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Abstract

Ultrasonic Guided Wave(GW) has been proven to be sensitive to small damage. Motivated by
the fact that the quantitative relationship between wave scattering and damage intensity can be
described by scattering properties, this study aims at proposing a new probabilistic damage
characterization method based on the scattering coefficients in tandem with hybrid wave finite
element model (WFEM) scheme. The probabilistic distribution properties of the scattering co-
efficients estimated using measured ultrasonic guided waves in the frequency domain are in-
ferred based on absolute complex ratio statistics. The theoretical scattering coefficients can be
efficiently calculated using WFEM which combines conventional finite element analysis with
periodic structure theory. Based on the probabilistic distribution of reflection/transmission co-
efficients, the likelihood function connecting the theoretical model responses containing the
parameters to be updated and the measured responses are formulated within a unified Bayesian
system identification framework to account for various uncertainties. The transitional Monte
Carlo Markov Chain (TMCMC) is used to sample the posterior probability density function of
the updated parameters. A numerical example is utilized to verify the accuracy of the proposed
algorithm. Results indicate that the strategies proposed in this study can quantify the uncer-
tainties of damage characterization
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1 INTRODUCTION

Structural Health Monitoring (SHM) involving the observation of a structure using response
measurements, the extraction of damage-sensitive features and the analysis of these features to
assess structural health condition has attracted widespread attention [1, 2]. Low-frequency dam-
age detection methods utilizing dynamic responses have been applied extensively in engineer-
ing structures [3]. However, the damage detection approaches based on the low-frequency
characteristics are usually insensitive to small damage.

Nowadays, ultrasonic GW-based SHM methodologies have been widely reported to be sen-
sitive to small damage, convenient and efficient in detecting structural damage [3], such as
fatigue cracks in metallic structures, debonding and delamination in composite structures. The
scattered waves need to be analyzed using certain damage identification algorithms to extract
various characteristics containing essential information about the damage [4, 5]. Over the past
decades, tremendous efforts have been directed to extract structural conditions using GWs. In
the campaign of structural damage characterization, one critical issue that has been widely ac-
cepted is that uncertainties due to endogenous factors should be appropriately considered [6].
Bayesian statistics has been widely considered an excellent candidate for uncertainty quantifi-
cation in GW-based damage detection [6, 7] since it considers probability as a multi-valued
propositional logic for plausible reasoning [8,9].

By making full use of the Bayesian system identification framework for accommodating
measurement noise and modeling errors properly, this study aims at formulating a generic meth-
odology for probabilistic damage characterization based on wave scattering characteristics [4,
5]. The scattering coefficients are probabilistically modelled by using absolute complex ratio
random variables [10]. A Bayesian scheme makes inferences about the damage characterization
parameters directly by processing the statistical information contained in the experimentally
measured scattering properties. The TMCMC [11] is finally used to sample the posterior Prob-
ability Density Function (PDF) of the updated parameters. The hybrid WFE methodology is
hereby employed in order to efficiently simulate wave scattering when ultrasonic GW impinge
a damaged segment within a structure of arbitrary layering. Furthermore, a cheap and fast
Kriging surrogate model will be employed in tandem with the WFE scheme in order to approx-
imate the output in function of model parameters. The procedure is verified using numerical
data in different damage configurations.

2 THEORETICAL BACKGROUND

The piezoelectric transducer excites propagating waves within the structure. The incoming
GWs (+) impinge on the damaged structural segment and generate a set of outgoing (-) reflected
and transmitted waves. The propagation of waves is often described in terms of “wave modes”.
The reflection and transmission coefficients denoted by {R,,J,} at o, are determined by divid-
ing the frequency spectra of the reflected/transmitted signal by that of the incident wave signal
[4]. The reflection/transmission coefficients predicted by the structural damage model are de-
noted as {Rk (9).1, (0)} , defined by a set of damage parameters @, which are to be identified.
Each implemented damage scenario can be FE-modelled and the associated scattering coeffi-
cients can be numerically computed.

In the field of wave propagation, the scattering coefficients can be estimated by taking the
ratio of the FFT of reflected/transmissive wave and the FFT of the incident wave as:
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The statistical inference can be executed by embedding the “deterministic” structural models
within a class of probability models so that the structural models give a predictable (“system-
atic”) part and the prediction error is modeled as an uncertain (“random’) part [8]. In the context
of Bayesian inference with scattering coefficients, the measured outputs and the numerical
model outputs are connected as follows [8]:

9{k = Rk (0) +”re
jk = ];{ (0) + lutr

)

In Eq. (2), the error term x, and 4, are usually modeled as white noise with constant vari-
ances.

The variances of the FFT coefficient of the reflected wave signal and the transmitted wave
can be approximated by:

0. =0, (R (0)+7,.)

3)
7, =0, (T (0)+7,)

where o, =var(X,), o =var(X,,) and o, =var(X,) denote the variations of the incident
wave, the reflected wave and the transmltted wave, respectively; 7, and y, denote the vari-
ances of the prediction errors of reflection and transmission coefficients. R, (0) =7 () and
T, (0) =7, (0) denote the reflection and transmission coefficients predicted at ¢, which are
achieved by using the Kriging model [12, 13]. To formulate a Kriging predictor model, it re-
quires initial Design of Experiments (DoE). These samples are frequently referenced as the
training set or support points. Appropriate DoE plays a vital role in constructing a high-fidelity
Kriging model because DoE influences the creation of the most informative training data. A
common choice for the training design is the Latin Hypercube Design (LHD), which guarantees
to spread design points evenly across each input parameter dimension. With the training set at
hand, one can then calculate the predicted values of the surrogate model at various sample
points in the parameter space by performing an “experiment” at each of those samples based
on the hybrid WFE scheme [14-16].
The PDF of the scattering coefficients 8, and J, are given by [10]

21 (R} (0
P, (110.7,.)= rk( ( )”w)z
(R (0)+7,.+7) @
2
pf},\ (gk 0’7”‘) gk( +]/tr )2
( +7/tr+gk)

Conditioned on the set of measurements D = {i)%k,ﬁ . |k =k, -kz} formed over p e [kAw,kA0],
the likelihood function is given by
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According to the Bayes’ theorem, we can condition the prior on the training data and integrate
over the prior distribution of the coefficients to obtain the posterior uncertainties of

A= {097rg97tr} [879]
p(2A|9,D)= p(A|2)exp(-L(4)) (6)

With £(4) denoting the negative-log likelihood function given by

L2 (R (0)+7.) L& 2 (77 (0)+7,)

L(2)= : ; ;
k=h (Rk (0)+7, +rk2) k=h (Tkz (0)+7, +5£)

(7

As a result, the posterior distribution p(/1|£m,D) of the damage identification parameters and
prediction-error parameters can be achieved using TMCMC algorithm [11].

3 STEP-BY-STEP DESCRIPTION

The procedures of the proposed methodology are outlined below:

(a) Determine the scattering coefficients for the structure under investigation by GW measure-
ments;

(b) Construct Kriging surrogate model to numerically compute the relationship between the
scattering coefficients and the damage characterization parameters 0 ;

(c) Formulate the likelihood function with the scattering coefficient estimates and those pre-
dicted by surrogate model in tandem with WFE;

(d) Calculate the posterior uncertainty of ¢ with TMCMC.

4 CASE STUDY

The accuracy of the proposed algorithm is demonstrated by a fundamental spring-mass sys-
tem shown in Figure 1. The model is parameterized through the stiffness of the spring
k, =10° N /m and the mass of each block m, =10"kg . Assume that damage occurs in the
200" spring, and the damage extent is assumed to be 80%, i.e. k, = ak,with & =0.2. The
system is assumed to be excited by a 9-cycle Hanning-windowed sinusoidal tone burst. The
reference pseudo-experimental damage signature is provided by an explicit solution of the full
system comprising 400 masses. Contamination is added to the explicit solution by Gaussian
noise. Reflection and transmission coefficients for the GW are therefore acquired.

Damaged element
ky ky ka0 / k30 Kago

W’, & J\/\rmwﬂ%maozﬂj\/\f ’\/\/Jmﬂg.f\/\rtmwﬂ‘w

Figure 1: Schematic diagram of the spring-mass system
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Figure 2: Schematic diagram of the waveguide

The frequency band £ =[10,30] kHz is selected for identification, which is symmetrically
around the central frequency of the excitation. A thousand training points are generated for the
damage identification parameter « using LHD. For each sampling point, the scattering coeffi-
cients corresponding to frequencies fallingin f. =[10,30] kHz are calculated as training outputs
using hybrid WFE shown in Figure 2. The training inputs and outputs are then used for con-
structing Kriging model between scattering coefficients and the damage identification parame-
ter. The parameter vector set to be identified includes 0:{05,7/;.8,7/,,.}. The lower bound and
upper bound of the parameters are set to be 6,,,, ={0.5, 0.001, 0.001} and 8., = {1.5¢, 1, 1}.
Then the Bayesian inference is performed by TMCMC, resulting in 10 stages in total. Figure 3
presents the convergence diagram of the TMCMC algorithm at different stages, which demon-
strates that the proposed algorithm is rather efficient. The histogram of the stochastic samples
of the final stage is shown in Figure 4 accompanied by the kernel density estimation. The MPV
of the damage identification parameter is approximately 0.201, which is only 5% away from
the actual value. An insignificant c.o.v. (less than 0.3%) is estimated for the extracted damage
identification parameter. A relatively large uncertainty of the order of 7% is observed for the
prediction errors.
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Figure 3: Convergence diagram of TMCMC at different stages of the spring-mass system

The posterior marginal distribution of the identified parameters using TMCMC and Laplace
approximation are compared in Figure 4. Results from Figure 4 indicate that discrepancy is
found for the PDFs using two different approaches, especially regarding the results of the pre-
diction-error parameters. The mean values of all parameters identified through TMCMC is less
than those acquired through Laplace approximation. The results identified through Laplace ap-
proximation are much more dependent on the initial guesses. Given that the initial values devi-
ate the true values significantly, the results can be poor, and it can cause significant divergence.
Therefore, the TMCMC algorithm has an important advantage over Laplace approximation as
it avoids the need for estimating the initial values of the parameters, which is non-trivial in a
number of real cases.
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Figure 4: Comparison of the PDFs quantified using TMCMC and Laplace approximation

S CONCLUSIONS

Ultrasonic GWs have played an important role in modern SHM technologies due to their
high sensitivity to small damage. We hereby investigate the possibility of using scattering co-
efficients for probabilistic damage identification, through the uniqueness of GW interactions
with each damage scenario. In the context of damage detection with GWs, modelling error as
well as measurement noise will inevitably affects the results. This emphasizes the importance
of using a comprehensive statistical framework to account for the uncertainties in the parame-
ters and their propagation when in need for robust predictions consistent with experimental data.
By making full use of the Bayesian system identification framework to account for measure-
ment noise and modeling errors, this study formulates a new, generic framework for probabil-
istic damage identification by integrating a hybrid WFEM scheme employed for scattering
coefficient estimates, a Kriging predictor model as well a TMCMC stochastic simulation tech-
nique. A numerical study has been used to verify the algorithm properly.

ACKNOWLEDGMENTS

This research has been supported by the European Union’s Horizon 2020 Programme under
the Marie Sklodowska-Curie Grant Agreement No. 741284. The authors would thank Prof.
Ching J.Y. for releasing the code of TMCMC to the public. The first author would also like to
express his gratitude to Mr. Shi-Ze Cao for his valuable disscussions on TMCMC.

REFERENCES

[1] K.Worden, C.R. Farrar, G. Manson, G. Park, The fundamental axioms of structural health
monitoring, Proc. R. Soc. A 463, 1639—64, 2007.

[2] D. Montalvao, N.M.M. Maia, A.M.R. Ribeiro, A review of vibration-based structural
health monitoring with special emphasis on composite materials, Shock and vibration
digest, 38 (4),295-324, 2006.

[3] Z.Su,L.Ye,Y.Lu, Guided Lamb waves for identification of damage in composite struc-
tures: A review, Journal of sound and vibration, 295 (3-5), 753-780, 2006.

[4] Y. Lu, L. Ye, Z. Su, C. Yang, Quantitative assessment of through-thickness crack size
based on Lamb wave scattering in aluminium plates, Ndt & E International, 41 (1), 59-
68, 2008.

2957



Wangji Yan, Dimitrios Chronopoulos, Costas Papadimitriou, Sergio Cantero-Chinchillal, and Guo-Shu Zhu

[5]

[6]

[7]

[8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

M. Krawczuk, M. Palacz, A. Zak, W.M. Ostachowicz, Transmission and reflection coef-
ficients for damage identification in 1D elements, Key Engineering Materials, 413, 95-
100, 2009.

G. Yan, A Bayesian approach for damage localization in plate-like structures using Lamb
waves, Smart Materials and Structures, 22 (3), 035012, 2013.

C.T. Ng, Bayesian model updating approach for experimental identification of damage in
beams using guided waves, Structural Health Monitoring, 13 (4), 359-373, 2014.

J.L. Beck, L.S. Katafygiotis, Updating models and their uncertainties. I: Bayesian statis-
tical framework, Journal of Engineering Mechanics,ASCE, 124 (4), 455-461, 1998.

S.H. Cheung, J.L. Beck, Bayesian model updating using hybrid Monte Carlo simulation
with application to structural dynamic models with many uncertain parameters, Journal
of engineering mechanics, 135 (4), 243-255, 2009.

W.J. Yan, W.X. Ren, Circularly-symmetric complex normal ratio distribution for scalar
transmissibility functions. Part I: Fundamentals, Mechanical Systems and Signal Pro-
cessing 80, 58-77, 2016.

J.Y. Ching, Y.C. Chen, Transitional Markov chain Monte Carlo method for Bayesian
model updating, model class selection, and model averaging, Journal of engineering
mechanics, 133 (7), 816-832, 2007.

M. Balesdent, J. Morio, J. Marzat, Kriging-based adaptive importance sampling
algorithms for rare event estimation, Structural Safety, 44, 1-10, 2013.

S.N. Lophaven, H.B. Nielsen, J. Sendergaard, DACE: a Matlab kriging toolbox
(Vol. 2), IMM, Informatics and Mathematical Modelling, The Technical University of
Denmark, 2002.

D. Chronopoulos, Calculation of guided wave interaction with nonlinearities and gener-
ation of harmonics in composite structures through a wave finite element method, Com-
posite Structures, 186, 375-384, 2018.

R.K. Apalowo, D. Chronopoulos, G. Tanner, Wave Interaction with Defects in Pressur-
ised Composite Structures, Journal of Nondestructive Evaluation, 37 (3), 48, 2018.

D. Chronopoulos, I. Antoniadis, M. Collet, M. Ichchou, Enhancement of wave damping
within metamaterials having embedded negative stiffness inclusions, Wave Motion, 58
165-179, 2015.

2958



