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Abstract. As an extension of the previously proposed method of "one-dimensional" elastic 
deformation of the soil, a new solution of coupled seismic oscillations of underground pipe-
line and surrounding elastic soil in a non-ideal contact are obtained. Namely, it is assumed 
that slippage at the interface can occur and when it happens the shear stress is proportional 
to the relative displacement of the soil and that of the pipeline (dry friction condition). In a 
case when the incident seismic wave is a longitudinal wave propagating along the pipeline, a 
closed-form analytical solution of the nonstationary problem is obtained. The dependence be-
tween the maximum stresses and the pipe’s coefficient of friction is investigated. In a super-
sonic case, when the wave propagation velocity in the pipe is less than that of the soil, at first 
sight paradoxical effect was identified. This effect is related to the possibility of resonance 
while reducing shear stresses at the interface. The effect occurs only if there is a slippage be-
tween the pipe and the soil ("seesaw effect").This approximated approach was verified via 
numerical simulations. 
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1 INTRODUCTION 
There is a large number of approximate approaches and methods ([1-4], for example) for 

determining the response of long underground structures (pipelines and tunnels) and their dy-
namic stresses under seismic impact. Since it is difficult to solve the soil-pipeline interaction 
problem in exact formulation, some assumptions have to be made. In these approaches and 
their modifications, it is assumed that the motion of the medium is specified (seismic wave) 
and does not change due to the presence of an obstacle. The interaction between the pipeline 
and the surrounding medium is taken into account by using a model in which the constants 
and functions are determined experimentally. 

More realistic formulation of coupled dynamic problem of soil-pipeline interaction in the 
approximation of one-dimensional deformation of the medium is proposed in [5, 6]. However, 
in [5, 6] only the case of adhesion is considered where the soil and pipeline displacements at 
the interface are the same. Meanwhile, for some types of soils, the possibility of pipe slippage 
relative to soil has been shown experimentally [4, 7]. The objectives of this work are to for-
mulate and solve coupled problems of pipeline seismodynamics in such cases, as well as to 
study the effect of sliding on the maximum tension–compression stresses in the pipeline, 
which determine its seismic performance. 

2 FORMULATION OF THE PROBLEM. SOLUTION FOR THE CASE OF 
COULOMB FRICTION SLIDINGGENERAL SPECIFICATIONS 

A straight-line pipe is modeled by an infinitely long thick-walled cylinder with external 
and internal radii a and b, respectively. Movement of the pipeline and its surrounding elastic 
medium (soil) is caused by the propagation of a longitudinal seismic wave in the soil in the 
direction of the pipeline axis, which is taken to be the Z-axis of the cylindrical coordinate sys-
tem (r, θ, z) as presented in Figure 1.  

   
Figure 1: Problem layout. 

This implies that at a relatively large distance from the pipeline r = R, the displacements of 
the medium are equal to the displacements in the incident longitudinal wave: 

 r = R: u = 0, v= 0, w= w0(c1t í z)H(c1t í z). (1) 

Here u, v, and w are the components of the displacement vector u along the axes r, θ, and z, 
respectively, R > a is the depth of the pipeline (usually, R is usually few orders greater than a), 
H(ȟ) is the Heaviside step function, UPO )2(1 � c  is the velocity of propagation of longi-

tudinal waves, λ and μ are Lamé constants, and ȡ is the density of the elastic soil. 
The boundary conditions at the soil- pipeline interface are given by the following 
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 r = a: u = 0, v = 0, ırz = μ�w/�r = k[w(a, z, t) í U(z, t)], (2) 

where U(z, t) is the axial displacement of the pipeline, determined from the equation of its 
longitudinal vibrations, and the constant k is the interaction coefficient (friction coefficient). 

In the formulation of the third condition in (2), it is taken into account that by virtue of the 
first condition (2), the shear stress at the interface is equal to. 

 r = a: ırz = μ(�u/�z+�w/�r)= μ(�w/�r), (3) 

and hence does not depend on u (it is assumed that the operations of differentiation with re-
spect to z and transition to the boundary for r = a are permutable). 

According to the conditions (1) and (2), there is an axial symmetry, i.e., v = 0 and the func-
tions u and w are independent of the angular coordinate θ. In this case, the equations of mo-
tion of the elastic medium reduce to a system of two Lamé equations for the relative radial u 
and axial w displacements. Under the assumption that the deformation of the medium εzz = 
�w/�z in the direction of propagation of the incident wave coinciding with the direction of the 
pipe axis is dominant, from this system we can extract the equation for the longitudinal dis-
placement w in the following form [6]: 

 ,11
2

2

2
1

2

2

2

22

1

2
t
w

cz
w

r
w

rr
w

c
c

w
w 

w
w�

w
w�

w
w

¸
¸
¹

·
¨
¨
©

§
¸
¸
¹

·
¨
¨
©

§
 (4) 

where UP /2  c  is the velocity of propagation of shear waves in the soil. 
In the variables r and Z (Z = c1t – z), where Z is the distance from the incident wave front 

to an arbitrary point, the solution of (4) satisfying boundary conditions (1) and (2), and the 
shear stress (3) at the interface are given by the relations 

� � > @ ,
)/ln(

)()/ln()()(
)()()(

/ln
)/ln(),( 0

0 aRka

ZUaRkaZHZw
ZUZHZw

aRka
arkaZrw

�

�
��

�
 

P

P

P
 

 � � > @)()()(
)/ln( 0

ZUZHZw
aRka

k
arrz

�
�

 
 P

P
V  (5) 

The equation of forced longitudinal vibrations of the pipeline has the form 
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where E’ is the Young modulus, ȡ’ is the density of the pipeline’s material, and F is the re-
sultant shear stresses on the surface of the pipeline. According to (5), the body longitudinal 
force is given by 
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where V is the volume of a pipe element which has length dz or unit length. 
Substituting expression (7) for F into (6), we obtain the equation of coupled pipeline vibra-

tions, which in the case of a given seismic wave (1) has a solution that depends on the varia-
ble Z = c1t í z, and after a series of transformations reduces to the equation 

 )()(0
22 ZHZwqUqU r rcc . (8) 
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Here the prime denotes differentiation with respect to Z, 
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M = c1/c0 is the Mach number, and Ucc c /0 Ec is the velocity of propagation of longitu-
dinal waves in the pipeline. 

The upper signs in (8) correspond to the supersonic wave velocity (M > 1), and the lower 
signs to the subsonic velocity (M < 1). This equation coincides with the equation of pipeline 
vibrations for the case of full adhesion for q = p0β0 and )/ln(/1

0
aR E . From (7) it fol-

lows that 0 < β < β0 (since 0 < k < Ğ) and β ė β0 for kėĞ. 
It should be noted that for M > 1 (in the case of supersonic flow), perturbations exist only 

behind the incident wave front Z > 0, so that it is necessary to find a solution of (8) that satis-
fies U = dU/dZ = 0 at the front Z = 0. For M < 1 (in the case of subsonic flow), the variable Z 
can take any values in the range of (íĞ;+Ğ) and perturbations in the surrounding medium 
and pipeline exist both behind and ahead of the incident wave front. 

In this case, the requirement of limited amplitude of the vibrations at infinity as Z ėfĞ 
is physically justified. 

Solutions of (8) satisfying the specified constraints were found in [6]. In particular, if the 
soil particles behind the wave front move according to the law w0 = A0 sin (Ȧ1Z)H(Z), the 
stresses in the pipeline are given by the expressions 
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In the case of adhesion (ȕ = ȕ0), these expressions coincide with the expressions obtained 
in [5, 6]. Also from (10), (11) it follows that for β ė 0 (k ė 0), the stress ³ ė 0 by virtue 
of boundary conditions (1.2) (k = 0 means that the pipeline surface is perfectly smooth and is 
not involved in the motion). 

According to [6] for metal (steel or cast iron) and concrete pipelines with various diameters 
and wall thicknesses in typical soils at a depth of about 1.0–1.5 m, the value of p0ȕ0 is one or 
two orders of magnitude greater than the value of Ȧ1, which is inversely proportional to the 
length of the seismic wave. Therefore, in the case of adhesion (ȕ = ȕ0), the denominator in 
formula (10) is close to unity and the stresses are limited. In the case of sliding [β ę (0, β
0)], for M > 1, it is possible that 

10
ZE # pq  and resonance occurs, i.e., [as follows from 

formula (8)], the amplitudes of the stresses and pipeline vibrations (with increasing Z) in-
crease linearly. 

In the formulation of the external problem for the soil, it was assumed that the radial dis-
placements of the soil u at the interface with the pipeline are zero [condition (1.2)]. It is not 
difficult to estimate the accuracy of this approximation and the effect of the values 0zu  for 
r = a. Indeed, the greatest increment in the stresses ırz is obtained assuming that the change in 
the pipe wall thickness h = a í b is due to movement of the outer surface of the pipe. In this 
case, zUhhhhu

zzrrar
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/QHQH  (Ȟ’ is the Poisson’s ratio of the pipe’s materi-
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al). Then, according to (3), additional stresses ǻırz = 22 / zUh wwc� PQ  occur at the interface. 
Accounting for these stresses, we obtain the equation of pipeline vibrations (8) in which the 
constants are defined by formulas (9), provided that in the expression for p0, the quantity |M2 
í 1| is replaced by |M2 + į í 1|, where į = 11 )/1()(2 �� �cc abEQP . Thus, for a steel or cast-
iron tube (diameter 50 cm, a wall thickness of 1 cm) buried at a depth of 1 m in dense soil 
(clay), ¥ Ĭ 0.00082, and for a concrete pipe with the same dimensions, it varies in the range 
of 0.002–0.006. Therefore, in these cases, the influence of the transverse compression and 
tension of the pipeline can be neglected. In the case of flexible pipes (plastic, rubber, etc.), the 
value of į cannot be neglected, which leads to a decrease in the value of p0 in (9). In this case, 
however, all the above properties of the solution, including those due to the occurrence of res-
onance, are retained. 

3 NUMERICAL VALIDATION OF ANALYTICAL SOLUTION 
This section of the paper discusses numerical simulation of the problem for which the 

closed-form solution is obtained above and its comparison to numerical simulation of a simi-
lar problem with stress-free boundary conditions on the outer surface of the soil. The model in 
latter simulation is called Model A and Model B stands for numerical model in the former 
simulation that utilizes the boundary condition presented in (1).  

3.1 Material Properties and Finite Element Mesh  
The material properties of the soil and pipe are presented in Table 1. As presented in Table 

2, ten finite element (FE) models are created to conduct parametric studies for each major 
model configuration. FE modeling is based on the following. The inner and outer radii of the 
pipe do not change from model to model and are selected to be close to the typical dimensions 
of the new underground tunnel system recently constructed in London, United Kingdom [7]. 
The models are created with the pipe’s depth varying from about 20m to about 40m with 
about 5m increments. To take advantage of the axial symmetricity of the problem, all mesh 
elements for both pipe and soil are assigned to ASolid elements in SAP2000 [8]. The pipe 
consists of three layers of elements about 0.5m by 0.17m. The soil elements are very close to 
0.5m by 0.5m. The global and zoomed views of the finite element mesh (example of Model 
2A is shown) are presented in Figure 2. 

 
Material E, GPa Ȟ ȡ, kg/m3 CP, m/sec Cs, m/sec 

Concrete (pipe) 24.9 0.2 2402.8 3390.6 NA 
Soil 1.5 0.4 1750.6 1355.0 553.2 

Table 1: Material properties used in numerical modeling. 

Model Pipe’s inner 
radius, m 

Pipe’s outer 
radius or a, m 

Length of 
model, m 

Depth or R, 
m 

1A&1B 3.0 3.5 100.0 41.13 
2A&2B 3.0 3.5 100.0 35.75 
3A&3B 3.0 3.5 100.0 30.38 
4A&4B 3.0 3.5 100.0 25.0 
5A&5B 3.0 3.5 100.0 20.16 

Table 2: Numerical models used in simulations. 
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a) Global view of mesh b) Zoomed view 

Figure 2: Finite element mesh and boundary surfaces. 

3.2 Boundary Conditions  
As discussed earlier, the finite element models 1A though 5A are based on stress free as-

sumption on the outer surface of the soil that is noted as S3 in Figure 2 and Models 1B 
through 5B are based on the boundary condition (1) on the same surface. The incident wave 
with a sinusoidal acceleration A0 = sin (Ȧ1t), is applied at the boundary surface S4. Surfaces 
S1, S2, S5 are assumed stress free. A rigid contact between pipe and soil elements is assumed 
at the interface notes as surface S6. The simulations are conducted until the fastest wave front 
reaches surface S2. 

3.3 Results of Parametric Numerical Simulations  
The results of numerical simulations for all ten models are discussed in this section. It wor-

thy to note, that the complexity of wave fronts’ geometry is not the same for the two major 
model cases as presented in Figure 3. This plot shows an example of Models 2A and 2B 
which is typical for all other models. The main difference comes from the boundary condition 
on the outer surface of the soil and is related to the fact that the incident wave satisfies the 
boundary condition of Model B and requires introduction of additional waves to satisfy stress-
free boundary condition of Model A.  

The results of numerical simulations confirm this prediction. Figure 4 shows Von Mises 
stresses for Model 1B through 5B. The distribution of the stress is much more even than that 
for Model 1A trough Model 5A. The latter is shown in Figure 5. The Von-Mises stress in vi-
cinity of S3 and S4 surfaces intersection is changes along the inclined wave fronts as present-
ed in Figure 5. It leads to more complex wave dynamics. The waves are diffracting from the 
corners and reflecting from the pipe and surface S3 multiple times.  

As a result, the acceleration of the pipe becomes close to stationery much faster for Model 
B as presented in Figure 6. This is not the case for Model, A which produces few more waves 
interacting with each other. This results in acceleration that does not have a stable harmonic-
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like shape in opposite to the acceleration in Model B. Nevertheless, the maximum accelera-
tion does not exceed 0.25g in both cases. Therefore, for the practical applications, it can be 
concluded that this difference in the boundary conditions on the outer surface of the soil have 
insignificant effect on the maximum acceleration of the pipe.  

 

a) Model 2A b) Model 2B 

Figure 3: Typical anticipated geometry of wave fronts. 

 
Figure 4: Von Mises stresses at t=0.0295 sec in Model B. 
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Figure 5: Von Mises stresses at t=0.0295 sec in Model A. 

 

a) Model A b) Model B 

Figure 6: Acceleration versus time at pipe-soil interface at 10.5m away from excitation surface. 

4 CONCLUSIONS  

x Analytical solution of the problem of coupled seismic movements of an underground 
pipeline and soil is obtained for the case of possible sliding between a pipeline and the 
surrounding medium. 

x For pipelines made of different materials and different types of soils, the obtained solu-
tions can be used to determine the ranges of the parameters in the laws of interaction at 
the interface in which the maximum tension and compression stresses in the pipeline are 
substantially less than the corresponding values in the case of adhesion and the regions in 
which this difference is insignificant. The results can be used to clarify the code require-
ments for the strength of pipelines under seismic impacts and in development of new 
provisions. 
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x In supersonic case, when the friction force is proportional to the relative displacement, 
the possibility of resonance with decreasing friction force at the interface is predicted. 
This fact should be taken into account in calculations of the stresses on polymer and 
composite pipelines under seismic impact, as well as the stresses on segmented pipelines 
with complex damping joints, when the wave velocity in the soil is higher than the aver-
age velocity of propagation of longitudinal perturbations in the pipe. 

x Parametric numerical simulations show that the change of stress free boundary condi-
tions to the conditions (1) on the outer surface of the soil has insignificant effect on the 
maximum acceleration of the pipe. Therefore, this approximated approach can be used in 
practical applications with acceptable degree of confidence. 
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