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Abstract

In this present work the geometrical non-linearity in free in-plane vibration of inextensible
functionally graded circular arch with uniform cross-section and pinned-pinned at both ends
has been studied. For simplification, the complicating effects such as rotary inertia and shear
deformation will be ignored. The sixth order differential partial equation of motion has been
obtained after the inextensibility assumption. This study is based on Euler Bernoulli theory and
Von Karman's assumptions. The kinetic and total strain energies due to the axial strain and
bending have been discretized into a series of a finite spatial functions and derived by applying
the Hamilton’s principle energy. The non-linear algebraic equations were obtained and solved
numerically using an approximate explicit method developed previously the so-called second
formulation. A numerical results have been obtained to examine the effects of the volume
fraction index on non-linear behavior of the arch. Comparison is made with the available
results for the case of isotropic homogeneous circular arches: good agreement is obtained.
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1 INTRODUCTION

Arches have become one of the very important structures elements that are used in many
areas such as aeronautics, civil engineering and mechanical engineering due to its ability to
transfer loads through the combined action of bending and stretching for in-plane deformations.
The equations of free in-plane vibration of an arch are very complexe when the complicating
effects such as axial extension, shear deformation and rotatory inertia are taken into account. If
these effects are neglected, then the equations become much simpler, but the main
simplification arises if the arch axis is assumed to be also inextensible.

H. Saffari et al [1] used a finite element technique to obtain the natural frequencies and mode
shapes of circular arch in free vibration analyzis. The Rayleigh-Ritz method was employed by
laura et al to find the fundamental frequency of with various types of cross-section using
polynomial functions as a trial function of displacement [2]. G.R. Liu, T.Y. Wu were applied
y the generalized differential quadrature rule to investigate the free in-plane vibration of
inextensible Euler-Bernoulli arches with uniform, continuously varying, and stepped cross-
sections. A semi analytical solution for in-plane vibration of circular arch was used by A.
Babahammou and R. Benamar [3], [4] to find the linear frequencies and mode shape of arches
with various boundary conditions. The results shown a very good agreement with those
available in the literature. Recently, the geometrically non-linear in free In-plane vibration of
circular arches elastically restrained against rotation at the two end was investigated of O. Omar
etal [5].

Functionally graded material can be defined as a new class of non-homogeneous composite
materials made from combination of two different materials. In recent years, a lot of research
has been done to study the geometrical non-linearity of the FGM and composite structure based
on Benamar’s method such as [6]-[10]

The free in-plane vibration of arches made of homogeneous, composite, and FG materials
was the interest of numerous researchers such as . Hadi Babaei et al [11] have investigated the
large amplitude free vibration of curved beam (shallow arch) resting on elastic foundation. The
natural frequencies of a deep circular arch made of FG materials with arbitrary thickness and
boundary conditions , have been obtained in [12]. The influence of the temperature, boundary
conditions and the material graded index as well as the different geometrical parameters such
as the thickness-to-mean radius ratio and the opening angle on the frequency parameters of the
FG arches have been investigated by [13]. M. Javan et al [14] have studied a large amplitude
thermally induced vibration analysis is investigated for shallow FGM arches under different
cases of rapid heating on the top and bottom surfaces. In [15] an analytical solution to study the
non-linear thermal bending and buckling of the through-the-thickness FGM shallow arches is
presented, taking into account the variation of critical buckling temperature in terms of power
law index, geometric parameter and opening angle.

This current work deals with the study of the geometrical non-linearity in free in-plane
vibration of a FGM circular arch with uniform cross-section and pinned-pinned at both ends.
This theoretical model is based on the Euler-Bernoulli theory and the Von Karman assumptions.
The complicating effects such as rotary inertia and shear deformation will be ignored. The
kinetic and total strain energies due to the axial strain and bending were discretized into a series
of a finite spatial functions and derived using Hamilton’s principle energy. Then, the non-linear
algebaraic equations are obtained and solved numerically using an explicit method developed
previously, the so-called second formulation. A numerical results have been obtained to
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examine the effects of the volume fraction index on the non-linear behavior of the FGM circular
arch.

2  GENERAL FORMULATION

2.1. Non-linear vibration

A functionally graded circular arch made from a mixture of ceramic-metal material
with a constant thicknesses is considered in this study. The effective material properties
of the FGM circular arch such as Young’s modulus E(z), and mass density p(z), with

volume fraction index p are assumed to vary continuously through the thickness of the

beam, according to power law form are shown in Fig.1.
The effective of material properties P, can be expressed as:

P=PV, +PV. (1

m-m

Where P,, V, P, and V, are the material properties and the volume fraction of the metal

and ceramic respectively.
In which ¥ and V, are the metal and ceramic volume fractions respectively related by :

v, +V, =1 @)
Assuming the power law distribution, the volume fraction can be written with the relation:

V() =(;+%j 3)

Where p is the volume fraction index, 0< p <oo. When p is set to zero, the FG arch
becomes fully ceramic, when p is set to infinite, the FG arch becomes fully metal .

Fig 1: Schematic of a FGM circular arch

According to the power law, the young’s modulus E(z) and mass density are p(z) expressed
as:

E(z)=E,+(E,—E,)V,(2) 4)

p(2)=p, +(p.—p,)V,(2) ©)
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Where (E,, p, ) are the material properties for metal and (E,, p,) are the material properties

for ceramic respectively. The physical parameters of ceramic and metal are presented in Table 1.

Table 1 :The physical parameters of ceramic and metal

Materials Young’s modulus Density
E/Gpa p/(kgm™)

Ceramic 380 3980

Metal 206 7800

The variation the density and Young’s modulus along the height of the cross-section is shown
in Fig.2, by taking into account several values of the the volume fraction index.
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Fig. 2. Variation of the density and Young’s modulus through the arch thickness for different values of gradient index p.

In this present study , the complicated effects such as shear deformation and rotary inertia are
neglected because the arch is supposed to be thin. The arch axis is supposed to inextensible,

the radial displacement ©# and tangential displacement w are related by [16]:

ow (6)
—_— =Y
op
The sixth order differential equation of motion may be written as:
ow o'w o'w ., O'w (7)
T2t + 570
op op" 0@ ot 0p
"
o’ R [ pdy
Al = y;% is the non-dimensional frequency.
2
A
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. __ PE-E) (8)
" 2p+2)(pE. +E,)

©)
z"=z+z,

(10)
R =R+z,

z, denoted the height of the metal material, z denoted the neutral axis of isotropic
homogenous circular arch, z* denoted the neutral axis of the FGM circular arch, of the Where

R denoted the radius of curvature of the geometric median of the arch and R* denoted the
radius of curvature of the neutral layer.
Considering the arch in a harmonic motion, we put:
w(@,t) =W (p)cos(wt) (11)
When the form of solution is:
W(p) = (12)
The characteristic equation may be written as:

Q°+20' +(1-A) =0 (13)

The general solution of the differential equation (7) in term of tangential displacement can
be written as:

W,(p) = C, sin(ap)+C, cos(ap)+C, sinh(ap)+C, cosh(ap)+C; (9)+C, with  i=1..,n  (14)

Where: a=+A-1, f=+A+1 and 1>1 .

The pinned-pinned boundary conditions of circular arch in term of tangential displacement
may be written as:
aw,

Wp=0)=W(p=¢,)=0 o
@

A
do

=0 (15)

P=0y d¢)

»=0

The use of the end conditions and the transfer matrix method leads to a homogeneous system.
The determinant of the latest must be set equal to zero to obtain the natural frequencies,
determined iteratively by the Newton—Raphson algorithm.
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2.2. Non-linear vibration
The kinetic energy T and total strain energy V of the system presented in Fig. 1 may be written

as a sum of the axial energy ¥, and the strain energy due to the bending ¥, . The expression of

= O 1 2 h/2 (16)
I{ (6w<>] ((2:) Ipdy:|df

O 3 2 w2

sl Lo
0 2

1 6y ow 4 2
Vy=—=[|b| w+—2| [ Edvido (18)
8R" 1 00> ) 3.

V=V +V,

7, V, and V,are expressed as:

Assuming harmonic, the tangential displacement function is expanded in the form of finite
basic spatial functions:
w,(.1) = a ¥, sin(er) (19)

By replacing w, in the expressions for the energies7 , ¥, and ¥, can be written in the form:

1
T = Eaiaja)zmij cos’ (o) (20)
1 .
vV, = Eaiajkij sin® (ot) 21
1 .
V, = Eal’ajakalbfjkl sin® (r) (22)

The parameters m,, k;, b, are the mass tensor, linear and the quadratic non-linear rigidity

tensor of the arch in which their expressions are defined as:

O,
0 aWaW hl2
=R (b W dyd 0
o)
1Y\ (ew &w \(ow, oW, )|
k. = b Ly /4 Ey™dyd6 24
v R*3-([ [ae ae3j 20 e ,L yoa @4
1 ) 82W 82 0y 52W 5‘2 hi2
b =d—b| [|w lwo+ doflw Al Edydd
O | e o e (R N B
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The coefficients ¢, are unknowns as well as the frequency o.. The dynamic behaviour of

the conservative system may be obtained by applying Hamilton’s principle as defined in

equation (27) :

A
5[ (v-r)d (26)

0

One can obtain the following non-linear algebraic equations:

3 27)
([K]-@ [M]){4}+ S [BCO]{ 4} ={0}
To obtain non-dimensional parameters, ones put:
ku by, 2 (28)
2o e bt
0 m; . bzf/kl R
Where m;,k; and b, are the non-dimensional generalized parameters given by:
1 1 8W hi2
W'w.’ dyd "
![92 oo~ a0 jg"hf/zpy (29)
f(Low vaw \1aw; 19w
k= ——+5—% || — - Ey™dydo
' {!(00 00" 6, o6’ [90 o0 g 5" hj/z ra (30)

I 1 oW’ ow’ ! W oW’ hi2
b, =1—|| W + W +——L-10,d6" || W, + W'+ ——— Edydo"
ijkl { 4 _([[ 1 902802*J[ J 902802* ,[[ 02602*][ 1 002802*}0;!./2 y (31)

By substituting the non-dimensional parameter into equation (28) one obtain the dimensionless
non-linear algebraic equations :

([K"]-o?[M"]){4}+ %[B*(A)]{A} =

presents the dimensionless non-linearity tensor, K is the dimensionless rigidity

(32)

ljkl
matrix , M denotes the dimensionless mass matrix and @" is the dimensionless non-linear
frequency .Using the tonsorial notation, one put:

33
—a,0”m;, =0 with r=1,..,n (33)

i"vir ijkr

ak, +3aa ab;
2
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The called the second formulation [17], it is an approximation which consists to separate the
nonlinear term of equation (34) into a terms proportional to ¢’ and terms proportional to a’¢,

and neglecting terms proportional to 4, and terms proportional to s, one can write:

— 3 2 —
aa,a.b,, =ab,, +a°eb,, r=1,..,n (34)

After substituting and rearranging, equation (34) may be written in matrix form as:
3

([K"*]R P [M:]R){A,}R +E[“*r]k {4}, = {—%afbf”,} (35)

3 RESULATS AND DISCUSSION

In this present work, the free in-plane vibration of a FGM circular arch made with mixture
of ceramic-metal material with uniform section and pinned at the both ends is studied based

on multimode approach.

By assuming the material properties in table.1, the material volume fraction p dependence
to the variation of the first four in-plane free vibration frequencies of FGM pinned-pinned

circular arch are shown in Fig. 2 for radius R=60m, thicknesses h=0.8m and an opening angle

@, =100".
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Fig. 2: The material volume fraction p dependence to the variation of the first four in-plane free vibration
frequencies of FGM circular arch [18].

The influence of the volume fraction index p on the dimensionless non-linear frequency ratio

of pinned-pinened FGM circular arch are presented in Fig.4.
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The Fig.2 shows a comparaison of the first four linear frequencies of the FGM pinned-pinned
circular arch obtained in this present work with the results obtained in [18] as the curvature is
constant. Where good agreement is obtained.

The effects of the opening angle of the FGM circular arch with a volume fraction index p =5

and pinned-pinned ends on the dimensionless non-linear frequency ratios are shown in Fig. 4.
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ﬂn=5m"3 =5 |
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Fig. 3. Influence of the opening angle on the ratio of the dimensionless non-linear frequency ratios to the linear
frequency of FGM circular arch beams with volume fraction p =5.
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Fig. 4. Effect of The material volume fraction p on the frequency ratio.

The results in Fig. 4 show that the dimensionless non-linear frequency ratios of arch tend

increase with increasing the opening angle increases, due to the increased rigidity.
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The influence of the volume fraction index p on the dimensionless non-linear frequency ratios
of the FGM arch by considering the pinned-pinned boundary conditions can be clearly shown
in Fig. 3.

A quantitative values of the dimensionless non-linear frequency ratios of the FGM circular
arch, for various values of of the volume fraction index p and the non-dimensional amplitude

of vibration are presented in Table 2. The results are compared with those obtained in [5].

Table 2: comparison of the dimensionless non-linear frequencies ratios for each value of the volume fraction
index p with isotropic homogenous pinned-pinned circular arch [5].

VVma/ a)nl . Present a)nl )
h o, @

1

Ref [5] p=0.0 p=0.05 p=0.2 p=1 p=5 p=10 p= ©
0.08165  1.002004  1.002004  1.002017  1.002048  1.002064 1.001877 1.001867  1.002004
0.46947  1.064259  1.064259  1.064694 1.065658 1.066144  1.60301 1.059994  1.064259
0.857231  1.200968  1.200968  1.202254  1.205100 1.206531  1.189286  1.188324  1.200968
1.24488  1.390340  1.390340  1.392682  1.397860  1.400463  1.368994  1.367231  1.390340
1.63239  1.613943  1.613943  1.617412  1.625076  1.628927  1.582246  1.579621  1.613943

Table 2 shows the dependence of the frequency ratio of the pinned FG circular arch on the
amplitude of vibration for various values of the power law index p. As may be seen in this
figure, by increasing the values of the power law index in the range [0, 1], the frequency
increases. For values higher than p= 1.0, the frequency decreases when p increases. This may
be expected, since when the power index p = 0.0 or p =« , the material becomes pure metallic
or pure ceramic, respectively, and the non-dimensional frequency corresponds to the isotropic
homogenous material case.

4 CONCLUSIONS

The geometrical non-linearity in free in-plane vibration of inextensible FGM circular arches.
were analyzed based on the Euler Bernoulli theory and the Von Karman geometrical non-
linearity assumptions. For simplification, the complicating effects such as rotary inertia and
shear deformation will be ignored. The naturals frequencies of arch were obtained iteratively
using Newton-Raphson algorithm. The kinetic and total strain energy of the arch were reduced
discretized then the problem was reduced into a set non-linear algebraic equations using
Hamilton’s principle energy and spectral analysis and solved numerically by an approximate
explicit method the so-called second formulation. A numerical results were obtained to examine
the effects of the volume fraction index on non-linear behavior of the FGM circular arch.
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