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Abstract

This paper introduces perfectly matched layers (PMLs) for the simulation of elastic waves in
heterogeneous anisotropic media. The PMLs are used as wave-absorbing boundaries to sur-
round a finite computational domain of interest truncated from the originally semi-infinite ex-
tent. In the formulation, standard Navier equations governing the wave motion in the regular
domain are combined with mixed unsplit-field equations which yield the solution of attenuated
waves within the PML. For the modeling of anisotropic material properties, the strain-stress
relationship of the anisotropic material is incorporated into the constitutive relation of the
mixed unsplit-field wave equations in PML-truncated domains. In this work, a transversely iso-
tropic material is considered for elastic waves in a semi-infinite domain truncated by PML. The
second-order semi-discrete form of the problem is constructed by using a mixed finite element
method and integrated in time for the solution of displacements and stresses by using the New-
mark time integration method. Numerical results are presented for elastic waves propagating
in the transversely isotropic PML-truncated domain. The wave motion in the anisotropic me-
dium is compared with that in the corresponding isotropic medium, and the effect of wave at-
tenuation enforced by the developed anisotropic PML is shown by a series of numerical
examples.
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1 INTRODUCTION

Elastic wave propagation in anisotropic media is important in many branches of applied en-
gineering and sciences such as structural mechanics, geophysics, and petroleum engineering.
In anisotropic media, waves propagate with different speeds in different directions. The mate-
rial anisotropy is comparatively common and could be caused by various mechanisms including
crystal alignment, stress-induced effect, regular placement of fine layers, and aligned cracks [1].
For simulation of elastic waves in such domains, there have been many developments in the
theory and calculation of wave propagation in anisotropic media [2, 3]. Most of the wave im-
plementations are based on finite-difference-time-domain (FDTD) methods on staggered grids.
However, the staggered grid approach is challenging to implement for general aniso-tropic ma-
terials, especially in curvilinear coordinates, and may be subject to stability issues. As an effort
to relieve this problem, second-order displacement formulations with finite element or spectral
element methods have been used for modeling general anisotropy [2].

Another challenge in the wave simulation is to implement absorbing boundary conditions
for anisotropic unbounded elastic media. A useful way to achieve this is to use perfectly
matched layers (PMLs), which surround a finite region of interest truncated from the un-
bounded domain and attenuate outgoing waves from the interior of the domain. Despite some
stability issues, the PML is considered to be one of the most accurate absorbing boundary con-
ditions available. To implement the PML in anisotropic media, several PML methods such as
Convolutional PML(C-PML) and unsplit C-PML were developed, which improve dynam-ical
stability of the classical PML method [4, 5]. The C-PML, however, requires special treat-ment
for evaluating the costly convolutional integral. Assi and Cobbold [6] also improved the stabil-
ity of PML for anisotropic elastic media while reducing the computational cost, but the formu-
lation requires four auxiliary equations, which increase implementation complexity. In recent
years, an unsplit-field displacement-stress formulation of PML was proposed in the time do-
main, resulting in accurate and stable solutions with a straightforward approach for integrating
in time the second-order semi-discrete form [7-9].

This work improves on the earlier mixed unsplit-field formulation by incorporating material
anisotropy into the mixed unsplit-field wave equations for PML-truncated domains. A trans-
versely isotropic material is considered for the anisotropic medium, and the numerical results
are presented for elastic waves propagating in the transversely isotropic PML-truncated do-
main. The series of examples show the effect of the developed PML method for attenuating
waves in anisotropic elastic media.

2 ELASTIC WAVES IN A PML-TRUNCATED DOMAIN

2.1 Complex coordinate stretching
For the wave simulation in a semi-infinite domain, the original extent can be modeled as a
PML-truncated domain as shown in Figure 1. The domain consists of a regular domain (Q,¢)

and the surrounding PML (Qpp)- In this setting, a complex coordinate stretching can be de-
fined as a change of coordinates from a real space to an imaginary space:

Bs(s)

iw

S
§= f (s, w)ds', &(s,w) = as(s) + (D
0
where s(= x,y) denotes real coordinates, w is frequency, and i is the imaginary unit. §is a
complex-valued virtual coordinate transformed from s by integrating a stretching function, &g,
which consists of wave attenuation functions, a, and S;. In the regular domain, the attenuation
functions are defined as a; = 1 and B, = 0, whereas in PML, they can be written as [7, 8]
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where LPML denotes the length of PML in the s-direction, b is the characteristic length of the
domain, and s, is the location of interface between regular and PML domains. R is a complex-
valued user-tunable reflection coefficient, and ng is the s-directional component of the unit nor-
mal vector on the interface. It has been shown that, by introducing the stretched coordinate, the
waveform, exp(—ikX - d), decays exponentially [7-9]. Therefore, by reformulating wave equa-
tions with the coordinate stretching, one can accomplish artificial wave attenuation in the PML.
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Figure 1: A two-dimensional PML-truncated domain

2.2 Governing equations

By applying the coordinate stretching to equilibrium, constitutive, and compatibility equa-
tions in elastodynamics, the following coupled partial differential equations governing elastic
waves in PML-truncated domains can be obtained [9]:

div($TA, + STA,) + af = p(ail + bu + cu) (3)

AT(D:S)A, + AT(D:S)A, + AT(D:S)A, + AL (D:S)A,

4
= %{A'{,(Vu) + (Vw)TA, + AL(Va) + (Ta)TA,}

where u = [u, uy]T denotes displacements, S = fota(x, T)dt the stress memory, and E =

fot €(x, 7)dt the strain memory. f denotes body force, p is medium density, and D is the elastic

compliance tensor. The coefficients a, b, and c are represented in terms of wave attenuation
functions as a = a,a,, f = a,By + Bya,, and c = B, B,. The stretching tensors A, and A,
are written in terms of the stretching functions as

£ 0 a 0 1 1
A-1=[" ]:[" ]+ A+ A 5
0 €y 0 ay la)o ﬁy ()

ex] [ ax] Lw [i)y ﬁ?x] Ae+%7\p (6)
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3 ANISOTROPIC MATERIAL MODELING

To consider material anisotropy in the PML-truncated domain, the elastic compliance tensor,
D, in Egs. (3) and (4) can be modified appropriately. In this work, a transversely isotropic ma-
terial is considered for the elastic waves in the PML-truncated domain. The strain-stress rela-
tionship of a transversely isotropic medium in three-dimensions can be written as follows:

1 Vit Vrr i
— - —— 0 0 0
Er E, Er
VrL 1 VrL
- — — -— 0 0 0
Ex Er E, Er Oy
€y Y v 1 0 0 o ||%
e—Z — ET EL ET O-Z (7)
€yz 1 Oyz
€ 0 0 0 o
zZX 2 UL zX
Exy [ Oy
0 0 0 0 o 0
TT
1
0 0 0 0 0 o
TLA

where xz-plane is the plane of isotropy, and the y-axis is the symmetric axis that is normal to
the plane of isotropy. The elastic moduli and Poisson’s ratios in the transverse and longitudinal
directions are written as

Ex =E, =Er, Uxz = UrT) Viz = Vzx = Vo7 (8)

Ez ¥+ Ey = EL: .uyz = Uxz = UTL) Vyz(z VLT) 2 sz(= VTL) (9)

Assuming a plane strain condition where strains along the z-direction are zero, the constitutive
relationship, E = D: S, in Eq. (7) can be reduced to

€x Qi1 Qiz 0 ][0%
€y [=1Q21 Q22 0 Oy (10)
Exy 0 0 Qs3ll%%y

in which the components of the two-dimensional compliance matrix are written as

1-vZ, Vey (1 +vy,) 1 — VyyVyy

E_x’ Q12 =021 = _E—x’ Q22 = E—y' Q33 = 2.uxy

Q11 = (1)
By substituting Egs. (10) and (11) into Eq. (4), one can mathematically model transient elastic
waves in a transversely isotropic medium truncated by PMLSs.

4 THE WEAK FORM AND A MIXED FINITE ELEMENT METHOD

The coupled equations (3) and (4) can be solved for displacements u and stress memories S
by using a mixed finite element method. For the construction of the weak form of Eq. (3), both
sides of the equation are dotted with a test function vector for displacement and integrated over
the entire domain. Similarly, the weak form of Eq. (4) can be obtained by taking the dot product
of the equation and a test function tensor for stress memory and integrating over the same do-
main. There result
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f vw: (STA, + STA,)dQ + f w - p(aii + bu + cu)dQ
Q Q
(12)
= f w- (STA, + STA,)ndl' + | w - afdl
r

N 'y

f(D:S):(AeTAE) dﬂ+f(D:s’):(AeTA'{,+ApTA£) dQ+f(D:S):(ApTA;f,) dQ
) Q a (13)
=j Vu:ApTdQ+j Va:A,TdQ

Q Q

where w and T are the test function vector for displacement and the test function tensor for
stress memory, respectively. The constitutive relationship of Egs. (10) and (11) is implicitly
imposed in the weak form to consider material anisotropy. The symbols Q and I’y denote the
PML-truncated domain and its Neumann boundary, respectively, as shown in Figure 1. In ar-
riving at Eq. (12), the divergence theorem has been applied. For spatial discretization of the
displacement and the stress memory in Egs. (12) and (13), a mixed finite element method can
be used, where the order of basis functions for the two variables are significant for the stability
of solutions. In this work, using quadratic basis functions with a serendipity element for both
displacement and stress memory yielded stable solutions. After introducing the spatial discreti-
zation to the weak forms, semi-discrete equations of motion could be derived, and the numerical
solution was calculated by using the Newmark time integration method.

5 NUMERICAL EXAMPLES

As an illustrative example of the anisotropic unsplit-field PML, a PML-truncated semi-infi-
nite domain of a transversely isotropic material, as shown in Figure 2, is considered. The size
of the regular domain is 12 m x 12 m, and the PML is 2 m wide. The domain is homogeneous
with density p = 2000 kg/m?, E, = 200 MPa, E, = 300 MPa, pi,, = 83.33 MPa, vy, =
0.2, and v,,, = 0.3. The combined regular and PML domains are discretized using biquadratic
elements with an element size of 0.05 m. There result 40 elements within each PML region. A
reflection coefficient of |[R| = 1078 is used for the PML. As an excitation to the domain, a
stress load g,, = p(t) in the form of a Ricker pulse is applied over a small region (-0.2 m <
x < 0.2 m) on the surface of the domain. The central frequency of the Ricker pulse is 100 Hz
as shown in Figure 3, and the time step is 0.0005 s.

’

~++-0.4m
p(t) [l X

E, =200 MPa
E, = 300 MPa
HUxy = 83.33 MPa
Vyy = 0.2 12m
vy =03
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L I} I} ]

2m 12m 2m

Figure 2: A PML-truncated domain of a transversely isotropic material
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Figure 3: Excitation signal and its Fourier spectrum

Figure 4(a) shows displacement waves at t = 0.035 s due to the surface load in the transversely
isotropic medium. As can be seen in the figure, there are no discernable reflections propagating
back to the regular domain. The displacement is continuous at the interface between the regular
and PML regions, and the waves are attenuated rapidly with distance to the layer. For compar-
ison, displacement waves in the corresponding isotropic medium at the same time instant are
presented in Figure 4(b). The isotropic medium has the Young’s modulus of 200 MPa and the
Poisson’s ratio of 0.2. Since, in the anisotropic medium, the elastic modulus in the y-direction
is 1.5 times that in the x-direction, the waves propagate faster in the y-direction than in the
other direction, as shown in Figure 4. Figure 5(a) presents the time history of displacement at
the coordinate point (0,-12), located at the interface between the regular domain and bottom
PML. The waves reach the point earlier in the case of the transversely isotropic medium than
in the case of the isotropic domain. Figure 5(b) shows the snapshot of u,, at ¢t = 0.023 s along
the line of x = 0. It can be seen that compressional waves travel faster in the anisotropic me-
dium than in the isotropic medium.
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Figure 4: Displacement waves at t = 0.035 s due to the surface load in (a) the transversely isotropic medium
and (b) the isotropic medium
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Figure 5: Displacement w,, in the anisotropic and isotropic media; (a) time history of the displacement at the
point of coordinates (0,-12) and (b) the snapshot of u, at ¢ = 0.023 s along the line of x = 0

The proposed unsplit-field PML method can also be applied to heterogeneous anisotropic
media. For demonstration, elastic wave propagation in a PML-truncated domain shown in Fig-
ure 6(a) is considered. The size of regular and PML domains is the same as the previous case,
but the medium is stratified to two layers with material property values shown in the figure.
Figure 6(b) depicts displacement waves propagating in the heterogeneous anisotropic domain
due to the surface excitation presented in Figure 3. Compared to the homogeneous domain case
in Figure 4(a), some of the waves are reflected back to the surface at the interface between the
two layers, and the rest are transmitted into the lower layer. No discernable reflections from the
PML can be found in this case as well. Figure 7 presents the time history of u,, at coordinate
points (0,0) and (0,-12). The waves in the heterogeneous medium reach the bottom point earlier
than those in the homogeneous medium because of the increase of E,, in the second layer. The
time history shows a few reflections caused by the layer interface, but they disappear as the
waves travel back and forth several times within the domain.
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Figure 6: Results of elastic wave simulation in a heterogeneous anisotropic PML-truncated domain; (a) a two-
layer profile and (b) the snapshot of displacement at t = 0.04 s
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Figure 7: Time history of u,, in the heterogeneous and homogeneous media; both media are transversely iso-

tropic

6 CONCLUSIONS

A mixed unsplit-field PML method has been developed for the simulation of elastic waves
in unbounded anisotropic media.

For the modeling of anisotropic material properties, the strain-stress relationship of the
anisotropic material can be incorporated into the constitutive relation of the mixed unsplit-
field wave equations in PML-truncated domains.

The unsplit-field wave equations in anisotropic PML-truncated domains can be imple-
mented by a mixed finite element method. In this work, a transversely isotropic material is
considered for elastic waves in a semi-infinite domain truncated by PML. It has been found
that the numerical solution is continuous at the interface between the regular and PML
domains, and there are no discernable reflections propagating back to the regular domain.

The proposed unsplit-field PML method for anisotropic media can also be applied to het-
erogeneous domains. The method captures well the reflection and transmission of elastic
waves at the interface of material layers, while eliminating the waves within PML effectively.
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