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Abstract 

In recent years, the numerous seismic events occurred have pointed out the need for a prompt 
classification of the built heritage in terms of seismic vulnerability. the concept of vulnerability 
is closely linked to the definition of the capacity curve, requiring sophisticated numerical 
procedures to be perferomed, such as the inelastic incremental analysis. 
Therefore, the simplified method herein proposed requires use of only analytically simple anal-
yses such as the elastic analysis and the rigid-plastic analysis. For this reason, this method can 
be used in the immediate aftermath of an earthquake and also for a large-scale classification 
of the buildings. The proposed methodology has been set up by a wide parametric analysis, 
carried out on 420 frames designed according to 3 different approaches: the first one is linked
to the Theory of Plastic Mechanism Control (TPMC), assuring the design of structures showing 
global collapse mechanism (GMRFs), the second is based on the Eurocode 8 requirements 
(SMRFs) while the third is a non-seismic design, based on vertical loads (OMRFs). 
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1 INTRODUCTION

The evaluation of seismic performances of existing buildings has gained, in recent years, an 
increasingly interest in seismic and structural engineering [1]-[11]. In particular, the setting up 
of design rules based on the so-called hierarchy criteria has changed the designer approach to 
let building able to withstand seismic events with an adequate level of reliability [12]-[22]. In 
the safeguard of the built heritage the knowledge of the seismic response of the structures plays 
a fundamental role [24]-[25]. Therefore, any seismic retrofitting or improvement of an existing 
building should be preceded by a strength evaluation phase before the intervention. The evolu-
tion of codes, numerical methods and calculation tools has provided designers the access to 
advanced methodologies of seismic assessment [26]. The seismic performances of buildings 
are evaluated by comparing the capacity of dissipating incoming seismic energy with the seis-
mic demand. The main difficulties that arise from developing a performance checking proce-
dure, are linked to the definition of damage levels corresponding to predetermined performance 
levels, in a methodology that can be applied in everyday practice [27]-[30]. Resorting to non-
linear static analysis, through a structural analysis programme, is conditioned by the precision 
of the structural model, having to be adequately accurate to catch the non-linear behaviour. The 
whole process is not easy to standardise and for this reason a simplified methodology, able to 
define the capacity curve analytically, has been defined. This model shows a full inclination to 
code liability not requiring complicated analyses and being uniquely defined. To this scope, 
several parametric analyses, in terms of pushover, on 420 frames, designed according to three 
different approaches, were made and their results in terms of capacity curves were analysed. In 
particular, each capacity curve has been simplified by defining 3 branches: the elastic response 
curve, the maximum horizontal forces multiplier curve and the mechanism equilibrium curve.
In this evaluation, the role of the beam-to-column joints has not been considered considering 
that the beam ends are equipped with full strength-full stiff joints [31]-[38].

2 TRILINEAR MODEL OF THE CAPACITY CURVE

2.1 Definition of the three branches

One of the most common tools adopted to assess the capacity of a structure is the pushover 
analysis. The simplified method herein proposed only requires use of common analyses such 
as the elastic structural analysis and the rigid-plastic analysis. For this reason, it lends itself well 
to be used in the immediate aftermath of an earthquake, not requiring any static or dynamic 
non-linear analyses. Therefore, the user can quickly obtain the capacity curve through the in-
tersection of three linear branches (Fig. 1), computed by means of simple equations reported in 
the following. The shape of the capacity curve, for a given structure, is affected by the occurring 
collapse mechanism. The first branch is affected by the elastic behavior of the structure. The 
knee depends on the plastic capacity distribution, appearing sharper as more as the plastic 
hinges develop simultaneously while the slope of softening branch is linked to the second-order 
effects.

Referring to the trilinear model proposed, the first branch of the curve can be approximated 
by the elastic response curve; the horizontal one is provided by the maximum load bearing 
capacity, while, the softening branch is given by the collapse mechanism equilibrium curve of 
the structure, influenced by the second order effects. The definition of the third branch, is linked 
to the concept of mechanism equilibrium curve [40], [41]. Therefore, the mechanism equilib-
rium curve is a straight line, expressed in the following form:

(1)
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Figure 1: Trilinear model of the capacity curve.

where α0 is the kinematically admissible multiplier of horizontal forces due to first-order rigid-
plastic analysis and γs is the slope of the mechanism equilibrium curve [42]-[51]. Providing 
input data about mechanical and geometric properties of structural members, acting forces [52]-
[54] and the potential collapse configurations, both α0 and γs can be computed for each type of 
possible collapse mechanism. According to the extension of the kinematic theorem of plastic 
collapse to the concept of mechanism equilibrium curve, the triggering mechanism will be the 
one characterized by the curve located below the others into a given displacement range com-
patible with the local ductility supply.

2.2 Parametric analysis

The definition of the horizontal branch of the trilinear curve and the plastic rotation demand
corresponding to the collapse condition was achieved through a wide parametric analysis on 
moment resisting steel frames (MRFs) and calibrated by regression analysis according to the 
results obtained by the pushovers performed on MRFs.
The parametric analysis has been carried out with reference to three categories of frames:

GMRFs (Global moment resisting frames) designed according to TPMC procedure
(showing global collapse mechanisms);

SMRFs (Special moment resisting frames) designed according to hierarchy criterion as
suggested by Eurocode 8 [53], able to avoid “soft storey” collapse mechanisms;

OMRFs (Ordinary moment resisting frames) designed without any requirement aimed
at the control of the collapse mechanism and usually showing “soft storey” collapse
mechanism.

The parametric analysis regarded 140 geometrical schemes of low-rise frames by varying 
the number of bays, nb from 2 to 6, the number of storeys, ns from 2 to 8, the bay span, equal to 
3,00 m, 4.50 m, 6.00 m, 7.50m and the three different design approaches for a total number of 
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420 designed structures. All the combinations were analysed considering dead loads equal 
to 3.5 , live loads equal to 3 and interstorey height of 3.5m [54].

2.3 Calibration of maximum multiplier formula

To define the horizontal branch of the trilinear curve and the point corresponding to the
collapse condition, wide parametric and regression analyses on moment resisting steel frames 
(MRFs) have been carried out. In particular, MRFs are analysed through pushover analyses -
[56] in order to check the correspondence between their results and the aforementioned trilinear 
model. The maximum multiplier corresponding to the maximum bearing capacity is derived by 
the Merchant-Rankine formula [57] as a combination of the collapse multiplier obtained by the 
rigid-plastic analysis and the critical collapse multiplier for vertical loads. Introducing a cal-
ibration factor, useful to ensure a large application of the method, the relation has been rear-
ranged as:

(2)
where:

(3)

(4)

Ib and Lb are the inertia and the length of the beam, respectively; Ic e Lc are the inertia and 
the height of the column; E is the elastic modulus; a and  b are the regression coefficients. The 
parameter is calculated with reference to the first storey members.

The coefficient Ψ can be computed according to the following relation, which guarantees an 
accurate evaluation of the as Figure 2 testifies:

(5)

Figure 2: Regression analysis for the maximum multiplier formula.
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2.4 Characteristic points of the trilinear model

Starting from the trilinear approximation model, four characteristic points of the simplified
capacity curve (points A, B, C, D of Fig. (3)) have been identified. These points are associated 
to limit states with the meaning of identifying a target performance [58]-[61].

Figure 3: Characteristic points of the trilinear capacity curve

Point A

This point corresponds to the minimum value between the maximum storey displacement under 
serviceability conditions and the multiplier of the horizontal forces corresponding to the for-
mation of the first plastic hinge. It is associated with the "Fully Operational" limit state.
The multiplier corresponding to point A, will be calculated as follows:

(6)
Point B

Point B corresponds to the development of the maximum bearing capacity of the structure and 
to the elastic limit of the structure and is associated with the "Operational" limit state. To locate 
point B, the maximum multiplier has to be computed, by means of the Merchant-
Rankine formula (Eq. (2)).
Therefore, it can be stated that:

(7)

where the unknown is the top sway displacement 

Point C

Point C corresponds to the development of the collapse mechanism and is associated with 
the "Life Safety" limit state.

The corresponding top sway displacement can be derived as follows:

(8)

Point D
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Point D corresponds to the overcoming, at least in one member, of the local ductility supplies
and is associated with the "Near Collapse" limit state. This is the case of very rare seismic 
events in which considerable local ductility is required.

The corresponding top sway displacement , is calculated as follows:

(9)

where is the plastic hinge rotation assumed equal to 8.0 according to Eurocode 8 [60],
is the plastic hinge rotation corresponding to the formation of the collapse mechanism, 

is the total height of storeys involved into the collapse mechanism.
For the evaluation of plastic rotations occurring in the critical members, an analytical for-

mulation is proposed, based on a simplified Grinter’s (shear type) single storey portal in which 
it is assumed that the plastic moments are different at the top and at the base of the columns, to 
represent the plastic redistribution capacity characterizing frames with more storeys and bays. 
The relationships for the evaluation of the plastic rotation corresponding to the development of 
the collapse mechanism are proposed as follows:

(10)

(11)

where is the total height of storeys involved into the collapse mechanism, ns is the number 
of storeys, is the multiplier of the horizontal forces corresponding to the formation of the 
first plastic hinge, is the displacement corresponding to the formation of the first plastic 
hinge. The coefficients, determined by regression analyses, are given by:

(12)

(13)

(14)
The results of linear regression on GMRFs and SMRFs, are reported in Figs. (4-7).

Figure 4: Regression analysis GMRFs - θp.mec, 1st yielded element.
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Figure 5: Regression analysis GMRFs - θp.mec, critical column.

Figure 6: Regression analysis SMRFs - θp.mec, 1st yielded element.

Figure 7: Regression analysis SMRFs - θp.mec, critical column.
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3 ASSESSMENT PROCEDURES IN TERMS OF SPECTRAL ACCELERATIONS

3.1 ADRS spectrum approach

According to the ADRS spectrum approach, for each limit state, the spectrum will 
be be defined by means of the relationship . For the definition of the
capacity it is necessary to represent the characteristic points of the trilinear curve of the structure, 
in the ADRS plane through the abscissa, that is the displacement .

It is necessary to distinguish between the cases e . If . The capacity
in terms of spectral acceleration, for a specific limit state, can be obtained through the following 
relationship:

(15)

The demand is represented by the spectral acceleration provided by the code, for the specific 
limit state, considering the equivalent period of vibration T*. 

For the assessment procedure, the inequality has to be satisfied.
If  and q>1, according to equality of energy criteria, there is a different procedure

to evaluate the capacity that leads to the anelastic spectrum:

(16)

(17)

(18)

3.2 Nassar & Krawinkler approach

The proposed approach overcomes the limits of the verification methodology proposed by 
the current seismic codes. In addition, it accounts for second-order effects, occurring when the 
collapse mechanism is fully developed.

In the framework of capacity-demand checking procedure, the MDOF actual system is re-
placed by an equivalent SDOF system an equivalent SDOF system introducing the modal par-
ticipation factor Γ.  Multiplying the multiplier of horizontal forces α with the design base shear 
the capacity curve is reported in a - plane (base shear force-top-sway displacement).

The capacity curve must be reduced through the modal participation factor and represented 
in a F* - d* plane through the relations  , .

The demand can be estimated through the period T* and the equivalent mass m*.  In the 
following, the verification procedure for each characteristic point of the capacity curve approx-
imated with trilinear model is reported.

Point A (Fully operational)

The capacity in terms of spectral acceleration for the point A is given as follows:

(19)
Point B (Operational)

The capacity in terms of spectral acceleration for the point B is given as follows:

1499



R Montuori, E. Nastri, V. Piluso, P. Todisco

(20)

Point C (Life Safe)

The capacity in terms of spectral acceleration for the point C is given as follows:

(21)

(22)

where and .

In the case of point C (and point D), the structure draws on its own plastic resources to 
dissipate incoming seismic energy. Consequently, the q structure factor comes into play, ex-
pressed according to the formulation of Nassar and Krawinkler [30], as a function of the duc-
tility .

Point D (Near Collapse)

The capacity in terms of spectral acceleration for the point D is given as follows:

(23)

(24)

To take these into account, the coefficient which is a function of the ductility and the 
slope of the equilibrium curve (expressing the sensitivity of the structure to second-order ef-
fects), has been introduced:

(25)

where and 

(26)

4 CONCLUSIONS

In conclusion, the proposed methodology opens-up new scenarios regarding the seismic 
classification of the built heritage. An analytical methodology allows to evaluate uniquely the 
seismic vulnerability of buildings without passing through complex analyses not manageable 
by means of codes and prescriptions. The trilinear model seems to be the right compromise 
between accuracy in analysis and computational speed and fits well in all the major seismic 
codes. The assessment of structure performances, in terms of comparison capacity-demand, has 
been performed by means of the Nassar & Krawinkler approach, characterized by a wide gen-
erality because it does not discriminate between high and low periods of vibration and accounts 
for second-order effects by means of the stability coefficient . Finally, it is important to note 
that discretization in characteristic points of the capacity curve makes easy the comparison ca-
pacity-demand and already shows inclination towards the generality of the application of the 
method, being associated with behavioural characteristics of structures that are independent of 
the structural type.
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