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Abstract 

Tapered beams like structures are widely used in many fields including mechanical and civil 
engineering, such as high-rise buildings, robot arms, etc. The objective of this paper is to 
study the geometrically nonlinear free and forced transverse vibrations of tapered beams with 
a constant width and a linearly varying depth. The theoretical model is based on the Euler-
Bernoulli beam theory and the Von Kármán assumptions for geometrical nonlinearity. The 
motion is assumed to be harmonic and the transverse displacement function of the nonlinear 
beam is expanded as a series of linear modes, determined by solving the linear problem in 
terms of Bessel functions satisfying the boundary conditions. The discretized expressions for 
total beam strain and kinetic energies are derived, and by application of Hamilton's principle, 
the problem is reduced to a non-linear algebraic system solved using a previously developed 
approximate method (the so-called second formulation). The effect of the linear variation of 
depth on the non-linear behaviour of the beam is examined and then illustrated. Using the 
single-mode approach, the non-linear dynamic behaviour of the tapered beam is studied in 
the forced case. The effects of the excitation level of the applied harmonic force are investi-
gated and illustrated for various scenarios. 
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1. INTRODUCTION
In civil engineering, aeronautics or mechanical engineering, the beams used are commonly 

non-uniform. This type of beams are often subjected to free or forced vibrations, especially in 
some applications such as aircraft wings or steel structures. Many works have been devoted to 
the dynamic behaviour of tapered beams under different boundary conditions and both the 
Euler-Bernoulli and Timoshenko beam’s theory have been used.

The literature review may go back to [1], in which Sanger exposed a general solution in 
terms of Bessel function of order n for a range of beams, for different classical boundary con-
ditions as a fixed end, a simply supported end, etc. Goel studied in [2] the transverse vibra-
tions of tapered beams with elastically restrained ends, as well as the effect of a concentrated 
mass at the free end of a cantilever tapered beam. Craver et al. [3] examined the free vibra-
tions of Euler Bernoulli tapered cantilever beams, elastically restrained at an arbitrary position 
over its length, using the straight search and bisection method. Abrate [4] gave simple formu-
las for predicting the fundamental frequencies using one term Rayleigh-Ritz approximations. 
De Rosa and Auciello [5] investigated a tapered beam of linearly varying width and depth and 
with rotational and translational springs at both ends using the false position method. In order 
to solve the natural frequencies of the free vibration of beams with variable flexural rigidity 
and mass density, Yong Huang and Xian-Fang Li presented in [6] a new approach based on 
Fredholm's integral equations. S.M. Abdelghany et al. [7] investigated the case of non-
uniform circular Euler-Bernoulli beam vibrations using the differential transformation method. 
Fatemeh Sohani and H. R. Eipakchi [8] studied the flexural vibrations of Euler Bernoulli and 
Timoshenko beams with an arbitrary varying cross-section using on the perturbation tech-
nique.  

Despite the large literature devoted to the dynamic behaviour of tapered beams, only few 
authors have considered the effect of geometrical non-linearity. This effect was studied by L. 
S. Raju et al. in [9], for a tapered beam of rectangular cross-section with two types of linear 
taper, one corresponding to the width and the other to the depth. The study was based on Ga-
lerkin's method. The analysis of the non-linear behaviour of Timoshenko tapered beams with 
linear variation in width and depth has been carried out by Minmao Liao and Hongzhi Zhong 
[10], based on the differential quadrature method. Kumar et al. [11] investigated large ampli-
tudes of free vibrations of axially functionally graded tapered beams under different boundary 
conditions, taper profiles and material properties. The principle of minimum total potential 
energy was applied in the static case while Hamilton's principle was used in the dynamic 
analysis. 

The present work is focused on the study of geometrically non-linear free and forced vibra-
tions of tapered beams and constitutes a continuation of the work previously initiated by Be-
namar et al. [12]–[22] in the perspective of a contribution to a non-linear modal analysis 
theory of free and forced vibrations of structures. The purpose of this paper is to study the ge-
ometrically nonlinear free and forced transverse vibrations of tapered beams with a constant 
width and a linearly varying depth. The theoretical model is based on Euler-Bernoulli's beam 
theory and the Von Kármán geometrical nonlinearity assumptions. The motion is assumed to 
be harmonic and the transverse displacement function of the nonlinear beam is expanded as a 
series of the linear modes, determined by solving the linear problem in terms of Bessel func-
tions and the boundary conditions. The discretized expressions for total beam strain and kinet-
ic energies are derived, and by applying Hamilton's principle, the problem is reduced to a 
non-linear algebraic system solved using an approximate method (the so-called second formu-
lation). The effect of the linear variation of depth on the non-linear behaviour of the beam is 
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examined and then illustrated. Using the single-mode approach, the non-linear dynamic be-
haviour of the tapered beam is studied in the forced case. The effects of the excitation level of 
the applied harmonic force are investigated and illustrated for various scenarios. 

2. GENERAL FORMULATION

2.1 Linear formulation 
This study concerns a non-uniform fully-clamped tapered Euler-Bernoulli beam subjected 

to transverse vibrations. A thin rectangular cross-section tapered beam of a constant width and 
a linearly varying depth, denoted by beam (a) is considered.  

Figure 1: Coordinates system for the tapered beam studied.

Setting that x 0
xh = h 1- α
L

, where xh and α present the depth of the beam and the 

taper ratio equal to L
0

h1- h .   The area and inertia functions are given as follows:

x 0S x = h b (1) 
3
x 0h × b

I x =
12

(2) 

The equation of motion of the tapered beam in the case of free transverse vibrations can be 
expressed as in [23]: 

2 22

X X2 2 2EI + ρS = 0
x x

i iw w
t

;   0  x L   1,2 ,  10For i (3)  

Where E, ρ and t are respectively the Young's modulus, the density of the beam material 
and time. w presents the transverse displacement function of x and t, supposed to be separated 
into two functions x, t = W x × φ tw . By substituting xξ = 1- α

L
in the equation of motion 

(6), leads to the formulation previously stated in [23]: 
4 3 2 4

2
4 3 2

d W d W d W βξ + 2(n + 2)ξ + (n + 2)(n +1) - W = 0
dξ dξ dξ α

i i i i
i (4) 

Where: 
2 4

0 i4i
0

ρS ω Lβ =
EI

and n=1 (5) 
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The eigenvalue parameter is denoted by iβ . The solution of Eq. (4) presents the linear 
modes form given in [23] as follows: 

1( ) = + + +1i i 1 i i 1 i 1W A J BY C I D K (6) 

Where -1= 2β ξ α

In equation (6) 1 1 1A ,B ,C and 1D present constants that can be determined from the bounda-
ry conditions, 1J and 1Y are Bessel functions of the first and second kinds in order 1, 1I and 

1K are the modified Bessel functions of first and second kinds in order 1. 

After setting * xx = L for *   0 1 x   , the beam end conditions are given by:
The end conditions at the left side: 

*
i

i *x =0 *x =0

dW W =
dx

= 0 (11) 

The end conditions at the right side:

*
*

i
i *x =1

x =1

dW W =
dx

= 0 (12)

The substitution of equation (6) into equations (11 and 12) leads to four equations, ex-
pressed in the following forms: 

i 1 0 i 1 0 i 1 0 i 1 0A J φ + B Y φ + C I φ + D K φ = 0     (13)

i 2 0 i 2 0 i 2 0 i 2 0A J φ + B Y φ - C I φ + D K φ = 0 (14)

i 1 L i 1 L i 1 L i 1 LA J φ + B Y φ + C I φ + D K φ = 0 (15)

i 2 L i 2 L i 2 L i 2 LA J φ + B Y φ - C I φ + D K φ = 0 (16)

Where  i
0

2βφ =
α

and i
L

2βφ = 1-
α

.

The satisfaction of equations (13-16) leads to an homogeneous system which can be ex-
pressed by the following matrix form: 

1 0 1 0 1 0 1 0
i

2 0 2 0 2 0 2 0 i

11 L 1 L 1 L 1 L

1
2 L 2 L 2 L 2 L

J φ Y φ I φ K φ
A

J φ Y φ -I φ K φ B
CJ φ Y φ I φ K φ
D

J φ Y φ -I φ K φ

0
0
0
0

(17)

The non-trivial solutions corresponding to the natural frequencies are derived from equa-
tion (17), solved iteratively by the Newton-Raphson method. Then the constants 1 1 1A ,B ,C and 

1D are determined by the usual classical algebra procedure. 
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2.2 Non-linear formulation 

2.2.1 Free vibration 

The kinetic energy T of the tapered beam can be presented in the following form: 
2

0
     

2
L wT S x dx

t
(18)

The total strain energy V is the sum of the strain energy due to bending and the axial strain 
energy due to the non-linear stretching forces induced by the large deflections, respectively 
denoted by  Vf and Va and written as follows: 

f + aV = V V (19)

2f

22

20

1V          
2

L ji d wd wE I x dx
dx dx

(20)

2

0

 1  
2

L
x

a
N dxV
E S x

(21)

Where xN presents the non-linear axial stretching forces in the beam, which may be writ-
ten in the form reported in [9]: 

2

0

0

  
 .

2

L
i

x L

dw dx
E dxN dx

S

(22)

The dynamic behaviour of the system is studied by applying Hamilton's principle, stated 
formally as: 

2ω
t

0

δ V - T  dt = 0 (23) 

Assuming a harmonic motion, the transverse displacement can be written as: 
  , sin  1,2 ,ni iw x t a W x t For i (24)

In which  iW x ,  ia and present the linear mode, the basic function contribution coeffi-
cients and the associated frequency. 

After Substituting equation (24) in the expressions for the kinetic energy, the axial defor-
mation energy due to non-linear stretching forces and the deformation energy due to the bend-
ing, one gets: 

22
 

1     cos
2 i i ijT a a mt (25) 

4
       

1  (sin )
2a i j k l ijklV a a a a bt (26) 

2
 

1  sin
2f i i ijV a t ka (27) 

Where ijk , ijklb and ijm denote the matrix of the stiffness due to fV , the non-linearity tensor 
due to aV and the mass matrix attributable to T . Equation (23) is extended by adding equations 
(25, 26 and 27) into it, which can be expressed in the following form: 

22 3  2  0 ;  r 1,...., n i ir i j k ijkr i ira k a a a b a m (28) 
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Equation (28) can be expressed in a matrix form as follows: 
22 3  2  [ ] 0K A B A A M A (29) 

In which , , ir ir j k ijklk m a a b and ia are converted into ,[ ],K M B A and A . Setting
some dimensionless parameters as below: 

*

* * * *

2
 21

0 1 02 4
 1

 ;  ;  
  

iji

i ij

MW x E Ih S h
W x S L M

(  30,31,32) 

* *
2 2

1 0 1 0
3 3;  

ij ij ijkl ijkl
E I h E I hk  b b

L L
k (33,34)       

After substituting the dimensionless parameters in equation (29), this later becomes: 
* * *2 *3     [ ] 0

2
K A B A A M A (35) 

In order to determine the frequency (ω) and the column vector of the contribution coeffi-
cients {A}, which represent the unknowns of equation (35), the so-called second formulation 
had been used. This method was previously developed by EL KADIRI et al. in [16].

2.2.2 Forced vibrations 

To study the non-linear forced vibrations, the tapered beam is supposed to be excited by a 
concentrated harmonic force. The dynamic behaviour of this beam is then studied using Ham-
ilton's principle including the forcing term, and can be expressed as in ref[18]: 

2

0

0
t

V T F dt (36) 

The concentrated harmonic force applied at the point x0 can be written as in[14]:    

0F cos f cosc c c
i i iF t w x t (37) 

Where the dimensionless force *f c
i can be written as: 

3
* *

0
1

f
 

c c
i i

L F w x
E I

(33) 

The mathematical development of equation (36) obtained after substitution of equations 
(25, 26, 27 and 37), as well as the dimensionless parameters can be given as follows: 

* * *2 * *3     [ ]
2

cK A M FA B A A (32) 

Equation (32) was solved using the single mode approach, previously applied by AZRAR 
et al [14]. This approach consists of using only the predominant mode. The predominant 
mode and the contribution coefficients are denoted by " "i and "a "i , leading to the following 
equation: 

2* c* *
2 nl

* * *
l

B f ω1 3 a
K a  K ω

iiii i
i

ii i ii

(34) 

Where
i

*
ii

i

*
l *

Kω  
M

.
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3. NUMERICAL RESULTS AND DISCUSSION

3.1 Free vibration 
The beam investigated in this study is a tapered beam of a constant width, A linearly varying 
depth and IS characterised by a taper ratio equal to 0.8 . The first four eigenvalues of this 
tapered beam are compared to those of [23] for two end conditions: a tapered beam clamped 
at the both sides denoted by C-C, and a tapered beam simply-supported at the both sides de-
noted by S-S. The results of this comparison are summarised in table 1.   

Table 1: The first four eigenvalues of tapered beams for different end conditions.  The taper ratio 
0.8 and 

1

1
S x x

S L

Mode index
1 2 3 4 5

Present work 11.84165331 32.47545622 63.51175681 104.8670264 156.5532995 
CC Ref 23 11.8417 32.4755 63.5118 104.867 156.554 

Rel Diff 3E-04 1E-04 6.7999E-05 2.51307E-05 4E-04
Present work 4.91976 21.34448781 47.48198199 83.82160776 130.436039 

SS Ref 23 4.91976 21.3445 47.482 83.8216 130.436 
Rel Diff 5.51534E-05 -5.71158E-05 -3.79301E-05 9.2612E-06 2.98946E-05 

RefPresent work - 23
Rel Diff  = ×100

Present work

The comparisons made in Table (1) show an excellent agreement, with a relative difference 
not exceeding 0,0004% for the whole range of frequencies considered.   

In the nonlinear free vibration case, the tapered beam investigated remains characterised by
the same taper ratio and clamped at the both ends. Figure (2) shows the amplitude dependence
of the non-linear frequency parameter on the maximum vibration amplitude. 

Figure (2) Backbone curve of the tapered beams studied, corresponding to the first nonlinear mode. 
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Figure (3): The normalized first non-linear mode of the tapered beam for different amplitude values

Figure (4): The Non-linear curvature distribution associated to the normalized first non-linear mode for dif-
ferent amplitude values 

It may be seen in the backbone curve given in Figure (2) that increasing the maximum non-
dimensional amplitude W*max results in an increase the non-linear to linear frequency ratio, 
which is characteristic of a non-linearity of the hardening type. In addition, the bending mo-
ment distribution associated to the non-linear mode shows that the assumption of neglecting 
the geometrical non-linearity may be misleading. For instance, the non-linear bending mo-
ment of the tapered beam at the right end with a contribution coefficient a1= 1 is 248.84, 
while the linear bending moment predicted by linear theory is 237.21, which corresponds to a 
percentage correction of 4,9%.  For a1= 1.5, the non-linear bending moment equals 392.41, 
while the linear bending moment is 355.81, resulting in a percentage difference of 10,28%.
For a contribution coefficient a1= 2, the non-linear and linear bending moments are equal re-
spectively to 553.71 and 474.42, which corresponds to percentage correction of 16,71%.  .

3.2 Forced vibration 
The fully-clamped tapered Euler-Bernoulli beam is excited by a concentred force located at 
the middle. The generalised forces calculated in Table (2) shows that the first mode remains 
predominant, which justifies use of the approximate theory developed in [16] for the determi-
nation of the non-linear frequency response curve in the neighbourhood of the first mode 
(NLFRF). The following Table illustrates the type of results obtained. 
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Table 2: Percentage of generalized forces exciting the first five symmetric modes of tapered beams ex-
cited by a concentred force located at the middle of it.

Modes
1 3 5 7 9

( )c *
i fF w x 18,41 9,20 0,35 9,98 16,32

Using the single-mode approach, an investigation of the dynamic behaviour of the tapered 
beam was carried out in the vicinity of the predominant mode. The response curves were plot-
ted for the tapered beams shown in Figure (1), which was excited by a concentric harmonic 
force. Five scenarios was investigated in which the excitation level varied in the following 
way [Fc=10n](for n=0,1,2 and 3).

Figure (5): Nonlinear frequency response functions, based on the single mode approach, for the tapered beam 
subjected to four levels of excitation. 

Figure (5) shows the effect of the geometrical non-linearity in the case of forced vibrations, 
with the jump phenomenon region commonly found in non-linear vibrations. The hardening 
behaviour is also visible, as well as the non-proportional progression in the frequency re-
sponse with the excitation intensity.

4. CONCLUSION

Geometrically non-linear transverse vibrations of tapered beams were studied analytically 
using the Euler-Bernoulli beam theory and Von Karman nonlinearity assumptions. The solu-
tion of the linear problem was obtained for a tapered beam of a constant width, a linearly var-
iable depth and a taper ratio equal to 0.8. The linear modes obtained were used as basic 
functions in the analysis of non-linear vibrations. To solve the non-linear algebraic system 
derived via application of Hamilton’s principle, a previously developed approximate method, 
called the second formulation, was applied. A comparison was made between the result ob-
tained from the numerical method used here and those obtained using the transfer matrix 
method. This comparison shows an excellent agreement since the relative difference does not 
exceed 0.0002 %. Then, the non-linear dynamic behaviour of tapered beams subjected to free 
vibrations was examined and illustrated by the backbone curve, nonlinear modes and curva-
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ture distributions, in which the hardening behaviour can be clearly observed. Using the single-
mode approach, a study of the dynamic behaviour of the tapered beams in the forced case was 
carried out in the vicinity of the predominant mode. The effect of the force level was exam-
ined and illustrated for four excitation levels. The results illustrate the effect of geometrical 
non-linearity with the hardening type behaviour and the instable regions in which the jump 
phenomena can occur. 
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