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Abstract. This paper compares the efficiency of two active control systems based on the same
control algorithm in protecting rigid block-like structures from overturning. The control algo-
rithm is the Pole Placement Method that is aimed at transforming the rest position of a rigid
block into a stable equilibrium point. The two control systems differ in the position of the actua-
tor driven by the active control algorithm. In the first case, the block is placed on a horizontally
translating support that is connected to the ground by an actuator able to provide a controlled
displacement. In the second case, a small mass able to run at the top of the block is driven by an
actuator capable of applying a controlled displacement. This kind of protection system is com-
monly called Active Mass Damper. The effectiveness of the two control systems is analysed by
comparing the overturning spectra that represent the amplitude of the harmonic excitation able
to overturn the block versus its circular frequency. Several simulations have been conducted
using different recorded earthquakes to evaluate the performances of the two control methods
in the reduction of the rocking angle and the protection from the overturning of the block. The
results show the excellent performance of both the considered control systems.
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1 INTRODUCTION

The protection of rigid block-like elements such as obelisks, statues, storage boxes, trans-

formers, cabinets, and racks for both civil and industrial use is a challenging topic for civil

engineers. The most common failure of such elements is the overturning caused by base excita-

tion. Different techniques have been proposed to prevent such overturning. The majority of the

researchers proposed protection techniques that are based on passive control systems.

For example, in [1, 2], the authors studied the effectiveness of base anchorages. Some pa-

pers investigated the efficiency of base isolated systems [3, 4, 5, 6, 7]. Several authors used

mass-dampers that have been modeled either in the shape of a pendulum [8, 9, 10, 11] or as a

single degree of freedom mass running on the top of the rigid block [12, 13, 14]. Some papers

presented the coupling of rigid bodies with inerter devices [15, 16]. Lately, some researchers

studied the use of semi-active anchorages [17, 18], and active control techniques [19, 20, 21] to

increase the amplitude of base excitation required to topple a rigid block.

This paper compares the efficiency of two active control systems based on the same control

algorithm in protecting rigid block-like structures from overturning. The control algorithm is

the Pole Placement Method that is aimed at transforming the rest position of a rigid block into

a stable equilibrium point. In fact, in the classical rocking equations of rigid blocks based on

Housners model [22], the rest position is not an equilibrium point. The two control systems

differ in the position of the actuator driven by the active control algorithm. In the first control

system, the block is placed on a horizontally translating support. Such support has a mass that

is negligible compared to the mass of the block and it is connected to the ground by an actuator

able to provide a controlled displacement. This protection system was already studied in [20].

In the second control system, a small mass able to run at the top of the block is driven by an

actuator capable of applying a controlled displacement. This protection system is commonly

called Active Mass Damper (AMD).

For both methods, the linearized rocking equations are used to derive the control laws. The

optimal coefficients of the control laws are selected assuming the overshoot as the key param-

eter. Both the control systems exhibit a low sensitivity to the geometrical characteristics of

the rigid block so that the same optimized control coefficients can be used for a wide class of

rigid blocks. The robustness of the two control systems is also investigated by considering the

limitations of the control forces and different sampling and delay times.

The effectiveness of the two control systems is analyzed by comparing the overturning spec-

tra that are obtained with and without control. Such overturning spectra provide the amplitude

of the harmonic excitation able to overturn the block versus its circular frequency. Several

simulations have also been conducted using different recorded earthquakes to evaluate the per-

formances of the two control methods in the reduction of the rocking angle and the protection

from the overturning of the block under seismic excitation.

The results show the excellent performance of both the considered control systems. Con-

sequently, since the performances of the control systems are comparable for all the working

conditions considered, the choice between the two methods is dictated by the technical and

technological aspects of each specific application.

2 ACTIVE CONTROL METHODS

In both the control methods the mechanical system is a rigid block in the shape of a paral-

lelepiped with a height 2h and a base 2b (Fig. 1). The base dimension orthogonal to the rocking

plane has unitary length. The mass of the block is M = ρ× 2b× 2h× 1.0, where the mass den-

1584



A. Di Egidio, A. Contento and S. Pagliaro

sity ρ = 1800kg/m3. The block cannot slide, so its motion is described by only the Lagrangian

parameter θ(t) that is the rocking angle. In the first control method, the block is placed on a

horizontally translating support. Such support has a mass that is negligible compared to the

mass of the block and it is connected to the ground by an actuator able to provide the controlled

displacement uB(t) (Fig. 1a). In the second control scheme, a small mass m, able to run at the

top of the block, is driven by an actuator capable of applying the controlled displacement uT (t)
(Fig. 1b).

The control algorithm used in this paper is the Pole Placement Method (PPM) that is aimed

at transforming the rest position of a rigid block into a stable equilibrium point. It is worth

observing that, the two rocking equations describing the motion around the two base pivots of

a stand-alone rigid block, do not admit the rest position (θ(t) = 0) as an equilibrium point. The

PPM algorithm makes the rest position a stable equilibrium point in both the rocking equations.

( )

( )

( ) ( )

2

2

(a) (b)

( )

( )( )

Figure 1: Active control systems: (a) Base Active Control (BAC); (b) Top Active Control (TAC) or active mass

damper.

2.1 Base active control system

Since the active control system applied to the base of the rigid block and based on the Pole

Placement Method was already studied in [20], in this subsection only the main governing

equations are reported. The system shown in Fig. 1a can be described by the same equations of

a stand-alone block with an additional term due to the control device. The control displacement

uB(t) applies an acceleration üB(t) at the base of the block that works as the external excitation.

Hence, it appears in the equations of motion as a contribution added to external acceleration ẍg.

The equations of motion read

(JG +MR2) θ̈(t) + gMR sin (αcr − θ(t))−MR cos (αcr − θ(t))
(
ẍg(t) + üB(t)

)
= 0

(JG +MR2) θ̈(t)− gMR sin (αcr + θ(t))−MR cos (αcr + θ(t))
(
ẍg(t) + üB(t)

)
= 0

(1)

where g is the gravity acceleration; JG is the polar momentum evaluated with respect to the

mass centre G; αcr is the value of θ(t) in which the vertical projection of the mass centre G
passes through the base rocking corner; R is the distance between the mass centre G and the

base rocking corner.
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The control algorithm is obtained by linearising the equations of rocking motion with respect

to θ(t). This assumption leads to an excellent approximation in the case where θ(t) is very small.

This fact occurs in sufficiently tall blocks where θ has to be smaller than the critical angle αcr.

The Pole Placement Method has two main objectives: (i) to vanish the external excitation at

each instant and (ii) to make the rest position of the block a stable point. The first objective is

achieved by providing a control force opposite to the external one to the system. For the second

objective, the rest position of the block can be considered a stable point if the Jacobian matrix

is modified in such a way that the eigenvalues have negative real part. The control law üB(t),
representing the control acceleration that the actuator has to apply to the system at each time t
reads

üB(t) = ±gαcr − ẍg(t)− 1

4

(
4 + q222

)
ϑ(t)− g

ωo

q22ϑ̇(t) (2)

where q22 is a control coefficient that has to be determined. The sign (−) refers to the rocking

motion around the left corner, whereas the sign (+) refers to rocking motion around the right

corner.

2.2 Active mass damper system

The equations of motion of the controlled system in Fig. 1b are obtained via a Lagrangian

approach

0.25 [θ′′(t)(4b2(m+M) +m(4u(t)(2b+ u(t)) + h2
m + 8hhm) + 4h2(4m+M))+

4m(2bθ̇(t)u̇(t) + u(t)
(
g cos(θ(t)) + 2θ̇(t)u̇(t)

)
− 2hü(t))+

4ẍg(t)(− sin(θ(t))(b(m+M) +mu(t))− h(2m+M) cos(θ(t)))−
2mhm(g sin(θ(t)) + ü(t) + cos(θ(t))ẍg(t))]+

bg(m+M) cos(θ(t))− gh(2m+M) sin(θ(t)) + JGθ̈(t) = 0

0.25 [θ̈(t)(4b2(m+M) +m(4u(t)(u(t)− 2b) + h2
m + 8hhm) + 4h2(4m+M))−

2m(4bθ̇(t)u̇(t) + ghm sin(θ(t))− 2gu(t) cos(θ(t)) + (hm + 4h) ü(t)−
4u(t)θ̇(t)u̇(t)) + 2ẍg(t)(2 sin(θ(t))(b(m+M)−mu(t))−

(2h(2m+M) +mhm) cos(θ(t)))]−
bg(m+M) cos(θ(t))− gh(2m+M) sin(θ(t)) + JGθ̈(t) = 0

(3)

where hm/2 is the vertical distance between the centre of the small mass m and the top of

the block (see Fig. 1b.) Also in this case the control algorithm is obtained by linearising the

equations of rocking motion with respect to the variables θ(t) as

Ż(t) = A1(t)Z(t) +A2 +A3ẍg(t) +A4ü
T (t) (4)

where Z(t) =
{
θ(t) ϑ̇(t)

}T
is the state variables vector and the matrices A1, A2, A3, and

A4 read

A1(t) =

[
0 1
ω2
0 ∓ 2bm

JA,B
u̇T (t)

]
; A2 =

{
0

∓ bg(m+M)
JA,B

}

A3 =

{
0
ω2
0

g

}
; A4 =

⎧⎨⎩ 0
ω2
0

g
− hM

JA,B

⎫⎬⎭
(5)
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where ω2
0 = (hM + (2h+ hm/2)m) g/JA,B is the linear frequency associated to the motion of

the block and JA = JB is the total polar momentum evaluated with respect to one of the base

rocking corners. The following control law is assumed:

A4ü
T (t) = −A2 −A3ẍg(t)−Q(t)Z(t) (6)

where Q(t) is a weighting matrix

Q(t) =

[
0 1

ω2
0q12 ω0q22 ∓ 2bm

JA,B
u̇T (t)

]
(7)

By introducing Eq. 6 into the linearised equations Eq. 4, the linearised controlled system be-

comes

Ż(t) = (A1(t)−Q(t))Z(t) (8)

where the Jacobian matrix of the controlled system A1(t)−Q(t) does not depend on time.

The linearised system Eq. 8 admits the rest position θ(t) = 0 as stable equilibrium point if the

eigenvalues of the linearised Jacobian matrix are real, negative, and coincident. This fact occurs

for the control coefficient q12 = 1/4(4 + q222).
By expanding Eq. 6, it is possible to observe that the control displacement uT (t) has to satisfy

the following differential equation:

üT (t)∓ cu(θ̇)u̇
T (t)∓ c0 + cg(ẍg) + cθ(θ) + cθ̇(θ̇) = 0 (9)

where the coefficients in the equation are

cu(θ̇) =
2bmg

JA,B−hMg
θ̇; c0 =

bg2(M+m)
JA,B−hMg

; cg(ẍg) =
JA,Bω2

0

JA,B−hMg
ẍg

cθ(θ) =
1
4

JA,Bgω2
0

JA,B−hMg
(4− q222)θ; cθ̇(θ̇) =

1
4

JA,Bgω0

JA,B−hMg
q22θ̇

(10)

2.3 Ideal and real controlled system

The real working conditions of the controlled system differ from the ideal case because

(i) the control accelerations üB,T have to be limited to a threshold value that depend on the

characteristics of the actuator, (ii) the control device applies the accelerations üB,T with a delay

that depends on the characteristics of the control system, and (iii) the control algorithm is

obtained from the linearised equations of motion, hence it works sufficiently well with the

nonlinear mechanical system if the smallness of the rocking angle θ can be considered a valid

approximation.

It is considered that the actuators can reach the maximum acceleration üB
max = 0.2g and

üT
max = 2.0g, respectively for the base and the top active control system. Therefore, by taking

the moving mass of Fig. 1b m = γM , with γ = 0.1, it follows that the maximum control forces

FB
max = M0.2g and F T

max = m2.0g = γM2.0g are equal. In the simulations performed in the

paper, it is always considered this threshold value of the controlled accelerations.

As it is known, real control systems suffer of time-delays between the real time and the

application of the control displacement. One of the delays is the so-called sampling time δtc,
which measures the time-step between two successive data acquisitions of the state variables

necessary to evaluate the control displacement. The other type of delay is the time-delay δtd,

which is related to the speed of the control system and of the actuator to evaluate and to apply
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the control displacement to the system. An analysis to evaluate the robustness of the control

systems to a variation of the time-delays is performed below.

Both active control systems depend only on the coefficient q22 (Eq. 2 and Eqs. 9-10). The

search of the optimal value of such coefficient can be usually performed in terms of step re-

sponse of the system ([23]). In a rigid block system the step input cannot assume any value

because the block overturns over a threshold of the base acceleration. Hence, a small constant

base acceleration, capable of uplifting the block but not sufficient to overturn it, is considered.

The efficiency of the control system can be measured by evaluating the so called overshoot.
Under a step excitation, the block uplifts, reaches the overshoot, that is the maximum rocking

amplitude, and comes back to the rest position, thanks to the control apparatus. A parametric

analysis is performed in order to evaluate the overshoot as a function of the sole control coef-

ficient q22, in both the considered control systems. Such parametric analysis provide the same

value of the control coefficient q22 = 7 for both control systems.

3 UPLIFT AND IMPACT CONDITIONS

In order to correctly describe the behaviour of the system, the knowledge of the transition

conditions among the different possible phases of motion is needed. The system at hand presents

two transition conditions: uplift and impact.

The uplift condition provides the minimum base acceleration aup capable of uplifting the

block. It is assumed that the control system works after the beginning of the rocking motion.

The minimum value of the horizontal acceleration able to uplift the block can be obtained from

the balance between the resisting moment (due to the weight of the block) and the overturning

moment (due to the inertial forces).

During the rocking motion, when the rotation θ(t) approaches to zero, an impact between

the block and the support occurs. Consequently, the pivot of the rocking motion changes and it

is necessary to evaluate the angular velocity of the block after the impact. Post-impact condi-

tions of the rocking motion can be found assuming that the impact happens instantly, the block

position remains unchanged, and the conservation of the angular momentum is imposed.

3.1 Base Active Control system

Since the control system works only after the beginning of rocking motion, the uplift and

impact conditions are the same as those of a stand-alone rigid block. The uplift condition reads

|aup| ≥ g

λ
(11)

where λ = h/b is the slenderness of the block. An uplift occurs around the left (right) base

corner when aup > 0 (aup < 0).

The impact condition provides the following restitution coefficient

μ =
ϑ̇+

ϑ̇− =
(JO − 2bSy)

JO
(12)

where JO is the polar inertia of the block with respect one of the two base corners; Sy = ±Mb
(sign minus in case of re-uplift around the left base corner, sign plus in case of re-uplift around

the right corner) is the static moment of the block with respect to a vertical axis passing through

one of the two base corners and superscript (·)− and superscript (·)+ denote pre- and post-impact

quantities respectively.
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3.2 Top Active Control system

The acceleration able to uplift the system can be found from the balance between the resisting

and the overturning momenta as

|aup| ≥ (M +m)bg

Mh+m
(
2h+ hm

2

) (13)

An uplift occurs around the left (right) base corner when aup > 0 (aup < 0). By imposing the

conservation of the angular momentum before and after an impact, both evaluated respect to the

re-uplifting corner, the following restitution coefficient is obtained:

μ =
ϑ̇+

ϑ̇− =
4
(
JO − 2bSy +m

(
−b2 + 4h2 + u(t)2

))
+mh2

m + 8hmhm

4
(
JO +m

(
b2 + 2bu(t) + 4h2 + u(t)2

))
+mh2

m + 8hmhm

(14)

It is worth observing that, if m = 0 the uplift and the impact conditions given by Eq. 13 and

Eq. 14 becomes the same as those of a stand-alone rigid block.

4 PARAMETRIC ANALYSIS

4.1 Harmonic excitation

An harmonic base excitation is first considered. It reads

ẍg(t) = As sin (Ωt) 0 ≤ t ≤ tmax (15)

where Ω = 2π/Ts is the circular frequency of the excitation, Ts is the period of the harmonic

cycle, As is its amplitude, and tmax = 10s is the maximum time used in the numerical integra-

tions. The assessment of the efficiency of the two control algorithms in protecting the block

from the overturning is performed by comparing the results obtained with those of the uncon-

trolled system. A parametric analysis is performed to obtain overturning spectra, where the

overturning amplitude As of the excitation is plotted versus the frequency Ω. The single over-

turning spectrum is obtained for blocks with fixed base 2b, fixed slenderness λ, and fixed upper

limit of the control forces FB
max = F T

max (as explained in Subsection 2.3).

The overturning spectra referring to two blocks with different geometrical characteristics are

shown in Fig. 2. Specifically, the spectra in the first row of the figure refer to a block with

2b = 0.4 m and λ = 5, whereas the spectra in the second row refer to a block with 2b = 0.6 m

and λ = 7. Figure 2a shows the spectra of both the blocks obtained for three different couples of

time delays and where the Base Active Control (BAC) is used. As can be observed, the spectra

obtained for different time-delays are very close to each other. This means that the BAC system

manifest a good robustness to time-delays. In Figure 2b the spectra of both blocks with the Top

Active Control (TAC) and different time-delays are reported. The results show that the TAC

system is more sensible to time-delays than the BAC system. This means that the TAC does not

manifest a good robustness to time-delays. However, when the time-delays increase (from the

dashed curve to the dotted curve), the distance among the spectra reduces.

Finally, the comparison among overturning spectra with the BAC system, the TAC system,

and with No Active Control (NAC) are shown in Fig. 2c. These spectra refer to a fixed couple

of time-delays (δtc = 0.1s and δtd = 0.05s), that refer to a control apparatus of mean char-

acteristics as in [17] and [18]. As can be observed, both the control systems exhibit a better

performance than the case without active control. Nevertheless, the TAC system assures the
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best performances in reducing the overturning of the block, since for each frequency Ω of the

harmonic excitation the overturning of the block occurs for higher amplitude As of the excita-

tion.

2[m/s ]

=0.1 ; =0.05

d =0.1 ; d =0.05

=0.075 ; =0.0375

=0.125 ; =0.0625

: Base Active Control
: Top Active Control
: No Active Control

2[m/s ]
d =0.1 ; d =0.05

[rad/s] [rad/s] [rad/s]

0.
6m

;  
=7

0.
4m

;  
=5

(a) (b) (c)

Figure 2: Overturning spectra: (a) spectra of the Base Active Control (BAC) system obtained for different time-

delays; (b) spectra of the Top Active Control (TAC) system obtained for different time-delays; (c) comparison

among spectra for fixed time-delays (FB
max = FT

max, FB
max = 0.2Mg, FT

max = 2.0mg, m = γM , γ = 0.1).

4.2 Seismic excitation

Two earthquake records are used as seismic input. The earthquake records are

• Kobe, Takarazuka-000 station, ground motion recorded during the 1995 Japan earth-

quake;

• Parkfield, CO2-065 ground motion recorded during the California earthquake 1966.

Figure 3 shows the time-histories (left graphs) and the pseudo-acceleration elastic spectra

(right graphs) of the two earthquake records. The results of the parametric analyses are shown

by means of rocking maps that represent the contour plots (for a single seismic record) of the

maximum rocking angle in the parameter plane (2b−λ). The regions where the block overturns

(i.e., where the maximum rocking angle is θmax = π/2) are colored in dark grey; the regions

where the block does not overturn are colored in light grey, and the contour levels represent the

maximum values of θ(t). For each earthquake, the rocking maps of the two control systems and

the map obtained without active control are compared. In the analysis, the sampling time and

time-delay are assumed as δtc = 0.1s δtd = 0.05s, respectively, as in ([17] and [18]).

In Fig. 4 the rocking maps are organized in matrix form. Along the two columns there are the

maps of the earthquake records (Kobe and Pacoima), whereas the rows refer to NAC, BAC, and

TAC. As can be observed, the active control systems drastically reduce the overturning regions

(dark grey regions) with respect to the case without active control. However, the TAC appears to
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Parkfield

Kobe

(a)

[ ]

[ ]

[ ]
(b)

[ ]

 [ ]  [ ]

Time-history of the ground acceleration Acceleration response spectrum

Figure 3: Time-histories (left graphs) and pseudo-acceleration elastic spectra (right graphs) of the earthquakes

analysed: (a) Kobe; (b) Parkfield.

be able to extend the safety region (i.e., the regions where no overturning occurs) to the whole

parameter (2b − λ) plane. In fact, the BAC is not able to protect the block from overturning in

the whole parameter plane under Kobe earthquake, as done by the TAC (see maps of the second

row in Fig. 4).

Fig. 5 shows sections of the rocking maps that help to understand the efficiency of the control

systems in reducing θmax. The sections are identified by paths I and II in Fig. 4. Specifically,

Fig. 5a shows the two section along path I , referring to Kobe earthquake, obtained for the Base

and the Top Active Control systems. Instead, Fig. 5b shows the two section along path II ,

referring to Parkfield earthquake, obtained for the BAC and the TAC systems. As can be can

be observed, the use of the TAC system generally leads to values of θmax smaller than those

obtained by using the BAC system.

5 CONCLUSIONS

The performances in protecting rigid blocks from the overturning of two different active con-

trol systems, both based on the same active control algorithm (i.e., the Pole Placement Method),

were investigated and compared. In the first control system, the block is placed on a horizontally

translating support that is connected to the ground by an actuator able to provide a controlled

displacement. In the second control system, a small mass able to run on the top of the block

is driven by an actuator capable of applying a controlled displacement. The control algorithm

based on the Pole Placement Method acts both vanishing the external excitation at each instant

by imposing a control force opposite to the external one and making the rest position of the

block a stable point by suitably modifying the Jacobian matrix of the system and its eigenval-

ues. A preliminary analysis that considers the overshoot as key parameter was performed to

evaluate the optimal coefficients of the control law for the two systems. The optimal value of

such coefficients weakly depends on the parameters characterizing the mechanical system and

is the same for the two different control systems.

The effectiveness of the two control systems was analysed by comparing the overturning

spectra that represent the amplitude of the harmonic excitation able to overturn the block ver-

sus its circular frequency. Results showed that both control systems significanlty improve the

behaviour of the rigid block with respect to the case without control. Nevertheless, if on the
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Kobe Parkfield

[m] [m]

Figure 4: Rocking maps for two different earthquakes (Kobe e Parkfield) and three different configurations: No

Active Control (NAC), Base Active Control (BAC), and Top Active Control (TAC).

one hand, the Top Active Control system manifests better performances than the Base Active

Control system, on the other hand, this last exhibits an higher robustness to time-delays. Other
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max
[rad]

Kobe Parkfield

Figure 5: Sections of rocking maps for two different earthquakes (Kobe e Parkfield) and two different configura-

tions: Base Active Control (BAC), and Top Active Control (TAC); (2b = 0.6 m).

simulations were also conducted using two recorded earthquakes to evaluate the performances

of the control methods in the reduction of the rocking angle and the protection from the over-

turning of the block. The results showed the excellent performance of both the considered

control systems. To conclude, since the performances of the control systems are comparable for

all the working conditions considered, the choice between the two methods is dictated by the

technical and technological aspects of each specific application.
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