vector are complementary (see Eq. (7)). 

Along the tangential direction of contact the positive  gTR
��   and the negative  gTL

��   parts of 
the tangential post-impact velocity  gT

�� : 

 � �1
2g g gTR T T �� � � , � �1

2g g gTL T T �� � � , g g gT TR TL �� � �  (4) 

are complementary with the right  ΛTR  and the left  ΛTL  part of the Coulomb frictional im-
pulse  ΛT (see also [8], [9], [10], [11]) respectively: 
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where  ^ `diag iP P   with  iP    being  Coulomb's coefficient of friction of the i-th contact. 
The LCP which treats frictional single and multiple impacts is: 
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with complementary conditions: 
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where, the G matrices are 
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 (8) 

3 ANALYTICAL RESULT 
To replicate the experimental testing procedure of Saiidi et al. [1], the analytical model of 

the deck-abutment seats system of Figure 1 is subjected successively to the same seven exci-
tations. The two abutment seats are constrained to the measured motion which is now used as 
input to the system. The concentrated mass at the center of the deck and the mass moment of 
inertia is  md = 140.5 t  and  Id = 13090 t·m2. The nonlinear behavior of the RC columns is 
modeled with Takeda hysteretic models [16] in both the longitudinal and the transverse direc-
tions. The coefficient of restitution is assumed  εN = 0.0  and the coefficient of friction is  μ = 
0.5. The damping is modelled with a Rayleigh damping matrix, assuming 8% damping coeffi-
cient for the first and the third mode. 

3.1 Nonsmooth seismic response analysis 
This subsection presents the calculated response based on the proposed nonsmooth ap-

proach. The comparison between the experimental and the analytical results is based on the 
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Figure 3: Comparison of response-history under Excitation No. 5: experiment [1] versus proposed analysis. 

617



Zhongqi Shi and Elias G. Dimitrakopoulos 

following calculation assumptions: the longitudinal displacement of the deck is the average of 
the measurements at the two ends of the deck, the transverse displacement is the one meas-
ured at the middle of the deck, and the deck in-plane rotation is obtained from the two trans-
verse displacements measured at the two ends (along the length) of the deck. Figures 3 ~ 5 
compare the response measured experimentally with that calculated analytically under Excita-
tion No. 5 as an example. A summary of all 7 excitations follows later on (Figure 6). 

Figure 3 illustrates the response histories of the two translational displacements  xd  and  yd  
and the rotation  θd  of the deck (left) and the relative distance between the four corners of the 
deck and the adjacent abutment seats  gN1 ~ gN4  (right). The figure also depicts the different 
types of contact events at all 4 contact points. The proposed nonsmooth approach reproduces 
very well the observed response of the deck for both the longitudinal and the transverse direc-
tions despite the numerous contact events between the deck and the abutment seats. Under 
Excitation No. 5, it also satisfactorily reproduces not only the experimentally observed peak 
rotation, but also the trend of the recorded rotations. This is a particularly challenging task 
since the deck response is dominated by frictional contact. 

Figure 4 compares the response history of the angular velocity during Excitation No. 5. 
Again, the proposed analysis replicates the general trend of the angular velocity variation, alt-
hough some discrepancies are noted in terms of peak values as well as response history. To 
bring forward the underlying physics of the rotation mechanism, Figure 4 also illustrates a 
continuous sliding contact (8.98 ~ 9.08 sec), at point 3. Figure 5 plots the deformation of the 
deck-abutment system and the analytically calculated contact forces at the beginning of this 
continuous contact. At t = 8.98 sec, the normal contact force  λN3 = 144 kN produces clock-
wise moment, and the tangential contact forces  λT3 = 72 kN produce anticlockwise moments. 
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Figure 4: Comparison of angular velocity history under Excitation No. 5: experimental result [1] (*: calculated 
from the numerical time differentiation of the recorded deck displacements) versus proposed analysis. 

   
Figure 5: Comparison of deck response at 8.98 sec under Excitation No. 5: experimental result [1] (deformation 

only) versus proposed analysis (deformation, response velocities, contact forces). 
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Due to the rotated right abutment seat, the normal and tangential direction of this contact also 
rotate. As a result, the angular velocity increases from  ߠሶd(8.98) = -3.4·10-3 rad/s to  ߠሶd(9.08) 
= +2.1·10-3 rad/s. This indicates the dominant role of the frictional contact force on the in-
plane rotation of the deck. 

In summary, Figure 6 plots the peak deck rotation versus the target transverse PGA for all 
7 excitations. Based on the experimental tests, the peak deck rotation increases exponentially 
with respect to the input PGA [1]. The proposed nonsmooth approach well reproduces this 
tendency with reasonable accuracy. The analysis underestimates the peak deck rotations under 
Excitations No. 6 and 7. Note though that, both the possible local damage due to extensive 
excitations (the target transverse PGA is as high as 1.0 g), as well as, the uncertain coefficient 
of friction (the value assumed herein is a constant 0.5) may introduce some error into the sim-
ulation, as discussed in [11]. On the other hand, the peak deck rotation ignoring the deck-
abutment pounding is notably smaller than both the experimental results and the analytical 
results taking into account the deck-abutment pounding. 

4 COMPARISON WITH GAP ELEMENT APPROACH 

4.1 General and analytical condition 
Most numerical/analytical studies of the pounding phenomenon adopt the gap element 

(‘compliance’) approach (e.g. [4] ~ [7]). This section compares the compliance and the non-
smooth approaches with respect to their ability to simulate the deck response recorded during 
the shake table tests [1], especially the in-plane rotation. Here, the compliance approach 
adopts the same analytical model as Subsection 2.1, but uses the spring-dashpot gap element 
at four corners of the deck to simulate the deck-abutment pounding. The contact force vectors 
(λN  and  λT) enter the equation of motion (Eq. (2)) where the gap of point i closes (the relative 
distance becomes smaller than zero: gNi < 0). Based on the Hertz-damp model and Coulomb’s 
law, the contact force along the normal and the tangential direction is respectively: 
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Figure 6: Summary of peak deck rotation versus target transverse PGA under all 7 excitations. 
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where, k  and  c  is the stiffness and the damping of the gap element, respectively, ε (= 10-3 
m/s) is a scalar parameter which determines the sticking-sliding transition. This study adopts 
the proposed stiffness and damping values of [17], [18], [19], and also examines other values 
of stiffness ranging from 10-4 to 10+2 k. 

4.2 Comparison of analytical results 
Figure 7 plots the response history of the translational displacements and the in-plane rota-

tion of the deck during Excitation No. 5. For the longitudinal displacement of the deck, all 
analytical results replicate the general trend observed in the experimental tests. When the 
stiffness is small (10-4 ~ 10-2 k), the results present some minor differences in terms of re-
sponse history, but the peak displacements are in agreement. For the transverse displacements, 
both the nonsmooth and the compliance approaches are in good agreement with the experi-
ment. However, the two approaches generate notable discrepancies in terms of the in-plane 
rotation history of the deck. The rotation calculated by the nonsmooth approach matches bet-
ter the experimental results, in not only the overall response history but also the peak deck 
rotation. In general, when adopting relatively large stiffness values (100 ~ 10+2 k), the compli-
ance approach can produce similar trends of the in-plane rotation. On the contrary, when us-
ing small stiffness values (10-4 ~ 10-2 k), the compliance approach fails to simulate the 
rotational motion of the deck. The comparison under the other 6 excitations shows similar ob-

 
Figure 7: Comparison of response-history under Excitation No. 5: proposed analysis versus compliance approach 
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servation, and is omitted here for brevity. 
To better understand these discrepancies, Figure 8 illustrates (left) the response history of 

the relative distance at point 1 (gN1) during the first pounding (at about 8.17 sec) under Exci-
tation No. 5 and (right) the force-displacement loops of the pertinent gap element (100 k  and 
10+2 k  as an example). The compliance simulation with large stiffness value (10+2 k) approx-
imates the impenetrability constraint and, subsequently, generates similar results to the non-
smooth analysis. From Figure 8 left, the lower the contact stiffness, the larger the penetration 
and the longer the contact duration. Such influence accumulates and significantly affects the 
in-plane rotation history. Figure 8 right shows the obvious discrepancy between the force-
displacement loops when using two different stiffness values. The smaller stiffness leads to 
larger penetration and smaller normal contact force, and consequently the smaller tangential 
contact force (friction, Eq. (10)) and torsional moment.  

5 CONCLUSIONS 
The present paper proposes a nonsmooth dynamics simulation of the seismic response of 

bridge involving deck-abutment pounding. The comparison with benchmark experiment re-
sults shows good match, not only in terms of the two translational displacements but also, and 
most importantly, in terms of the in-plane rotation of the deck. The analytical results replicate 
the experimentally observed trend where the peak deck rotation increases exponentially with 
respect to the input PGA. The study also sheds light on the crucial role of friction on the deck-
abutment pounding problem. Considering only frictionless contact may significantly underes-
timate the planar response of the deck. 

Furthermore, this study compares the proposed nonsmooth approach and the widely used 
compliance (gap element) approach, particularly with respect to their ability to replicate the 
experimental response. The in-plane deck rotation is notably sensitive to the contact stiffness 
of the gap element. Adopting relatively large contact stiffness for the Hertz-damp model gen-
erates satisfactorily similar results compared with the nonsmooth approach. On the other hand, 
an improperly low stiffness may lead to significant underestimation of the peak rotation of the 
deck. Therefore, when applying the compliance approach, one should carefully choose a stiff 
enough gap element, and take friction into account. 
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